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Preface

This it i collection of inequalities in elementary plane geome-
try, the najority of which deals with triangles and the remar-
kable lins associated with them.

Geome=c inequalides are as old as geometry itself. The first
book of Eiclid’s Elemenis contains several theorems on inequali-
ties for tix sides and the angles of a triangle, the most important
of which = perhaps Proposition XX: the sum of two sides is
greater tian the third. It seems permissible to state that almost
all geome=ic inequalities are based in some way or-another on
this theorm.

A mui==de of ineqralities has been found during the last two
centuries. Ine of the oldest is that with respect to the radii of
the circuncircle and the incircle: R > 2r, given by Euler in
1765. It <1l maintains its position of high-quality in this field,
because I shows two properties for mathematical appreciation:
it is simpe, but by no means trivial. Many others have been
given in fie course of tme, but while the elementary geometry
of remariuble points, Hines and circles (zometimes disparagingly
referred ir as the micoscopy of the triangle) had its climax in
the later 1art of the nizeteenth century, the interest in inequali-
ties has b=n increasing in, say, the last thirty years. The results
are rathe: disjointed: they are scattered at random over many
books, joumals, probl=m secticns and examination papers. In
this bool: ve tried to collect and present them to the reader,
according "o a certain classificazion, although we are fully aware
that the urter had to be imperfect in view of the data we had
to deal wih.,

The colection offers a variety of th=orems on geometric in-
squaiities \We inserteZ a few -=which at frst glence mav seem
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unsympatbetic by their complicity or may evem be considered
as bizarre. But the greater part is in our opiniom attractive and
interesting and among them are some real gems. The effort
involved in collecting, checking and classifying ithe contents of
this book was more than compensated for by the pleasure ex-
perienced from so many ingenious theorems and elegant proofs
and we have admired the skill and the imagination of that
multitude of mathematicians from former anel recent years,
whose contributions fill the following pages.

With a few exceptions we were able to adel bibliographic
references to the theorems. As some identical or samilar inequali-
ties have appeared, obviously independent of each other, at
different times and places, we are not at all certaan that we have
always given due honour to priority claims. To mnany theorems
we added a complete proof, sometimes we restricted ourselves
to a hint and in many other cases the proof was omitted alto-
gether. We had no strict rules for that; we were guided by the
importance of the inequality, the nature of the proof and the
accessability of the reference. For all theorems, but especially
for those without an added proof, we liked to thrnk that the in-
equahty concerned could be a challenge to the reader.

This is not a new book. A considerable part of it is a frans-
lation of a publication in serbo-croatian Geometrijske nejednakosti,
by all the authors with the exception of myself. It appeared as
namber 31 of the Malematitka Brblioteka at Beograd in 1966.
The four members of the Yugoslave group have drone the tedious
field work; they have consulted innumerous vo¥umes of Likely
and unlikely mathematical journals. After selectimg the material
they classified it and checked the proofs. They comtizued in this
manner when preparing the Engiish version amad during this
second period they unearthed more valuable treasures. It was an
honour and a pleasure to be invited to join their group and to
be given an advisory task in the making of this edirion as well
as contributing thereto. Although each of the five authors
mentioned in alphabetical order on the title page contributed his
own share, the edition is essentially the resalt ¢f close operation
and team Wwork,
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' A companison with the original version shows fiat the col-
lection of inequalities has been extended and clasified anew.
‘On the other hand we decided on several grounds w delete all
theorems on solid geometry: they are interesting, but rather
isolated and we wished to give our work a certair unity and
brevity. The character of the book, however, hx not been
changed. It emphasizes algebraic (including goniomeric) methods
and with some exaggeration one may state that all air theorems
on triangles give inequalities for three real numbers ¢ 8, ¢, which
are corollaries of the system —a+4-b0+¢> 0, a—b+c> 0,
a-+b—c > 0. Consequently this book ©n geometric inequalities
does not contain any drawings.

0. B.

-

The authors intend to keep a systematic check onthe further
development of geometric inequalities and to make an annual
report on their findings in the journal: Univerzitet v Beogradu,
Publikacije Elektrotehnickog fakulteta, Serija Matenatika i fizi-
ka or in some other suitable journal. This report wil inform the
reader about the state of research in the field. Tae authors
welcome suggestions and critical remarks on the boik, so as to
make the report more complete. Such material shoulZbe sent to:
Professor D. S. Mitrinovié, Department of Mathematiss, Electro-
technical Faculty, University of Beograd, Yugosiavie

-






Notations

Tn this book tke following notations are used:
z

A, B, €  verticss of a triangle
abc sides BC,CA, AB
«, B,y its angles
ha by, #e altitudes
Ma, M, M medizns
We, Lps W, angledisectors
circurcentre
radius of circumcircle
Incenize
radius of incircle
orthocentre
centzoid
semi-perimeter
' area of triangle ABC -
point in the interior of a triangle
v, de excenizes
ra, 75, e radii of excircles
R, Ry, Rz distances from P to the vertices of 4ABC
r1, 72, 3 distances from P to the sides of 4 BC
w1, wy, wy angle-tisectors of the angles BPC, CPA, APB
ri. 72, 73 Ceviac segments PD, PE, PF
Ry(P) = Ry
fi(P) == 7
0 = (b—0)? + (c—a)® + (a—b)?
MN? = MN? = JNp

N QYO

-



10 NOTATIONS

Mz, y, z) = (xyz)28 for k=0
== (}{xkLpk-+2F))1/E for 2 #0,
== min(x, y, 2} for 2 = —
== max(x, ¥, 2) : for £ = 4

A, B, C, D vertices of a quadnlateral

a,b,c,d sides AB, BC, CD, DA

a,fB,7.0 its angles

p.q diagonals AC, BD

l =2 perimeter of ABCD
area of quadrilateral ABCD

intersection of the diagonals



1. Inequalities involving only the sides of a triangle

1.1 3(be-+catab) < (a+b+4c)? < 4(bc+ca+ab).
. Equality holds if and only if the triangle is equilateral.
ProoF. We commence with 2bc < b%+4¢2, 2ca < c2-a?,
2a§) < a?4-b2. By adding together these inequalities, and then
adding 4{bc+ca-+ab), we get
3(bc+catad) < (a+b+c)?,
where equality holds only if a = b = c.
, Since a, b and ¢ are the sides of a triangle, we have
|b—c| < a, jc—a] < b, la—b| < e,
ie.
' (b—c)2 < @2, (c—a)? < b2, (@a—0)2 < c2.
t By addition, we obtain
a?+4+52+c? < 2(bc+caLab),
ie.
- (a+5-c)2 < 4(bc+ca—ab).
F. E. Wood, Problem E 345, Amer. Math. Monrthly 45 (1538),
551.

, 36 abe
1.2 a?4b2te2> —\{s24+ —).
- 35 s

'Equality holds if and only if the triangle is equilateral.
Proor. Using the inequalities

a?—p2+c? = YatbLc)?

and
| abe < [Ya+b+0)33,
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My(x, vy, z) = (xyz)23 for k=0
= (}{xk4yt-+2E))LE for & #£0,
= min(x, y, 2) for 2 = —
= max(x, y, z) : for A = +

A, B, C, D vertices of a quadrilateral

a,b,c,d sides AB, BC,CD, DA

e, B,y,8 itsangles

P, q diagonals AC, BD

I =2s perimeter of ABCD

F area of quadrilateral ABCD

Intersection of the diagonals



1. Inequalities involving only the sides of a triangle

1.1 3(be+-ca+ab) < (a+b+c)? < 4(bc+catab).

. Equality holds if and only if the triangle is ecquilateral.

Proor. We commence with 2bc < b24¢2, 2ca < c2-a?,
2ab < a?4b2. By adding together these inequalities, and then
adding 4(bc4-cat-ab), we get |

3(bc+-catab) < (a+-b-+c)2,

where equality holds only if a = b =c.
. Since @, b and ¢ are the sides of a triangle, we have

|b—c] < a, jc—a| < b, la—b] < e,

ie.

' (B—c)? < a2, (c—a)2 < b2, (@a—b)2 < c2.

: By addition, we obtain

a? 45242 < 2(bc+t-ca—tab),

Le.

- (a+5—c)2 < 4(bc+ca—ab).

F. E. Wood, Problem E 345, Amer. Math. Morrthly 45 (138),
551.
36

abe
1.2 a2+b2—§—02'2-§5—(52 +—S—)

Equality holds if and only if the triangle is ecquilateral.
ProoF. Using the inequalities

a?—b2+c? = a-Lb-tc)?
and A
‘ 2hc < [Ha+b+r)3,
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where the equalities hwld if and only if @ = b = ¢, we have

4 35 17]
24921 2~ _ 2. 2 3. ___
a—l—b-}-c;ss 3[s -+ (%s) S

36 at-b--c\3 1
= e— 52 + ¢ an
35 3 s

> 36 82+abc
= 35 s /'

with equality only if @ = b =¢.
J. F. Darling-W. Mosezr, Problem E 1456, Amer. Math. Month-
ly 68 (1961), 294 and 930.

1.3 8(s—a)(s—b)(s—c)) < abe. : (1)
Equality holds if andl only if the triangle is equilateral.
PROOF. We have

Vai—(p—02<a, VB—(c—a?<b, VeP—(a—bE<e,
ie.

\/(a+b—c)f2 (b+c—ajtic+a—b)? < abe. o
Since b+c—a, c+-a—b, a+b—c are positive numbers, we get
(e tb—cp(®+c—a){atb—c) < abe.

Equality in (1) holds if and only if a = b ==c.
A. Padoa, Period. Mat. (4) 5 (1925}, 80-85.

1.4 Babe < (a+-0)(p+c)(c+a),

with equality if and ondy if the triangle is equilateral.
E. Cesaro, Nouvelle Correspondance Math. 6 (1880}, 140.

REMARK, This inequality also hoids for all non-negative real
numbers a, b, ¢.

1.5 3(a+bHb+c){c+a) < Blad+i3=c3),

with equality if and only ifa=#%=rc.
A. Padoa, Period. Mat. (4) 5 (1525), 80-85.
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ReMARK. This inequalizy also holds for all non-negative real
numbers a, b, ¢c.

1.6 2(a--04-c) (@24 0245 > 3(a3+ b3+ c34-3abe),

with equality if and onlyf a = b =c.
M. Colins, Educational Times 13 (1870), 30-31.

1.7 abc < a2(s—a) 4 b2(s—b) + c2(s—c) < 3abe. (1
Proor. Since
2TF a%{s—a) = Y a{b+c—a) = — Y a® + X b%
and

(b+c—a)(c+a—b){a—b—c) = — X ad szc—-2abc
we have
2T a¥(s—a) = (b-+r—a){c+a—>b)(a+b—c) + 2abe. 2

From (2) and 1.3 follows= (1).
" Equality holds if and or’y if the triangle is equilateral

1.8 bc(b-+c) + calc+a) Labla-+b) > 48(s—a)(s—b)(s—c). (1)
* Equality holds if and on’s if the triangle is equilateral.
PROOF. Since

btc > 2Vbe, c—a > 2\/ca, a+b > 2Vab,
we have
- be(b+-c) + calcH-a) - abic+-b) = 27(bc)3/2 - (ca)?/2 - (ab)3/%].
By arithmetic-geometric mean inequality we get
(bc)3/2 + (cz32 + (a0)3/2 > 3abe,

so that
be(b+-c) + calc+a) + ab{a+b) > 6abe. (2)
From (2} and 1.3 follows (1).
1.9 a3(s—a} -+ B3(s—b) +~ *(s—c) < abes. (1)

" Proo¥. This inequality it equivalent to
at(e—b&)(a—c) +. b2 (& —c)(b—a} 4- cHc—a)(c—-0)=0. (2)
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Inequality (2) holds because it is a particular case of Schur’s
irquality (see: G. H. Hardy, J. E. Littlewood and G. Pdlya:
Imqualities, Cambridge 1934, p. 64).

Equality in (1) holds if and only if 2 =b =¢.

J. Andersson, Problem E 1779, Amer. Math. Monthly 59

(1=52), 41.
130 For all real £, _ _
at(s—a) + b{s—Db) 4 ct{s—c) < }abclat-2 L bt—2 4 ct—2),
Equality bolds if and only if a = b =c.
This result is due to R. Z. Djordjevié.
171 a%bla—b) + bzc(l’-J—c) + c2a(c—a) =0,
wiere equality holds if and only if the triangle is equilateral.
£. Catalan, Educational Times, N.S. 10 (1908}, 57.
122 64s3(s—a)(s—b)(s—c) < 27a2b%c2.
Equality occurs if and only if the triangle is equilateral.
A. Padoa, Period. Mat. (4) 6 (1926}, 38-40.
13 If¢= (Q[2)12, then
2(s—q)(2s--9)2 < ZTabe < 2(s+g)(2s—q)%. - (1)
‘The first and second equality in (1) hold respectively for iso-
scles triangles whose base is the smallest and largest of the
tirze sides; of course, both equality signs apply when the triangle
iz zquilateral, since in that case g = 0.
R. Frucht, Canad. J. Math. 9 (1957), 227-231.
134 % < :
= abke  a?
Tquality holds if and only if the triangle is eqﬁﬂateral.

1 1
+‘b—2'+ = (1)

Droor. Since _
(892 + (ca)? + {ab)? > (ca)(ab) + (ab)(be) < (bc) (ca),

1€, ‘
SRR TP WO N I
2t et T ' ey’
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and
2s 1 1 1

- abe b t s
we conclude that (1) holds.
© Gaz. Mat. B 10 (1959), 162.

1 i I 9
1.15 + + > .

s—a s—b s—c s
Equality holds if and only if the triangle is equilateral.
b c

3 a
116 7S b+c + ct+a + at+b <2 ‘ (1)

* Equality occurs if and only if ¢ = b = c.

Proor. By means of arithmetic-harmonic mean inequality,

1 1 1 9
= ’ 2
b+c + ct+a + a+b = 2(a+bte) @
with equality if and only f e =b =vc.
Since
b L rpaf ] 1 ;
[, + cta  atb ‘ btc = c+a T ats)

we conclude by (2) that the first ineqﬁa]ify in (1). holds.
Since

qb—,Lc > Ha+b+e), cra>tatbdo), a-+b>Y(a+b+c),
we have
a b . ¢ 2(a+b+c)

: 2.
a--b a+b-+c¢

3 "

cta
'- Thls proves the second imequality in (1).

A. M. Nesbitt, Problem 15114, Educational Times (2) 3 (1903),
37.38.
© M. Petrovi¢, RaCunanje sa brojnim razmzcima, Beograd 1932,
. 79

b4c

1
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ReMARK. The first inequality in (1) 2lso holds for all non-
negative real numbers. See, for examgle, D. S. Mitrinovié¢,
Elementary Inequalities, Groningen 196, 144-147.

15 s4a s}+& S+c 9

. < -+ —.
1.17 4 b4-c + c+a a--b < 2

Equality occurs if and only if e = b =.
Gaz. Mat. B 7 (1956), 438.

118 (1-2)(1-2) 41 8 00
b c b ¢
Gaz. Mat. B 15 (1964), 422.
1 a2-+-b2t-c? 1
3 (at+b+o)?
Equality occurs if and only if 2 = b =¢.
M. Petrovi¢, Ens. Math. 18 (1916), 153-163.
120 Js<s—a+ Vs—b+ Vs—c< 38

Equality holds if and onfy if the tria=de is equilateral.-
A. Santald, Math. Notae 3 (1943), faxc. 2, 65-73. L
E. G. Gotman, Matematika v Zkole 1365, No. 1, 76.
1.21 Forall real 4, S
2F -min [(abc)—28, (max (g, b, ¢) min (s, b, ¢))~ 1}3!; (a, b c)
< My(hg, ko, he) .
< 2F -max [(abc)~2/3, (max(a, b, c) (g, b, c)}-1)M(a. b, c).
0. Reuter, Elem. Math. 18 (1963), 34-35.

1.22 For all real ¢,
(@2 +b24-c2) (bc—zceﬁz_{_cz—zdc-z Fat-ti-Y)
< 2(at -0 (@24 B2 gt-2),

1.19

ProoF. Consider the point P which h:s the barvcentric coor-
dinates at, b, ¢t. Then
(@t -+ bt-ct) (B2 +cth2) ~a2rict — atb2ct —athtc?

PA? =
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whence

b2z (et Bt ¢
PR2 2
with the analogous formulae for and pe .
2222 a2h?
Therefore

PA? 52 PC?
(a* bt 4ct)2 ( i + o) + asz)
= 2(at+4 ¥+ ct) (at~2—bt—2 - ct-2)
— (a2 BB %) (202 o ct-2at 21 a:-'-zbt-z)_
* Since the first membeer of this ezuality is positive, the second
member will also be pasitive.
L. Bénézech, Problem 412, J. Nath. Elém. Paris (4) 1 (1892),
234.

123 (a+4-b-+c)3 < S[befb+c) + cac+a) - ab(a+-b)] — 3abe, (1)
with equality if and oanyl if the triingle is equilateral.
~ Proor. We have

(e+&+c)3 = a3-+b3+c3+§zbc- :

‘ + 3[&c(b+-¢) + ct{c+a) + ab{a-+b)] — 3abe.
(2)
- Since (see: 1.6)
a3+ b3+c34-9abc < 2[bc(b+ ¢, ca(c+a) + ab(a+b)],
from (2} we obtain (I)-
~ S. Reich, Problem E 1930, Ame:. Math. Monthly 73 (1966),
1017-1018.

1.24 (1+i)(1+fi)<3+ b, ate
& c c b

C. Ionescu-Tiu, Gaz. Mat. B 15 1944), 272.
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2. Inegualities for the angles of a triangle

2.1 0< sin e+sin f4siny < 33 _ (1)
Equaity holds if and only if the triangle is equilateral.
Proos. Starting from

a24b24c2 = 8R2(1 +cos « cos § cos y)

and
2
.g_a_._}.”_bs—t.i _.:/: a2+b2+cz’
we have
4c)2
(a—H; ) < a?4-024¢? = BR2(1 fcosxcosficos y) K OR2, (2)

where we used the inequality 2.23.
From (2) and the sine law, we get ().
A. Pzdoa, Period. Mat. (4) S (1925), 80-85.
T. R. Curry, Problem E 1644, Amer. \Iath Monthly 70 {1963),
1099 ani 71 (1944), $15-916.

—

P

22 O<sina+tsinf+siny < gJS in each triangle (1)
2<sinetéinfrsiny < 3v3  in acute triangles.  (2)
0 < sin a+sin f+siny < 1++/2  in obtuse trangles. (3)

O. Bittema, Euclides 30 (1954/55), 114-116.
ReMz8K. Inequalities (1) and (2) are also proved in:
R. K-oistra, Nieuw Tijdschr. Wisk. 45 (1957/58), 106—115.

2.3 0<sin? x+sin? f+sin?y < 2 in each iriangle.
2< sin'2 a-+sin® g4sin?y < § in acute triangles.
0 < sin? x-+sin? 34-sin?2 9 < 2 in obtuse triangies.
R. Kroistra, Nieuw Tijdschr. Wisk. 25 (1957,58), 1C&-115.
24 sizz+sin f-+siny 3> sin 2z-+sin 23 +sin 2.

EquaZry holds if and only if the triangle is equﬂatéra’i_
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Proor. Applying the sine law we obtain

at+b+c F
2R~ IR~

Siﬂ ¢+Sin p—}-SIIl y =

Also

sn 2z +-sin 23+-sin 2y = 2(sin a cos «--sin B cos f4-sin y cos )

I
=% (@ cos a-}-b cos f+4-c cos y).

Since
a-Cos a+b-COS ﬁ+C-COS y = —E—' .
w2 have
sin 2x+4-sin 28-}-sin 2y = —-.
R2
' Therefore .
sin a-}sin fsin y R

: : : =——21
sin 2x+4-sin28+-sin2y  2r

2% \'sm o«+/sin f++siny < 3V3.
PrOOF. Since

o (=+y+2)2 < 3(x24-y24-22),
pr=ing

X = \*Sjnz, y = ‘\/Sinﬁ, zZ = \/Siny,
w= obtain

Vsin e+ +/sin f4Vsin y < \/S(Sin a-+-sin f4-sin y).

e given inequality follows from inequality 2.1.
T Albn, Gaz. Mat. B 14 (1963), 177.

25 Ifk <1, then
| Mi(sin e, sin §, siny) < }V3.
Zzz. Mat. B 14 (1963), 681.

- . ) . : 1
27 sSnesingsiny <3 V3.

19
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Equality bolds if and only if the triangle is equikzeral.
K. P. Wilkins, Amer. Math. Monthly 44 (1937), 579-583.

28 O<sinasinfsiny< V3 in each triargle.
0<sinasinfsiny %\/ 3 i acute trizzgles.
0 < sin asin fsin y < §+/3 im obtuse tringles.

R. Kooistra, Nieuw Tijdschr. Wisk. 45 (1957/58. 108-115.
i ¥

o 3
i tdnt 1snt <3,
2.9 l<51112+51112-i--<-1112 3
Equality occurs if and only if « = # ==y,
R. Kooistra, Nieuw Tijdschr. Wisk. 45 (1957/58, 108-115.
REMARK. The second inequality has also been proved in:
J. M. Child, Math. Gaz. 23 (1939), 138-143.

210 sinasinfsin2- <3V3.

Equality holds if and only if « = §, with cose= = g\/S.
K. P. Wilkins, Amer. Math. Monthly 44 (1937}, 579-583—-

211 sin % sin 1;— sin y < (2V/13—5) Vaiz+z.

Equality holds if and only if & = #, where cos « = %(\/1_3— 1).
K. P. Wilkins, Amer. Math. Monthly- 44 (1¢37), 579-583.
. . B . ¥ i
_ £ o<
2.12 0<51n2 sin 5 sin 5 <3

Equality holds if and only if the iziiangle is egrilateral.

ProoF. Since

sin % = V IS __béc'_( s

%

and as we have similar exprzssicns for sin §/2 an! sin y/2, we
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obtain

La . By (s—a)s—b{s—:z 4
— sin — sin 2~ = = <
sin - sin = sin - pre Y

| —

where 5.1 has been used.
Equality holds if and only if the triangleis equilateral.
RemARrK. This inequality was proved in B97. See: T. Radf,
Amer. Math. Monthly 39 (1932), 85-90.
V. Krylov, Matematika v gkode 1938, No.Z-6, 134,
J. M. Child, Math. Gaz. 23 (1239), 138-14C ,
R. Kooistra, Nieuw Tijdschr. Wisk. 45 (1%7/58), 108-115.

213 sin sin _é- sin % < &45V10—14).

Equality holds if and only if « = §, wher
cos -g- = 1(10+2).

K. P. Wilkins, Amer. Math. Monf_hl_v 44 "737), 579-583.

3 ) .
2.14 nginz—;——}-smgg-i- 51.n3%<1. (N

Equality holds only if the triangle is equiateral.

~ ProoF. Since

a -
sin2 ) + sin? f— 4 sin? LA $—1(cos a—cos g-+cos 3},

2 2
on the basis of 2.16, we conclude that inequiity {1) holds.
R. Kooistra, Nieuw Tijdschr. Wisk. 45 (15%7/58), 108-115.
. . : . . i 3
?.15 sm% sin % -}—sm% sin g—+sm«;—=-;nggz.
Equality holds if and only if the tmangle ¢ squilateral.
J. M. Child, Math. Gaz. 23 (1939), 138-14=
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2.16 1 <cosa4-cisftcosy<i. 1))
Equality holds if and only if the triangle is equilateral.

PrOOF. Since «fZ f/2, y[2 < xnf2, from

€os a+cos f~-cosy = H—4si11—;— sin = sin —’2:-,
the first inequality in (I) immediately follows.
The second inegzality in (1} follows from (2) on the basis
of 2.12.

ReMARE. For th= second inequality in (1} see: J. M. Child,
Math. Gaz. 23 (19%), 138-143. Later a weaker inequality was
established by A. N. Aheart, Problem E 1298, Amer. Math.
Monthly 67(1960), 2

R. Kooistra, Niecw Tijdschr. Wisk. 45 (1$57/58), 108-115.

(2)

2.17 cos a+\/§(ccs g+cosy) <2
Equality only if z ==/2, f = y.

PROOF. Since ¢--3--y = =, we have ‘
cos &+ \/-2-(cos F4-cos y) = cos a+2+/2 cos ﬁ;‘?’ cos 5'2‘-7

= cos 2-+2+/2 sin "g" cos ﬂ;y

< cos z+21/2 sin —;-

: 2
—2-2 (sm% — {n/i) <2
This proof is due to R. P. Ludi¢.
2.18 If Z is real, ©Sen

cos z—zfcos frcos- 1< 1 4+

)

n| %



THE ANGLES OF A TRIANGLE 23

Proor. For any three real numbers f§, y, Z, the following
Enequality holds:
(cos B+ cos y—A)2 - (sin —siny)2 = 0.
After squaring and then dividing into groups, we get

: 12
— cos(B+) + Mcos f+eos ) < 1+
Since a--f4y = =z, we have

a2
cos e+2(cos f+cosy) < 1 - -

Equality occurs if 0 <1< 2; cosz = 1—22/2, cos § = cosy
= 1/2.

REMARE. For A = /2, we obtain 2.17.

Z. Mitrowi¢, Mat, Vesnik 4 (19) (19¢7), 341.

2.19 Let the lengths of the sides of a triangle be a, b, ¢, with
@ > b2 c, 2nd the opposite angles «, 3, y, respectively. Then,
for the angles 3, 1, 71, of an arbitrary triangle,

bc+-ca—as < be-coszy-+-ca-cos fiy-ab-cosy; < 2{a?+b24-c2).

_, (1
Equality is valid only if a = «, f1 = 8, y1 = p-

REMARE. If « = # = v, inequalities {1) give 2.16.
If e =22 and f = y = /4, then (1) gives 2.17.
If @ =273 and f = y = =/6, then (I) reduces to
1 < cos a1+\/5(cos Bi+cosyy) < £
Equality holds if and only if «; = 2373, ) = y1 = /6.
P. Szasz, Monatsh. Math. 65 (1962), 174-178.

2.20 If x. y, z are real numbers such that xyz > 0, then

xy
- . 1
* 2y ' 2z m

x-50s a+y-cos f4-z-cosy <

Wi

If xyz <02, then in=quality 1) is reversed.
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Equality is valid in both cases if and only if
1 1 1 . . .
— - — =sinea:sinf :siny.
x ¥y z
" Proor. If z, ¥, z, «, B are real numbers, then
(xz-cos a+yz-cos f—xy)2 4 (xz-sina—yz-sin §)22>0,
ie.,
y2724-z2x2 4 x2y2  2xyz% coS (a4 B) —2xy2z cos f—2x%yzcosa > 1L
_ @
Since a+f+y = =, (3) gives |
2x2yz cos a+-2xy2%z cos f+2xy'2% cos y < y222 4 22x2 - x2y2.
If xyz > 0, after division by 2xyz, we get (1). If xvz < O, w2
obtain the reversed inequality.
Equality in the considered inequalities holds if and only if
zx-cos atvz-cos f—xy =0, zx-sina—yz.sinff =0,
ie.,
1 I 1

—:—:—=sina:sinf :siny.
x y z

- —_

REMARK. Inequality (I) in the case where #, ¥, z are positiw
numbers was established by D. F.. Barrow. The above general-
zation and proof are due to R. R. Janié.

D. F. Barrow, Problem 3740, Amer. Math. Monthly 44 (1937,

252-254.
R. R. Janié, Univ. Beograd. Publ. Elektrotehn. Fak. Ser. Max

Fiz. No. 181-196 (1967), 73-74.

221 2 < cos? x+cos® f-Lcos?y <3 ineach triangle.
3 < cos? xtcos?f-tcos?y <1 in acute triangles.
1 < cos? a-+-cos? f4-cos?y <3 in obtuse triangles.

Equality holds only for the equilateral triangle.
R. Kooistra, Nieuw Tijdschr. Wisk. 45 {1957/58), 108-115.

2.22 cosfcosy—+cosy cos a+cos xcos f << §.



THE ANGLES OF A TRIANG.LE 25

There is strict inequality except when the triangle is equi-~
lateral.
J. M. Child, Math. Gaz. 23 (1939), 138-143.

223 cosacosficosy < % (1)
Equality holds if and only if the triangle is equilateral.

Proor. For acute triangle cos «, cos 8, cos y are positive, so
that on the basis of arithmetic-geometric mean inequality, we

have

cos a--cos f—~+cosy \3
cosm:osﬂcos;:g( - cos y)

3

Using 2.16, we conclude that inequality {1) is true. .

For right and obtuse triangles inequalitzy (1) is immediately
established.

C. C. Popovici, Gaz. Mat. 31 (1925), 132

J- M. Child, Math. Gaz. 23 (1939), 138-143.

224 —1<cosacosficosy <} in each triangle.
O< cosacosffcosy < } in acute triangles.
—1 < cosacosfcosy <0 in obtuse triangles.

Equality on the left side hoids for a rectangular tnangle and
on the right side for an equilateral triangle.
R. Kooistra, Nieuw Tijdschr. Wisk. 45 (1957 /58), 108-115.
225 If « < af2 and B < =/2, then
cos = + ¢os 8 > sin y.
If « > /2 or f > /2, then reversed inecquzlity is valid.
A. Pantazi, Gaz. Mat. 23 (31917/18), 144
. V. Cristescu, Gaz. Mat. 26 (1920/21), 88-889.
B. M. Barbalatt, Gaz. Mat. 30 (1924/25), .382-381].
2.26 cosacosfcosy < we(cos?(f—y) L cos?(y — z) +-cos2{x—f)).
{1)
Proor. By (x+3)% > 4xy we obtain

(cos x—+2 oz ?cosi? = B-cos aceds 5 cos . 2)
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Since
cos e = —cos(f+y),
(2) gives
(—cos{f+7) + 2co:f cos y)2 > B-cos e cos B cos y,
ie.
cas?(f—y) > 8- cos x cos f cos y. (3)
Similarly '

cos?(y—a) 2 8-cos xcos fcozy, cost{x—f)>8-cosacosfcosy. (4)

Adding (3) and (4) we gzt (1).
C. Cosnpita and F. Turtom, Culegere de probleme de algebra,
Bucuresti 1965, pp. 176-177.

2.27 2<cos——+cos%—c g\/"

Equality only f the tria=gle is equilateral.
R. Kooistra, N3euw Tijézchr. Wisk. 45 (1957/58), 108-115.

228 0<cos -;i cos £ cos L < W3 ineach triangle.

2 2 -
l<cos_a‘— cos£ cosz—<%\/5 in acurte triangles
2° -2 2 2 S B

0< cos—; C0s ~§— cos 32'—- < 3\/3 in obtnse triangles.

R. Kooistra, Nieuw Tijdschr. Wisk. 45 (1957,58), 108115,

I 2 9
2.29 2<C032—2——[—cos?‘ -{-c052—2—<Z |
Equality holds if and only if the triangle is equilateral.
R. Kooistra, Nieuw Tijdsthr. Wisk. 45 (1957/38), 108-115.

230 tgartgf—tgy > 33 in acute triangles.
tg a+-tg ﬁ'«’,-tg y <0 in obtuse triangles.

R. Kooistra, Nieuw Tijdsthr. Wisk. 25 {1957/38), 108-:15.
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231 tglattg?f-rmly >0 in each triangle.
é tg?attg2frgly=>9 - in acute triangles.
R. Kooistra, Nieuv Tijdschr. Wisk. 45 (1957/58), 108-115.
2.32 tgetgftgys 33 in acute triangles.
tgatgftgy L0 in obtuse triangles.

R. Kooistra, Nieuv Tijdschr. Wisk. 45 (1957/58), 108-115.

235 5ot l>VE

Equality holds if axd only if the triangle is equilateral.

J. Karamata, Prodem 119, Glasnik rnatemati¢ko-fizi¢ki i
astronormski 3 (1948).223.
» + R, Kovoistra, Nieuv Tijdschr. Wisk. 45 (1957/58), 108~1135.

« £ ¥
. 0 —tg—tg — < LIV3.
2.34 <tg2 gz’c.g2 ;\/5
Equality holds if aid only if the triangle is equilateral.
R. Kooistra, Nieuw Tijdschr. Wisk. 45 (1957/58), 108-115.

e By
235 tg?—+tg? -+tg2-> L
35 gto gt tgi o2 (1)
‘Equalfty holds if ani only if the iriangle is equilateral.

Proor. Since

7 _ A =+p
2 2 2’
we obtain "
—tgal2t
; tg_y___:mg a+-f _ 1—tga2 gﬂ/z,
2 2 g «f2+188/2
ie.
[ A « g
tg— tg = —tg = tg — —{g— tz — = 1.
4 5 83 £ g 2 55 85 1
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By tgef2=x, tgf/2 =1y, tgy[2 =z the last equality be-
comes
yz+2x+4xy = 1. 2
From
22 y2-+22) — 2ys-tartay) = (r—2)2+ @)+ (—3)2 > 0
and from (2) follows -
x24y24z2 > 1,
ie (1).
C. V. Durell and A. Robson, Advanced Trigonometry, London

1948, p. 277.
R. Kooistra, Nieuw Tijdschr. Wisk. 45 (1957/58), 108-115.

a B y _ 1
236 tgf— +tgdf— +tgf —->—.
85 85 T8 527

Equality holds if and only if the triangle is equilaterai.

B 7 V o
2.37 Vtggtg—2—+5+ tg%tg§+5+]/tg3tg§

+5< 4/3.

Ju. A. Izosimov, Matematika v2kole 1953, No. 3, 94 an.d No. 6,
85,

2.38 cotgat-cotgftcotgy > \‘-’5,
with equality holding if and only if the triangle is equilateral.

—

PROOF.
cotgat-cotgf= sin (a+ﬁ) 2siny
sm::sm,é’ cos{x—pf)+cosy
2 ur
LTINS
I14cosy 2
Therefore .

cotg a-cotg f-+-cotgy >2-tg —;— —+cotg ¥

y cotg?y/2—1 cotg? »/2+3
g -+ =
2 2cotg /|2 2cotg »/2
7o 7 =
( oL +2w )53
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T. Varopoulos, Bull. Soc. Math. Gréce 15, (1934), 17.
R. Kooistra, Nieuw Tijdschr. Wisk. 45 (1957/58), 108-11E.

2.39 cotg?a+f-cotg?ftcotgZy > 1.
R. Kooistra, Nieuw Tijdschr. Wisk. 45 (1957/58), 108-11%.
1.40 cotg a cotg f cotgy < %«/5 in acute triangles.
cotg a cotg fcotgy < 0 in obtuse triangles.
R. Kooistra, Nieuw Tijdschr. Wisk. 45 (1957/58), 108-11=.

2.41 | cotg—gv + cotg% + cotg % = 3\[3_.

- R. Kooistra, Nieuw Tijdschr. Wisk. 45 (1957f58), 108-115.
« -
2.42 cotg—z- cotg —g cotg -% > 3./3.

H

R. Kooistra, Nieuw Tijdschr. Wisk. 45 (1957/58), 108-118.

13.43 cotg? —g— + cotgzg + cotg? —% = 9. )

' Equality holds if and only if the triangle is equilateral.

. PROO_F; By the harmonic-arithmetic mean inequality and 5y
tg =2, tg B2, tgy[2 > 0, we have

B, v Yy, « « B

—tg—Ftg—tg—+tg— tg —

(tgzg2+g2g2 gt

X cotg—e- cotg-?——,'—cotgi cotgf——}-cotgf— cotgf— =C.
2 2 2 2 2 2

_Since

+

B, 7 vy, ®
tg —tg L tg—tg— +tg—tg — =
we get

x
cmtg% coty % + cotg g— cotg > -+ cotg
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By adding the inequality
@ g « B
tg2 — —+ cotg?2 — 3 2 cotg— —
| cog2+ 8 53 cog:Zcotg2
to two inequalities obtained by cyclic permutation of «, §, ¥,
we get
[+ 4

cotg? > + cotg? ‘—;— + cotg? —?—_—

L

g

=cot —Ecot —Z-{-cotgl-ﬂotg—a--{_mt _u_c L

which together with {2) gives (I}).
R. Kooistra, Nieuw Tidschr. Visk. 45 (1957/58), 108-115.
Ju. I. Gerasimov, Matematika - Zkole 1964, No. 3, 75.

Y

2 & 2 8 2
2.44 cotg 5 + cotg 5 —+ cotg >

« B 7).
> (cotg—-z— + cotg - + cotg —2—)(atg z+cotg f+cotgy). (1)

Proor. Using the notation =tg 2,2 = x, cotg 32 =y,
cotg y/2 = z, from -
2+y+z=xvz
we have (ty+2)? = za(rtyt2)

ie.
22492422 = (22— 1)yz+ (32— iz - (22— 1) xy—(yz+=xLxy).
Since
22442422 > ztzxtay
we get '
262492437 > (R 1)y )ax+ (o)

' x2— i1 z2~;i
B4y 42 2 ays| — ot o+ —
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By cotg «[2,, cotg 8/2, cotg y/2 substituting for %, y, z and
using the formrula
cotg?(¢/2) —1
2 cotgtf2
from (2) we obdtain (1).
C. Cosnita amd F. Turzoiu, Culegere de probleme de algebra,
Bucuresti 1965, p. 176.

== cotg #

2.45 secatsecfisecy>6.

Equality holds if and ozly if the triangle is equilateral.
J. M. Child, Math. Gaz. 23 (1939), 138-143.

2.46 sec?afsec?fiseccy > 12 in acute triangles.
sec2x-}sec? ftsecty > 3 in obtuse triangles.
R. Kooistra, Nieuw Tijdschr. Wisk. 45 (1957/58), 108-115.
247 secfsec-ytsecy sec z-Lsec a sec g=12.
Equality only applies when the triangle is equilateral.
J- AL Child, Math. Gaz. Z3 (1939), 136-143.

2.48 sec? % —+ sec? —g- — sec? -22’—- > 4.

R. Kooistra, Nieuw Tijéschr. Wisk. 45 (1958/57), 108-115.
i4.9 cosec a--cosec J--cosecy = 2\/5,

with equality omly for eqiz7ateral triangles.
T. R. Curry, Problem E 186], Amer. Math. Monthly 73 (1966),
199.

2.50 cosec? a-icosec? f-+cosecty > 4.
R. Kooistra, Nieuw Tiidschr. Wisk. 45 (1957/58), 108-115.

4= _a B Y
2.51 cosec -2— -k cosec il cosec —2— =6,

with equality [yolding if a=d onlv if the tSangle is equilateral.
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J. M. Child, Math. Gaz. 23 (1939), 138-143.
M. S. Klamkin, Problem E 1361, Amer. Math. Monthly 66
(1959), 312 and 916-517.

2.52 cosec? % + cosec? —g— -} cosec? —;— = 12

R. Kooistra, Nieuw Tijdschxr. Wisk. 45 (1957/58), 108-115.

-

2.53 (:OSecg cosec -}zi -}- cosec -g— cosec% + cosec—% cosec% = 12.
Equality bolds if and only & the triangle is equilateral.
J- M. Child, Math. Gaz. 23 {1939), 138-143.

2.54 cosec x-}cosec g-cosecy = § sec—;— sec —g sec -}2’— . (1)

Proor. Patting £ = sina, ¥ =sin g, z=siny in
(x+y+2 : + — ! =9
XTY¥4 - —|ZF 7
Y+ - T
we obtain

@

sin a-}sin #4-siny )

cosec a--cosec g-}cosecy >

Since
sin x-}-sin f--sin 4cos— cos = cas L
x —_ = — —_— —_—
TR 2 2 2
from (2), we get (1).
C. Ionescu-Tiu, Gaz. Mat. B 14 (1963}, 225.

2.55 cosec 2x+cosec 2f+cosec 2y = cosec a+cosec fcosec y

i} ¥y

a
> — —_ oo L
/ser.'z—{—sec 2+sesc: 2

= 2\‘;3.

2
2.56 (sin%+sih—§—;’—sin£-) écos-’-%—f—coﬁ%—}—cos‘-"—;. (1)
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Proofr. One of the following relations holds for the angles of
a triangle

7 7T
G?*g‘?ﬁ?}’ or 7?52?2%

In both cases

whence

=]

| 4sin—§-sin—;—22(s'n~g-+sin—)—l.
Therefore

1+4sin~;»sin—§ sin ;:'z’-ZZ-sing(sin g + sin %)—{— lmsfn%. (2)
Since sin 8/2sin /2, for « constant, reaches its maximum

when B[2 = y[2 = (x—«a)[4, we have

i A—a  1—sinaf2

si.n—z—si.u—;-ésin2 % = 2

By the last inequality, from (2) follows

cos a4cos f+cosy = 1+4-sin Z sin ﬁ sin 2-
AR S22 2
_ 22(sin§sin—g—+sin%sin—g—+sm—§—sin g-)

Therefore inequality (1) holds.
V. Thébault-L. Bankoff, Problem E 1272, Amer. Matl:. Month-
ly 67 (1960}, 693-694.

557 S ﬁf’Z cos y/2 . cos y:t'2 cos «/2 n cos a:!2 cos f3/2 > 2
sin «f2 cin §/2 sin y/2 2
C. Ionescu-Tiu, Gaz. Mat. B 14 (1963), 225.
258 S— sinaf2  sin B12 , siny[2 > 243, ()

sing/2cosy 2 ' siny/2cos«i2  sinef2cosf)2
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* Proof. By the arithmetic-geometsic mean inequality, we have
5§=23 (cos-f— cos ,[_3_ coS 1—)—”3. (2)
2 2 2
Since (see: 2.28)

cos % Ci0S —5— cos % < 3\/5,
from (2) we get (I).
D. Nicolae, Gaz. Mat. B 14 (1963}, S61.

14-cos a cos f cos y >3
/ .

2.59 P :
sinesin #siny

Equality holds if and orrly if the triangle is equilateral.
H. W. Guggenheimer, Plane Georetry and its Groups, San
Francisco, Cambridge, Lorzdon, Amstzrdam 1967, p. 189.

* a . . u' ﬂ y - ﬁ . ?
2.60 2{ cos— L sin — |} < cos — + ¢cos — + sin — L sin —.
”/—( 4 4) 4 g TRy SRy
PROOF.
\/Ecosa-{—sina
4 4
=\6 cogf:._pj_ +smw
4 4
Lny —
=2cos'3'} < 2:wos .54;!
B vy . B.y. v B .y B
= COS§ — COS — %} ~— Sin - -~ €08 = Cos — ~sin —
cs4cos4+_51 2 4 4cos4+sn4sm4
Y . 7

< €08 — -~ cos — - sin — 4 £n =,
4 4 4 4

C. Ionescu-Tiu, Gaz. Maz. B 12 (1961}, 204.
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2.61 Ifa, B,y are angles of a trizngle measured in radians, then
et cos f4-sin=zcosy > 0.
L. E. Bush, Amer. Math. Momhly 64 (1957), 24.
2.62 2(cotg a+cotg f-cotgy) > cosec a+cosec f+cosecy.

C. Cosnita and F. Turtoiu, Criegere de probleme de algebra,
Bucuresti 1965, p. 176.

2.63 ‘tgpigy+tgy tgx+tgatsI > 3+sec atsec f+secy.

C. Cosnita and F. Turtoiu, Cu=gere de probleme de algebra,
Bucuresti 1965, p. '76.

\/’cgﬁ/ﬂgﬂz L Vigyi2tesz | iga2tgp2 _,

2.64
cos a2 cos f/z cosy/2

Ju. A. Tzosimov, Matematika v skole 1958, No. 5, 95.
2.65 If » is a natural number, zhen
cotg'; x—-cotg® ftcitghy > 3-3-7/2,

Equa]ity/ﬁglhséif and only if th= wiangle is equilateral.
M. N. Kritikog, Actes du Conges interbalkanique de mathé-
maticiens, Mthénes 1934, 157-158

3. Inequalitiés fo'r the angles and other elements of a
_ triangle :
3.1 Ifa < }(b+¢), then a < (i +v).
ProoF. By virtue of the sine lzw, the inequality a < §(b-+¢)
gives

5 — N
'7 Y cos ﬂz}’ gsinﬁ'}’.

sin @ < #(sin f-+sin y) = sin

Since « and }{f-3-) are acute a=gles, we infer that
x < 3{F—»).
G. Pélva-A. Hess, Elem. 3Math, 13 (1958, 28,
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32 aw-tbf+cy > H(by-+oatap+cpay+ba). 1)

IR0OF. Let 22> 0> ¢. Then a > > y. Multiplying « > § by
a~12>20,a>2ybya—c>0and f =y by b—c > 0, one obtains

az+bf > af--ba, actey > aytca, bftey 2> by+cf.
4dding these inequalities, we have
2aw - bi+c;) > by+cataf-rcptay-rbe,
ie. (1).

33 "Lttty =
3 atbrc 2

Fquality holds if and only if a = b = ¢.

I300F. Let a > b > ¢. Then « > f > y and consequently
(@—b)(a—ph) =0, (b—c)(B—») 20, (c—a)(y—=)>0. (1)

4iding these inequalities, we obtain |

(@—8)(a—h) + (0—c)(f—7) + [c—a)ly—=) 2 C,

2(ax+bf+cy) 2 (0+c)at(c+a)f+(at+b)y. . _.
2dding axz+-bf+-cy to both sides of the last inequality, we get

ie

3(aa+bf-rey) 2 (a+b+c)(=++y)- @
Snce a+4-f+y ==z, from (2) follows
T < ac—b8+cy ,
3 a—+b+c

wifl equality only if 2 = b = ¢, because equality in (1) holds
onir in this case. ‘ |
Snce a, b, ¢ are the sides of a triangle, we have
a+b+c>24, a+b+c>2b, at+btc> 2c.

Anltiplying these inequalities by =, f§, y respectively and
addng together the inequalities thus obtained, we get

(@+b+ci{=x+fty) > 2ax—b5+cyi,
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»
i

whence
ac—-bf—cy a
a+b-i-c 2

i REMARrk. This proof follows the idea of J. Kiirschak given in:
G. Pdlya and G. Szegd, Aufgaben und Lehrsitze aus der Ana-
lysis, vol. II, Berlin 1925, p. 166 and 293.

34 I a<gf<y, then
ac-+bf-t-cy T—a

at+b+c =2

< Jatbbioy = I_tg;ztgﬁ)_
a-tbic 2 =2 7 2,

’

. =
T3

2°,

ul::;

Proor. 1°. Since e € f <+ and (a—-b—c)a -~ (a—b=-c)a =
2ac, we have
(a—b—c)f + (a+b—ci5 2 2aa,
Le.,
2a2+b3+cy < {a+c)f — (a+d)y.
Adding 68-+-cy to both sides of the kzst inequality, we get

2(ax+bf+cy) < (a+b—=c)(f+y)
whence
astbfiey _a—a
at+btc 2

, -2". If a<b<«ec then

ac-+bf—-cy < c{a+pf+) c

atbtc —  atdtc 2s
Since
o (s—B){(s—c) \1/* i (—cjfs—a) \1'2
tg— = ———— LA W Lh sl A
) ( s(s—a) - 183 s(s—b) )

we obtain

:’Eltztﬁ les—c_c:r
FAUERIFIRIFY Al P A
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Therefore

m<i ]_.f.;g.f..t_g_é..
atbtc 2 2°2)

This proof is due to G. KalajdZié.
D. Markovié, Bull. Soc. Math. Phys. Serbie4, No. 3-< (1952), 71.

(by—cB)? + (ex—ap)® + (@p—buy _ =
35 (@tbto? <7

This result is the best possible.

D. Blanua, Problem 175, Glasnik matem:ti¢ko-fizicki 1 astro-
nomski (2) 8 (1953), 160.

REMARK. A proof of this inequality, due to T. Leko, is very
complicated and it would be desirable to hzve a simpler proof.

2bc cos & 2bc
O — <bte—a<—. 1

3.6 s < b+c¢ al . (1)

ProoF. Let a < max (b, ¢). Since max(t, ¢) < a-+min(}, c),
we have

b--c—a = min(},c) + max(h,c) — a < min{t.2t L min(d,c)-+-a—a

2min(b, ¢)max(b,c) 2bc

= 2min(p, ¢) €
min(b, ¢) p p,

Let a > max(b,c). Then a < Zméx(b; 3 must h.old,. for
otherwise a > b4-c. Further, we have
b4-c—a=min(d,c) + max(®,c) —a <mnb,c) +a—a
2max(b, c)min(b,c  2be )

= min(3,¢) < - == @

Therefore we have proved the second inegaality in {I).
Since

2bc
(b+c)(b+c—a) — 2bc cos = = a(—;—; —~ (b—{-c-—a}),

using inequality (2), we obtain the first inequzlity in (I).
J. A. Kalman, Math. Gaz. 47 (1963}, 224-225.
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37 (1= Mi—-2 V11— \csinZenfan?
. —— — — —— ] < sin — sin — sin —=.
btc itz a—p) S SN SR

| Equa.hty occurs if and amly if the :nangle is eqmlateral
Gaz. Mat. B 8 (1957), 47.

[5 21 521 2 )
3.8 cotgatcotgftcotgy> \9 . (a%4-b2+-c%)(a+b+-¢) ,

abc

with equality holding if and only if t2e triangle is equilateral.
T. R. Curry, Problem E 1861, Ame=. Math. Monthly 73 (1966),
199.

39 Ifa<gb<rc, then

< ¢ " b . ¢ G
> btc cta atb
where
: 14
g = =>2cos2—, G= < 2cos?—
S Titgpztar2. - 2 Trige2tgf2 - 7 2

Equanty; occurs if and only if a=5%=c.

ProoF. Since a < b< ¢ and

N [ R R o e Al
2 s(s—a) 2 s(s—b)
s—a)(s—b) \M/2
: gl — ( (s—a)(s—b) )
2 s{s—o )
we have
2 25 atbic b c
g= N = _= ; \<. + ; + s
1+-tgff2tgv/2 2s—a b--c b4+c  c¢ct+a  a+-b
2 23 a+b-— a b c
G= — = = — > + e .
I+tgef2tg3/2 2s—c a-+? b+c  c+a a-+b

This proof is due to G. Kalajdzié.
D. Markovi¢, Bull. Soc. 3fatl.. Phys. Szrbie 4, No. 34 (1952}, 71.
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3.10 I8k =ct(at+D), then

0<ks;2‘-lsin‘—32:- for £ <0,

2’--'1511:1‘2 k<] for 0 <L,

min(], Z-1lgint %) < kB < max (2‘“11‘“»'2, 2t-1gin¢ -?2:-)
for 1 <£L2,
min (2"1.%—”2, 21 gint —;) <k max (l 2t-1 gint¢ 2) for £ = 2.

ReEMART These inequalities are due to R. Bzallien, Simon
Stevin 26 (1949), 129-134. The upper bound for the case £ > 2
and ¢ a pcstive integer is determined in: F. van der Blij, Stmon
Stevin 25 {1947), 231-235.

3.11 If i=r[R, then
—1+4k—2 < cos fcosy-+cosy cosal-cos xcosf < k142
—14-3%—322< cos acos fcos << JR2. I

Equality occurs if and only if the triangle is equiateral.
W. J. Eandon, Problem E 1925, Amer. Math. Monthly
73 (1966} 1016. ,

3.12 Iffxa tnangle « > f§ > v, then
2Rcise < R—d <2Rcosf < R+d < ZRcos vy,

where 4 is ©e distance from the circumcenize to the incentre.
Q. Bottera, Euclides 39 (1963/64), 129-137.

2\3F
7
Equality %olds if and only if the triangle is equilateral.

3.13 asinz4bsinficsiny >

Proor. Snce.
sinz = a/(2R), sic 8 = b/(ZR), sin = ¢/{2R),
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we Xave

a? 42t 2V3F
2R = R’
Weizenbdck's inequality 4.4 was used here.
3.14 9r<asina+bsinftesiny < R,
withk equality holding if and only if the triangle is equilateral.

asin a+bsin g4-csiny =

ProoF. Starting from

2 2aF
asinz= ;R == ']’:f” and similarly for bsin £ and

¢ sin~, we get

hph .t hoh
asin a-+-bsin f+-csiny = ol + ik + fa?s
Ila llb hc
By means of the arithmetic-geometric mean inequaliry and
6.16, e obtain '
' hylte . hfta n haltp
ha I hb i’g
with zcuality if and only if kg = /p = A, i.e. if and only if
the t==ngle 1s equilateral.
The=fore

> 3V hghgh, = 9,

_ casinz-+-bsin g-+tcsiny 2> 9r.
Usizz the sine law, we obtain
. . ] a2+
- sine+-bsin f4csiny = ————.
, a sin a+bsin f+-csiny R
Since (see: 5.13)
a?+-b2+c? < 9R2,
from (- we obtain
asin b sin f+csiny < §R.
This result is due to R. R. Janié.
e
EqueZty holds if and only if the triangle is eqila Pral.
W. J. Blundon, Canad. Math, Bull. 8 (1925}, ;56

3.15 sna+sin fising < 24 (3V3—4) -
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4. Inequalities for the sides and the area of atriangle
4.1 4F < min(824-c?, c24-a2, a2+-5b2).

Proor. Let a>b>c. From

b2-¢2 > 2bc and 2be > 2bc sin =,
follows
52+c2 > 2bc sin &« = 4F.

This concludes the proof.
42 2> 3F3.

Equality holds if and only if the triangle is equinteral.

Proor. Since
(s—a)(s—Bs—a < EZDTE—DTE=r 8
3 3’

ie.
—a)(s—0)6— < 5

we obtain

5 —_— -

F = [s{s—a)(s—)(s—ciF 2 < —=.
AN
H. Hadwiger, Jber. Deutsch. Math.- Verein. 49 11939}, 35-39
kursiv. ’
L. A. Santalé, Math. Notae 3 (1943), 65-73.

43 s2>3FJ3 1 10.
J. C. H. Gerretsen, Nieuw Tijdschr. Wisk. 41 (1%23), 1-7.
44 a24b2tc2x 4}7\/5.

Equality occurs if and only if the triangle is equiateral.

Proor. By cosine law,
. al =B 4c? = 2{b?+c?—2bc cos a.
Since '

F =

be sin =,

bt
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one obtains
a4 b2 42 —4F\3 = 2(b2 +-c2) — 2bc cos a—bc/3 sin

‘/5,,)

1
= 2(52+C2) —4bc (“2— CgsSc— "-'-2—— sin

a

= 2(b%4c?) —4bc cos (?3——— )
© 2 2(0%4-c?) —4kc
= 2(b—c)2.

Equality holds if and only if & = ¢ and « =2/3, ie. if and
cdaly if the triangle is equilateral.

R. Weitzenback, Math. Z. 5 (1919), 137-14¢.

P. Finsler and H. Hadwiger, Cornment. Matk Helv. 10 (1937/
28), 316-326.

L. A. Santals, Math. Notae 3 (1943), 65-73.

F. Goldner, Problem 69, Elem. Math. 4 (1$4=, i20.

R.A., Elementa: matemadk, fysik, kemi (Uissala) 49 (1966),
250.

45 bc—{—ca-{_—ab},ﬂ’ﬁ. - - - m

PROOF._ Since

. (sin a@)~14(sin B)~1+ (sin )~ = 3V/(sin « 501 3 sin y)~?

and (see: 2.7)
. 33

sineasin gsiny < 3

we have

(sin «)=2+4(sin 3)"21+(sin )71 > 2+ 7.
Using the last inequality and
bc-ca+ab = 2F{(sin «)~1-(sin §) 145z y) 1],

we get {1).
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ReMARK. From (1) and
(bo+ca+abR< B4 c%a? +-a2?) < (252 -H2R < B3+ b +-cf)

one obtains the irequalities: 4.12, 4.4, 4.10.
V. 0. Gordon, Yatematika v §kole, 1966, No. 1, 89.

4.6 bo+catab > 4FV3+40.
J. C. H. Gerret=n, Nieaw Tijdschr. Wisk. 41 (1953), 1-7.
4.7 4FV34+Q <a24+b24c2 < 4FV3+3Q.

Equality holds T and only if the triangle is equilateral.

H. Hadwiger, Toer. Deutsch. Math.-Verein. 49 (1939), 35-3%
kurstv.

ReMARK. The st inequality was also proved in:

P. Finsler and £ Hadwiger, Comment. 3ath. Helx. 10 (1937/
38), 316-326.

J. Karamata, Iroblem 119, Glasnik Mat.-Fiz. Astronom. 3
(1948), 223.

0. Kooi, Simon Stevin 32 (1958), $7-101.

J. Steinig, Elerr. Math. 18 (1963), 127-131.

§. Zetel’, Mate—z—ka v £kole, 1965, No. 3, 66-69.

48 4FV31Q<2rprye?

o e By =\
<4F - 4 sec — 4+ sec — —+/3 1 4-Q.
(sec2 sec2 5 v) Q

Equality occurs I and only if the triangle is equilateral.

S. T: Berkolaike, Matematika v Skole, 1957, No. 2, 72-74.
4.9 12F\/3+20 7 (a4+5-10)2 < 12FV348Q.

Equality holds Z and only if ‘the triangle i equilateral.

H. Hadwiger, JZer. Deutsch. Math.-Verein. 49 (1539), 35-39
kursiv.

ReEMARK. The i=st inequality was clso proved in:

P. Finsler and E. Hadwiger, Comment. Math. Helx. 10 (1937/
28), 316-326.
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4.10 at-5i4ct> 16F2,

Equality holds if and only if a =0 =vc.
F. Goldrer, Problem 69, Elem. Math. 4 {1949), 120.

4,11 at4534ci> 16F2+4FQ34302 (1)
Equality holds if and only if 2 = & =c.

Proor. 2y squaring the Finsler-Hadwiger's -inequa]ity 4.7,
@me obtains

a4 b4 2(b2%2 -+ c%a2 +a?b?) > 48F2--8FQ/3+Q2.

Since
2(b%c2 4-c2a® - a?h?) = 16F2-at4bi+4cf,
tthen
2{ad--b14-c4) 4 16F2 > 48F2 L 8FQ/3 402,
i.e. (1).

Matematka i fizika, Sofia, 6 (1965), 51-52.

412 b%2-c2a%+4-a?h? > 16F2. (1)
Equalirr 2olds if and only if the triangle is equilateral.
ProoFr. (n the basis of Heron’s formula we have

Z{b%c%-L c2a2+a%h?) — (at4-bi-tcd) = 16F2
Since

(B2—c?)? & (2—a?)? 4 (22—B%2 > 0,

1.€.,
b2c2-c%a% 4 a2b? < atd-bi4cd,
we get (I).
F. Goldp=, Problem 69, Elem. Math. 4 (1949), 120.

Qabc

13 4F\3< X
4 A at-b+4-c

Equality accurs if and only if a = b =c.
T. R. Cux, Problem E 1861, Amer. Math. Monthly 72 {1966),
199.
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414 (abo)?> (%)3. | )

Equality holds if and only if a = b =c.

PROOF. From abc = 4RF and from a+b+c<3RV3 (e=:
5.3), we have

4F abc 3abc _ 3abc < (abe)?B,

J3 RJ3 S a+b+c
whence inequality (1) follows.
L. Carlitz-F. Leuenberger, Problem E 1454, Amer. Mxh.
Monthly 68 (1961), 177 and 68 (1961), 805-806.
H. W. Guggenheimer, Problem E 1724, Amer. Math. Moniiiy
71 (1964), 911 and 72 (1965), 791-793.

4.15 If x, y, z are real numbers, then

2z+y+z Flat y+2)2

z Z_1 bZ Z . o Ta¥he “1
azh¥cr 1 bTc¥a? - cTa¥dz = 3 - FerveaA 1)

ProoF. By means of the arithmetic-geomretric mean in-
equality, we obtain
a“b!lcz—:-bzc!az+c-'fa£’bz = 3(abc) (r+y+ zm.

. From this inequality, on the basis of 4.14, we get (I)..
This inequality and proof are due to P. M. Vasié

4.16 If x, 9, z are real numbers, then

2z~y<z Frty+2)2

bocv(b-+- )ZJ_cIaV(c-a) —a%bv(a+b)* > 3-2¢ 3EFv=0k

Proor. Since a-+-b > 2+/ab, eic., we obtain
bzc¥(b-+-c)*+crav(c+-a)*+azb¥ (a4 b)?
> 2;.(b:r+(z ey HE/2) a2/ gy ) _LaZ*(z”)by—'*B)
>3- 2:% {abc)ztvz,

From this mequuht) on the basis of 4. 14, we aet (1}.
This inequality and proof are due to R. Z. Diordjevié.



THE SIDES AND THE AREA OF A TRIANGLE 47
4.17 I x, 3, z are real numbers, then
az(a+-b)¥(b+c)*+-b2(b+c)¥(c+ a)*+-c*(c+a)¥(a-+ b)?

22Uy+2) izt v+2)/2

.ox
2 3.2 3(a:+:!+z)H

“This inequality is due to R. Z. Djordjevie.
4.18 1If a24-b24¢2 = 2H and bc+cat-ab = K, then

(K o

Equality in (1) holds if and only if the triangle is equilateral.
S. Beatty, Trans. Roy. Soc. Canada, ITE (3), 48 (1954), 1-5.

419 If ¢ = (/212 then
‘ SSHOHS—2) gy o SE0 s+

-~

27 . 27

(1)

The first (second) equality sign in (1) lolds for za isosceles
triangle whose base is the smallest (largesi) of the tkree sides;
of course both equality signs apply when the triangle is equi-
lateral, since then g =0. . _

R. Frucht, Canad. J. Math. 9 (1957), 227-231.

4.20 27(b24c2—a?)2(c®+a2—b2)2(a2-- b2—c2)? < (4F)6.

Equality holds if end only if a = b = ¢

F. Balitrand, Interméd. Math. 23 (1916), 86-87.

421 If 2>0, then

F <

V3 [ ahgbrica\za
4 3 )

C. N. Miils-O. Duzkel, Problem 3207, “Amer. Maih. Monthly
34 {1927), 382-384.
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5. Inequalities for the sides and the radii of a triangle

51 2r<R.

iiqua]ity hodds if and only if the triangle is equilateral.
Proor. This inequalry is obtained from
07 = R(R—2r) > 0.

L. Euleri, Novi comnentarii academiae scientiarum Petropoli-
tanae 11 (1765), 1767, 133-123.

L. Euleri, Gpera Omria, I 26, 1953, 139-157.

Ramus-E. Rouché, Nsuv. Ann. Math. 10 {(1851), 35

52 1If £ and T are zeal numbers such —co << T L 11
then
4s2R*24r < 4s2R-1-Z2Tr <
27—t - a-T
Proor. Comnsider the function f, defined by
' £2R-1..2
f(X) = Hﬂz for x < 27.
From inequality (see: 1.1 and 5.36) —

{a—;—b+c)~> 3(bc+ca+ab) D4Rr

=~

we have
S4r—2rx

as 2————:2..
ez =%

From inequalities (se:: 5.8)
452 < 43" 4Rr4R?) and Zr <R,
we obtain

e !6R2~—22Rr

) 452R-1_54r i
Since f'(x) = m_(ff:T = 0, we infer that fis 2 monotoae

I'

non-decreasing function. so that f(11) < R.
1. Paasche-0. Reutt=. Problem 516, Elesn. Math. 20 (19€3),
140 and 21 (1954), 135.
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5.3 at+B4+c<3RVE

' - Equality holds if ard only if ¢ = b = .
S. Nakajima, Téhom Math. J. 25 (1925), 115-121.
A. Padoa, Period. Xat. (4) 5 (1925), 80-85.

. Remarg. This inequality is equivalent to 2.1.
54 s<2R+(EV3—4r.

Equality bolds if ant only if the triangle is equilateral.
W. J. Blundon, Camd. Math. Bull. 8 (1965), 615-626.
» W. J. Blundon, Praolem E 1935, Amer. Math. Monthly 73
(1966), 1122, '

5.5 9r(4R-+4r)<3s2< (4R+r)2 (1)
ProoF. The roots o the equation
y3—~2sy2—{s2-L-r(4R+r))y—4sRr =0 (2
area, b, c.
' s(x—7)

Taking y = — equation (2) becomes

23— LR 1 r)x24-s2x—s2r = 0,

with roots rg, 73, 7e.
In view of Rolle’s tirorem, both equations

| 3y2—tey+s2+r(4R+7) = O
and-
3r—2(4R4r)x+52 =0
have real roots, which :mplies
352 = 9r{=2+r) and (£R-17)2 > 3s2

This proves (1).
G. Colembier-T. Doicet, Problem 1051, Nouv. Ann. Maih.
31 (1872), 457.

5.6 6r(4R+7) <22 <Z(2R+7)2+Re.

Equalicies hold if anconly if the {xiangie is equilateral.
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Proo¥. Since r = Ffs and R = abc[(4F), we have

abe

7(4R+7) = — + — = 12—0 <352,

an& consequently
6r(4R+r) < 252,

By the last inequality and the inequality 4245242 < 9R2
(see: 5.13), we obtain

R2 oR2 a2l b2 2
(2R+?’)2 + 7 = T - 1'(4R+ ) %if._ - f(4R-+f) = 82,

l.e.
252 < 2(2R-Lr)24-R2.

F. Leuenberger-L. Carlitz, Problem E 1481, Ame=. Math.
Monthly 68 (1961}, 803 and 69 (1962), 312.

57 252(2R—7r) < R(4R-+7)2. -
0. Kooi, Simon Stevin, 32 (1958), 97-101.

58 7(16R—57) <s?< 4R24-4Rr+4-3r2,
Equalities hold if and only if the triangle is equilateral. —
ProOF. Consider the triangle HIO. Then

OH?=9R?— ¥ a2, )
I10? = R2—2rR, _ (2)
IH? =2r°—4R2cos acos § cos y. (3)
But
4R? cosacos fcosy = HT a)2—(2R+r)?,
and thus

IH? = 3r24 47’R---4R2——§(V' )2,
This establishes the in iequality '
(T a)® < 4(3r2+4rR1-4R2),

with equality only in 2n equilateral trizngle,
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According to the theorem of Euler OG : GH = 1 : 2, we hawe
GI? = 3}102+}IH24-20H2. )
| By substituting (1), (2) and (3) in (4), we obtain
| GIT =L (Ta)+iT
which, in view of (X )2 =2 X a2{4r(4R+7), is equivalent D

36-GI2 = (Z a)2420r2—64rR,
whence
(Z a)? > 4r(16R—5r).

Equality only when the triangle is equilateral.
J. Steinig, Elem. Math. 18 (1963), 127-131.
REMARK. In view of R > 2r both inequalities strengthen 5

59 Let g(R,r) and Q(R,r) be quadratic forms with red
coefficients. Then the best possible inequalities of the form

¢(R,7) <2< Q(R,7),
with equalities only for the equilateral triangle, occur when

g(R,r) = 16Rr—5r2

and
- Q(R,r) = AR2L-4Rr-3r2,

W. J. Blundon, Carad. Math. Bull. 8 (1965), 615-626.

5.10 Let f(R,r) and F(R,r) be bomogeneous real functiors.
Then the strongest possible inequalities of the form

R, r)<s2 F(R,7),
with equalities only for the triangle equilateral, occur when

AR, 7) = 2R?= 10Rr—r?—2(R—2r)\/ R2—3Rr,
and
F(R, r) = 2R2410Rr—r2+2(R—2r)V RZ—2Ry.

W. J. Blundon, Canad. Math. Bull. 8 (1965), 615-626.
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5.11 s2>> 272

Equality holds if and only if tie triangle is equilateral.
Proor. By the arithmetic-gemetric mean inequality, we
cbtain

_;_ e (s_a)—{-(s;—b)—l—(s—i: > ‘C’/(s—a)(s—b)(s—c).

Since (s—a)(s—b}{s—c)} = F2}:=r2s, we have

ie.

N. A, Edwards, Problem 127C Nouv. Ann. Math. 37 (1878),

475."
J. M. Child, Math. Gaz. 23 (1%=9), 138-143.

512 252> 27Rr. (1)

PRroOOF. Since

(a+b-¢)2 2= 27abc anc abc = 4RF = 4Ryrs,

we have’ R

8s3 > 27 4Rys,

ie. (1) :

C. Cosnita and F. Turtoiu, Cusgere de prodleme de algebra,

Bucuresti 1965, p. 177.

513 36r2<<a2+bZ4c2 < 9R2 (1)
Equalities hold if and only if i = b =r¢.

ProoOF. Since

W

( 22+p24-c2 )1"‘- a--b+4c
3

by virtue of 673 < at-bfo (se 5.11), one cbtains
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The second inequality iz (1) follows from
‘OR2—(a2-+-b2+c%) = OH2 > 0.

J. Neuberg, Ed. Times, News Ser. 9 (1906), 51-52.
T. Kubota, TGhoku Math. J. 25 (1925), 122-126.
J. Steinig, Flesm. Math. 18 (1963), 127-131.

5.14 24Rr—12%2 < a?4-b6°1-c2 < 8R24-4r2,

Equalities holel if and only if the triangle is equilateral.
J. C. Gerretsem, Nieuw Tijdschr. Wisk. 41 (1953), 1-7.
J. Steinig, Eleem. Math. 18 (1963), 127-131.

5.15 4R2+416Rr—3r"—4(R—2r)vR:—2Ry
< a?+h2+-c?
< 4R?+416Rr—3r24-4(R—2r)/R2—2Ry.
W. J. Blundom, Canad. Math. Bull. 8 (1965), 615-626.
l5.16 3672 < be+4-cat-ab < 9R2
Equalities hokd if and only if ¢ = b = .
Proor. Multfplying the inequalities (see: 7.12)
I AP U ) S
2F " a b c 4F
by F = abc/(4K’), we get -
18Rr < beL-ca+-ah < OR2.

By using R == 2r, inequalities (1) follow from (2).
F. Levenbergesr, Elem. Math. 13 (1958), 121-126.

5.17 4r{SR—r} < bc+ca-~ab << 4(R41)2.
Equalides hoid if and only if the triangle is cquilateral.
J. Steinig, Elem. Math. :8 (1963}, 127-131.

5.18 362 4r(SR—r) L lstcatab < 4(R+r)2 < 9R2.

Equalities occcur if-and enly if the triangle is equilateral
W, J. Blunde:n, Casnad. “fath. Bull. 8 (1965}, 515-626,
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REMARK. From 5.16, 5.17, and R > 2r follows 5.18.

519 2R2414Rr—2(R—2r}N/R*—2Ry
‘ < bc4-cat-ab
<L 2R24-14Rr+2(R—27)\V RE—2Ry.

Equalities hold if and only if the triangle is equilateral.

W. J. Blundon, Canad. Math. Bull. 8 (1965, 615-626.
520 a(s—a)+b(s—b)+c(s—c) <IRr.

S. G. Guba, Matematika v Zkole, 1266, No. 6, 67.

521 abc < BRI+ (124/3—16)Rr2.

Equality holds if and onlyx if the triangle is equilateral.
W. J. Blundon, Canad. Math. Bull. 8 (1965, 615-625.
] 2'2 311 1 - v3
ER ST T T S
F. Leuenberger, Elem. Math. 15 (1960), 77-79.

343 1 1,1 <3

Y . —

< —
2(R+7) s T TN

523

Equalities occur if and orly if the wiangle is equilateral.

J. Steinig, Elem. Math. 18 (1963), 127-131.
ReMarE. This inequality improves 5.22.
1 1 i 1 1

5.24 < 4 < .
3 R? bc ca + ab 4=

ProorF. Since

| .1 z5 I
— T = e =
bc ca ab GO 2Ry’

inequalities (1) are equivalsnt to
' 1 1 |
< < .
R " 2Rr 47

(1)
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These inequalities are true because each of these can be

reduced to R > 2. |
F. Leuenberger, Elem. Math. 13 (1958), 121-126.

5.25 8r(R—2r) < Q< 8BR(R—-2r).

Equalities hold if and only if the triangle is equilateral.
J. C. H. Gerretsen, Nieuw Tijdschr. Wisk. 41 (1953), 1-7.

abc

5.26 4rig .
atb+c

Equaﬁty occurs if and only if the triangle is equilateral.
M. S. Klamkin, Math. Teacher 60 (1967), 323-328.

5.27 abe< (RV3)3. (1)
Equality holds if and only if a = b =c.

ProoF. Since
at-b+c

abc <
1’/4 [ 3

(.)n the basis of 5.3, we conclude that inequality (1) holds.
5.28 The inequality _
o Mfa, b,c) S RV3
is valid for every triangle if and only if

log 9—log 4
"~ log 4—log 3’
A. Makowski-]. Berkes, Elem. Math. 17 (1962}, 4041 and
18 (1963), 31-32.
529 (a+b4+0)v3<K 2ratrotre)-
Equality occurs if and only if e =6 = ¢.

J. C. H. Gerretsen, Nieuw Tijdschr. Wisk. 41 (1923}, 1-7.
* F. Leuenberger, Elem. Math. 16 (1961), 127 -129.
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a2 B2 2
5.30 + + = 4.
Te Yela Taly
Equality holds if and only if the triangle is equilateral.
This inequality is due to R. R. Janic.

5.31 (s—a)\/a < 4R —7s.

E. Lemoine, Problem 578, J. Math. Elem. (4) 3 (1894), 263.
a2 (b—c)2
2F
Equality holds if and only H a =& =c.

Proof. From

5.32 (s—a)(\/5+ ) < 4R—1,. (1)

s rs 78
AR+‘r =ra+rp+7e, ta= , Th= , =
s—a s—b s—c¢

we get
4R —rg = ry-+re—r -

a2 b2 42 LI (—betcat-ab)
= (s—a) -
AF

On the basis of inequality 4.7, we have

4F~/342(a? 3242 —2k)

4R—r¢ 2 (S“a) 41: ’

ie (1). .

Equality holds if and only if @ = b =¢, for in 4.7 we have
equality only in that case.

R. R. Jani¢, Univ. Beograd. Publ. Elektrotehn. Fak. Ser.
Mat. Fiz. No. 181-No. 196 (1967}, 75-7=.

533 S5R—r>sV3. (1

Equalities Gold if and ocly- if the {rzzgle is equilateral.
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Proor. Starting from
rs rs s

» T'h fc =
s—a s—b’ s—c

4R4r = rotrod-re. 0=

and from R > 2r, we get

SR—r > rq—+rptre

S 1 K 1
zrsn(s—a + s—b + s-—c)

(be+-ca+ at—s?)

75
= Ter" [2(be-+ ca—ab)—(a2-+ 52+ c2)].

On the basis of 4.7, we have (1).
Equality holds only for 2 = b = :, because only in this case

R = 2r and equality ir 4.7 holds.
R. R. Jani¢, Univ. Beograd. Pr2l. Elektrotehn. Fak. Ser.

Mat. Fiz. No. 181-No. 196 {1967}, T=-76.
5.34 2 < ra, -rrb ‘chz (l)

Equality occurs if and only if the ﬂangle 15 equﬂateral

PROOE. Smce, by 2.35,
£
2

"'3-'_)_,_1
‘1‘4-:2 »

o
a 2 % 402
tg2+g

and

"~

o 4
r,,,=,stg—£, p =stg—2—, re=-stg =
we obtain (1).
E. Bokov, Matematika v 3kole, :356, No. 4, 95 and 1957,

No. t, 93.
5.35 Brarpre < 3a.bc\/33-.

Equality holds if and only if the ==angle is equilateral.
F. Leuenberger, Elern. Math. 16 :1561), 127-129.
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5.36 I4Rr < 3(bct-caab) < 4rpretroratrary).

ProzF. The first of these inequalities was already proved in
5.16. Snce

A(ryre—rcratrary) = (a+b-+c)? and 3(bc+ca+ab) < (a+b+c)2,

we conzude that the second inequality also holds.
F. Lmienberger-J. Steinig, Elem. Math. 20 {1965), 89-90.

8.37 roryre—14r2(ra-tro4-re) L 9r(ratrpo-4-ro)2+9r3

holds fir acute triangles.

Equiity holds if and onlv if the triangle is equilateral.

S. Rzich, Problem E 1930, Amer. Math. Monthly 73 (1966),
1017-1218, '

5.38 IR < max(rg, b, 7e)-
P. Edos, Mat. Lapok 1 (1949), 72
539 I ro<rp< 7, then
ra<3R ro<2R, IR<r. < 4R.

H. I.Baron, To6hoku Math. J. 48 (1941), 185-192.

5.40 :&R < i‘i:f‘_%f.ﬂ < %R é f/ ra4+r;4_|'_".fc4 - ‘

L. Ezjes Toth, Mat. Lapok 1 (1947), 72.
541 %r < ?’a+rb+r¢ < % R.
M. £ Klamkin, Math. Teacher 60 (1967), 323-328.

5.42 If G(x, v, z) denotes the geometric mean of x, y, z, then

R " R R
G(r, ’, -—é-)s};G(ra, o, rc3gc(r,~2-,3-).

Equulities hold if and only if the &riangle is equilateral.
A. Xakowski, Nieuw Arch, Wisk. (3) 12 {1%64), 5-7.
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543 2iR2ratrpitred
‘Equality holds if and only if the triangle is equilateral.
V. Thébault, Mat. Lapok, 3 (1952), 59-€1.
¢ A. Makowski, Nieuw Arch. Wisk. (3) 12 {1964}, 5-7.
8B4 IR Milra,ronre)  (RZ22).

G. Haj6s, Math. Lapok 1 (1950:, 313.
L. Fejes Téth, Lagerungen in der Eberr=, auf der Kugel und
ix Raum, Berlin 1953, p. 27.
REMARK. This inequality is a generalization of inequality 5.40.
545 TR2r24r24rp2+re2. | . (1)
Proor. Since
ritra?Lrp2tre? = 1€R2—(a2--021}c2),
axd on the basis of 5.13, we have (1). .
" Ju. I. Gerasimov, Matematika v Zkole, 1567, No. 3, 84.
. Comment by R. R. Janié, The following stronger inequality
buds
8R2—4r2 L r24-ra2+rp?—1c2, @)
bicause (see: 5.14) a2+b=+c? < ER2+4r2.
- Inequality (2} is stronger than the inequalities 5.40 and 5.43.
a3 b3 3 abc
546 — + — 4 — < —. (1)
~ ra T Ye r

Equality holds if and only if ¢ = b = c_
J. Andersson, Problem 1779, Amer. Math. Monthiy 59 (1952),
4],

- Remark. This inequality is equivalent zo 1.9.
RIS E
s [ YLy e 3y )

Proor. Sincer, = rs/{s—a), etc.,inequa®iv (1) is equivalent to

)
Va(s—a) + \{b(s--b) - \Q(s—-m:} < $s.



60 GEOMETRIC INEQUALITIES

By the arithmetic-geometric mean inequality, we get

Va(s—a) + Vb(s—b) + Ve(s—c)
ats—a bfs—b c4s—c
< 2 + 2 + 2

Gaz. Mat. B 15 (1964), 256.

= §s.

6. Inequalities for the sides, the altitudes and the radii of
a triangle

6.1  2(hatho+he) < V3(a+b+c).
Equality holds if and only if the triangle is eqclateral.

Proor. First we have
g 3abc '
(a+b-+6)*>3(be+catab) = = (hathiv+he) = cR(hatho ),

with equality only in the case of an equilateral =angle.

Since (see: 5.3) 3RV3 > a+tb+e, with equaizy if and only
if the triangle is equilateral, we obtain

V3(a+b+c)2 > 2a+-b4c)(hat+hot k),

so that
V3(at+b+e) = 2(hathothe),
with equality only in the case of an equilateral —iangle,
A, Santald, Math. Notae 3 (1943}, 65-73.

F. Leuenberger-L. Carlitz, Problem E 1427, Amer. Math.
Monthly 67 (1960), 692 and 68 (1961), 296-297.

62 Fathothe < Vs(Vs—a+ Vs—b+ Vs < sv/3.

Equalities occur if and only if the triangle is eguilateral- |
L. Santals, Math. Notae 3 (1943}, 65-73.

r—

3
6.3 Mo(ha, hp, he) < \!T Ms(a, b, ) and

V3

3[-—2([14, hb, ]Zc) -.<\ T A{—g(a, .‘b, C).



THE SIDES, THE ALTITUDES AND THE RADII OF 3 TRIANGLE 6l
Equality holds if and onlyif 2 = b =c.
. Proo¥. By means of the obvicus inequaity

ho? - Fp® +he? << m1q24-mp?2ome?
and by
ma®+mp?+me® = §{a?+b2—c?)

one gets the first inequality.
The first and the second inequality are, jowever, equivalent
(see: 6.6).

L. A. Santal6, Math. Notae 3 (1943}, 65-73.
~ J. Berkes, Elem. Math. 18 (1963), 31-32.

6.4 3(bctcatabd) > 4lhphet-hoha+halin).

Equality holds if and only if thee triangle = equilateral.
Math. Notae 3 (1943j, 182.

65 a3+B3--c? > B(h3+hp3+hcD).

Gaz. Mat. B 9 (1958, 73l.

’ =
'3 )
6.6  Mu(ha, hin, he) < 35- M(a, B, c)

f3
< 3 _i(lia, B B 4‘—2&_;@, b, c).

These inequalities hold for everv nambsx % if and only if
<zl and a<P<y

A. Makowski, Elem. Math. 17 {1942), 40-zi.

J. Steinig, Elem. Mazh. 20 (1965), 64-65.

o7 = 4 B -
) hp2L+he2 /P + PREREN N R

V. O. Gordon, Matematika v &kole, 1967. Xo. 3, 84.
6.8 hoLhyLic>Or. (1)

. Equality hcids if and only if the t3angle & =quilateral.
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By the arithmetic-geometric mean inequality, we get

Va(s—a) + Vb(s—b) + Viec(s—¢)

ats—a bfs—b cts—c
< 5 + 2 + 5

Gaz. Mat. B 15 (1964), 256.

= §s.

6. Inequalities for the sides, thé altitudes and the radii of
a triangle

6.1 2(tat-he+he) < V3(a+b+e).
Equality holds if and only if the tmiangle is eqrlateral.

Proor. First we have

dabc
(a+b+c)*>3(bc+-cat-ab) = SF (he+lpthe) = cR{ha4-hp -+ he),

with equality only in the case of an equilateral angle.

Since (see: 5.3) 3R\3 > a+b+c, with equai=y if and only
if the triangle is equilateral, we obtain

V3(@a+b+0)? = 2a+ bt (hathotE), T T
so that
V3(e+b+0) > 2kgt+hot+he),

with equality only in the case of an equilateral +fangle.

A. Santal6, Math. Notae 3 (1943}, 65-73.

F. Leuenberger-L. Carlitz, Problem E 1427, Amer. Math.
Monthly 67 (1960), 692 and 68 (1961), 296-297.

62 hat-hptho< \/;(-Js—a + Vs—b+ ‘\,/S—C} < s\/§.

Equalities occur if and only if the triangle is eguilateral. |
L. Santals, Math. Notae 3 (1943}, 65-73.

r—

3
6.3 Mo(hg, hp, he) < VT Msy(a, b, ) and

" J3

Ma(ha, by, he) < —— Mafa, b,0).
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Equality holdsif and only if 2 = b =rc.
. ProoF. By means of the obvioms inequaity

ha® +he®+-ho? << m1a4-mp? -2
and by
Ma2+mp?me? = a?-L-52—c?)

one gets the first inequality.
The first and the second inequality are, lowever, equivalent
(see: 6.6).
" L. A. Santald, Math. Notae 3 (3943), 65-73.
_ J. Berkes, Elem. Math. 18 (1963), 31-32.

6.4 3(bctcatab) > hphe+hcha+haly).

Equality holds if and only if thee triangle £ equilateral.
Math. Notae 3 (1943j, 182.

6.5 a34+b3-c3 > B(hS+hpd+i3).

Gaz. Mat. B 9 (1958, 731.

:
3 .
6.6 Mi(ha, hv, ho) < 3-'5— Mi(a, B, c)

cm

¢>3I_k(ha, ho. he) < —2—_1[_;,@ b, ¢).
These inequalities hold for everv numbx % if and only if
f<aldand a< <
A. Makowski, Elem. Math. 17 {19 2) 401,
J. Steinig, Elem. Math. 20 (1965}, 64-65

6:7. AL LAy,
T bk B2 ket ' hglhyr T T

V. O. Gordon, Matematika v Zkole, 1947. No. 3, 84.
6.8 hogtlpLhy>Or. (1)

. Equality heids if and only if the tdangle & =quilateral.
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PrROOF. By
' 1 1 1 1
| TR R T
and by
ha+”b+kc ~ 3
3 = Afha+ 1y -+ 1k,

we conclude t3at (1) is true.

From the proof we deduce that equality in (1) holds if and
only if ke = I = he, i.e. if and only if the triangle is equilateral.
- S. L. Zetel', Zadaéi na maksimum i minimum, Moskva 1948,
p. 64.

69 If a<b<c, then

3b(a®+-ac+-c?)
4Rs )

hn+hb+kc <

Foquality hads if and only if the triangle is equilateral.
7. Zivanovi, Univ. Beograd. Publ. Elektrotehn. Fak. Ser.
Matt. Fiz. No. (E1-No. 195 (1967), 69-72.

6.10 9 < 3(;~a]1bhc)1"3 L ho+hy+-he

" € 3r(sin? a4-sin? f+sin? )12 < SR
P

J. Berkes, Hem. Math. 14 (1959), 62-64. "

611  Rathy—he < 3(R4-1).

Equality hads if and only if the trangle is equilateral.
L. Carlitz, #roblem E 1616, Amer. Math. Monthly 70 (1963).

758.
F. Leuenbeszer, Elem. Math. 19 (1964), 132-133.

6.12 hd.'l""]lb—hc S_ 2R+5r.

F. Leuenbeszer, Elem. Math. 19 (1964), 132-133.
L. BankoffD. Woods, Math. Mag. 38 (1955), 24C and 3%
(1966), 130.



THE SIDES, THE ALTITUDES AND THE RADII OF A TRIANGLE 63

2r.3R—r 2(R+-r)2

——T‘)— < kothpt+he < ——(—R—)—-
EqualiZes occur if and only if the triangle is equilateral.
J. Steirfg, Elem. Math. 18 (1963), 127-131.

6.14 ha—hpthe < watwptwe < IHR4-1) <ratrptre.

L. Carkzz, Problem E 1616, Amer. Math. Monthly 70 (1963),
758 and 71 (1964), 558-559.

F. Len=zberger, Elem. Math. 18 (1963), 35-36.
 F. Leumberger, Elem. Math. 19 (1964), 132-133.

6.13

6.15  2(Fshc-hoha+hahy) < 6FN3 < 27Ry. ° (1)
Proor. Since
F = 4Ry cos—f- cos —@— coS l,
2 2 2
from ,
abc = 16R2%r cos —g— cos -g- cos -%,

cn the bz=s of 228, we get
abc < 6R%+/3, ie., 2F <3Rr /3. (2)

~ This przves the second inequality in (1).

If the squality hghphe = 2F?/R is multiplied by 1/h,, 1/hs,
1/h., Tespzctvely, and if the given values are added, we obtain
- 2F2

hplte+-heltg+hohp = ——.
Rr

By virmze of the last equality and of ineqguality (2), we con-
clude tha: the first inequality in (1} is true.

F. Leuzberger and J. Steinig, Elem. Math. 20 (1965), 89-20.

6.16 Jigisine > 2773,

’ 1 111 111
Proor. Since — 4 — 4+ — = —, the product — — ——
e T TRy Pt o T ke

: . o |l 1 1 | . .
bas the —zximum value if — = — = —— == —  whence it
: ha f1p Fie 3r
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follows that the product Aghyh, attains the minimum value 2773
if ha = hp = he.

Therefore Aghphe > 27r3.

S. L. Zetel’, Zadali na maksimum i minimum, Moestva 1948,

p- 100.

6.17 Vha+ hy+ Vi < 3VER.

Equality holds if and only if the triangle s equilatesl.
E. A. Bokov, Matematika v §kole, 1967, NNo. 1, 83.

6.18  hphetheliat-hahy < roretreratrare. (1)

Proor. From

P A >
we get
‘ haltedt
hohet+Aehtat-hahp = ; b’c (fbfc”'f"’"cfa‘i‘rafb)’ (2)
[
Since (see: 6.27)
kﬂhbhc "<~ Ta bre,

from (2) follows (1).
A. Makowski, Problem E 1675, Amer. Math. Mamhly 71
(1964), 317 and 72 (1965), 187-188.
619 If —~1<1<0, then
hal +hot+het = 7t $rpf 1t (1)
Ift>0o0rt< —1, then
hat+hpf Rt < rotrtret. (2)
2F

— . etc, inequality
re—a etc., inequality (1)

Proor. Since ha, = T, Vg =
is equivalent to
a-t3bt4-ct> b+c—a)t{cta—8)—t+(a+-b—zt (3)

for -1 <t<0.
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Since the function f(x) = —x~f, for x > 0 an¢ —~1 < ¢ < 0,
is convex, Jensen's inequality can be applied, viz.

f(xl)';‘/(xZ) > /(zr}-xz) )
for x; and x9 > 0.
For z; = c+a—b, x3 = a+b—c, inequality (4) oecomes
{c+-a—b)"t4(at+-b—c)™t < 2a. (5)

Permuting a, b, ¢ in (5) cyclically and adding tie inequalities
obtained we get inequality (3), i.e., {1).
Inequality (2) is equivalent to .
at+btct < (bfc—a)~t+-(c+a—b)t4-(a-—c),
‘for t>0o0r << —1.
The proof of this inequality is analogous to the 1roof of (3).
A. Makowski, Elem. Math. 16 (196F), 60-61.

6.20 If x, y, z are non-negative real numbers, tien
ha®heVhe?+hpTheVha? -+ heZha¥lin? < ra®rsVrd-+ryredy *t-retra¥ryt.

Equality holds if and only if the triangle is equiareral
J. L. Nassar, Problem E 1847, Amer. Math, _Ionthly 73
(]966) 82,

| I S < o
621 > .
hg—2r T hy—2r + ho—2r r (1)
ProoF. By
1 4 1 n 1 I
ku hb hc o r
we obtain
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we have
ha hb : hc
+ = 9.
’ ha'—z’ hb "—2’ + hc"“zr
Since
2r 2r 2r
— +
hg~—2r hy—2r he—2r

ha— (ha—2r) ty— (hp—2r) he—(he—21)
=29—-3=6,
Ra—2r hy—2r + he—2r
we obtain (1).
E. A. Bokov, Materadka v Skole, 1966, No. 4, 77.
h¢+f hb+7 ] hg‘*"

6.22 la—r  hp—t ' he—r T

C. Cosnita and F. Turtoiu, Culegere de probleme de algebra,
Bucuresti 1965, p. 172

6.23 If 2> 0, then
M, ho—r _ hy—r ’ he—r > 4r2 -
heg+Ta hKo+re Hetre 27R?
If 2< 0, then
- -Mz. Iiu—f’ by " ho—r <[ Z
_ hatre hotra hetre 21R
If 2=0, then

\/ <M —r ly—r Ho—7 < {‘/ Zr
27R2 k ‘—fa ' ]Tb+fb ’ ]lc“i"rc = Z.‘TR ’
Equalities hold if ax only if the triangle is equilateral
This result is due tz R. Z. Djordjevié.

ha—ra  Fy—rp  he—
6.24 a—7"a + "y . c—T¢c <O.
ha+tra fp~ry he+re

C. Cosnita and F. T=xoiu, Culegere de probleme de zlgebra,
Bucuresti 19565, p. 177
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6.25 If as%t=*c 7#a, then

Mg(ha—rb , hy—7, ’ hc—r,.) >l
re—ha  ra—hy 1To—he

for E> 0,
hao—ry  hy—re  he—r1g
M’ » » < l'
x('c"‘hu ra—hy  ro—he
for B <0,
e ha—rp ’ ky—r. , hoe—7q —1
, re—ha  7a—ho  rp—Fhe :
for E=0.

Thiis result is due to R. Z. Djordjevié.

Ta Ty e 3
6.26 - + =
! hb‘l"hc hc+ho ha+hb = 2

'This inequaliy is due to R. R. Janié.

6.27  (hahphe)tE < BVAFI2 < (raryro) s, (1)
Eqnualities hot? if and only if the triangle is equilateral.
Proor. On te basis of 7.9,

RILIUFIEL L (2
Comnmencing vith
- BF3 = 1hpheabc = hohphe ARF, rarpre = Fir-l,

we odtain (1) fnm (2).
A. Makowski, Elem. Math. 16 (1961), 134.

Equality occos if and only if the triangle is equilateral.

Pr:oor. From
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Therefore

1 ¢
7a +.—-—+_ - *(2+2+1"_ : ! +:.°_+..'_"_) >}6=3.
ha e 2\ry rqa re o rg Y

Equality holds if and only if rq = rp = rc, 1e. if and only T

the triangle is equilateral.
H. Demir-D. C. B. Mzarsh, Problem E 1779, Amer. Matk.

Monthly 72 (1965), 420 and 73 (1$56), 668.

REeMARK 1. H. Guggenbeimer (see: Amer. Math. Monthly 72
(1966), 668) proved the generalized inequality

Ta \® ry \® re \®

- i _{- i />" *

GG =G> _
for n?-l_.

RemARK 2. T. Figiel (see: Amer. Math. Monthly 73 (1965,
668) observed that the inequality required is equivalent to the
fact that the area of an orthic triangle (i.e. the pedal triange
for the orthocentre) is not greater than one-quarier of the ar=:
of a given acute-angled triangle.

3 3
= <
ha 1 +hy 14k ral--ry~ 4yl

6.29 V3F2, {

Equality holds if and ozly if the triangle is equilateral.
ProorF. Starting from

ha U byl = rg gt = L

and using the second of inequalities in 7.9, we obrtain (1).
A. Makowski, Elem. Mzzh, 16 (1751), 134
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7. Inequalities for the sides, the area and the radii of a
triangle
7.1 FJ/3<(R47)%
Equality holds if and only if the triangle is equilateral
- PRrROOF. Since a+-b+c< 3R-\3 (see: 5.3) by means of the
arithmetic-geometric inequality, we get

Rir> +5+ 3r) > Vstr = VsF. (1)

I

L 3(3

| Bv means of s > 3F V3, following 4.2, fromm (.1) follows
(R47)2 > V2F2 > V3F3 /5 = F+/3.

L. Carlitz-F. Leuenberger, Problem E 1454, Amer. Math.
Monthly 68 (161), 177 and 68 (1961), 805-8C%.
H. W. Guggenheimer, Amer. Math. Month¥y 72 (196:: 791-

793.

72 FJ3<r{4R+r). {1)
Equality occurs if and only if the triangle is equilateral.
PROOF. Since (see: 5.8) -

F2 < r?(4R2-4Ry +4-3r%) = r*{(4R>+-8Rr+372) -4 (4Rr-+5r%)],

using inequalides 472 < 2Rr < R?, we obtain

F2 < r2[(4R?-§Rr+-3r7) +-4R?] = 1r=2(4R+7)?,

ie. (1).
J. C. H. Gerretsen, Nieuw Tijdschr. Wisk, 41 (1953), i-7
J. Steinig, Elem. Math. 18 (1¥63), 127-131.

]
7.3 2L 4R? ——3—-——-F.

Eyuzality hoids if and only i1F Lhe triangle 1= equilateral
S. Nakajime, Téhoku Math. j. 25 (1923), 1 15-i21.
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PRbOF. The sides a, &, ¢ of z triangle are the roots of the
equation
2F F2 :
3 — T z2 = (-—? -:4.R7+72)2—4FR = 0, (2)
r
where F is the area of given trangle.
On the other hand, 6—4c—a, t+a—>b and a-+b—c are the roots

of
2F 4
us — - %244y LR+ r)ju—8Fr = 0. (3)
The condition that equation {2} and (3) have only real roots,

leads to R > 2r and ivequality (1).
Ramus-E. Rouché, Nouv. A Math. 10 (1851), 353.

REMARK I. See: A. Laisant. Géométrie du triangle, Paris
1896, p. 112.

ReEMARK 2. See also 5.10.
12 <t il el ~ {b
2F " a b c 4F _
" Equalities occur if and only I the triangle is equilateral. |
ProoF. From

| 1 1
hat+hs—Lhe = z-r('a— + -+ )

and
. 9
% < ha+'v‘:¢kc <—2—,

on the basis of 6.8 and 6.10, w= can immediately conclude that
inequalities (1) hold.

Equalitiesin (1) held if and suly f a = 6 = <.

F. Leuenberger, Eiem. Math. 13 (1958), 121-126.

713 F3<4Rr+r? < FV3-30.

Equalities occur if =rd only Z the triangie is equilateral.
1. C. H. Gerretsen. Nieuw T:dschr. Wisk, 41 {1%33), 1-7.
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8. Inequalities for the nedians, the angle-bisectors and
other elements of a tiangle :

8.1 3Is<mgtmptm <T.

Proor. Let M denote th: midpoint of BC and let 4’ be the
point symmetyical to 4 wihi respect to M. Then

AA' =2my< AB+BA' = b+,
le.
Zng < b4-c.
Similarly,
2mp < (—a, 2m, < a--b.

By additiom one obtains
i
Mmag—np+—me < 25. (1)

Let C” be the intersecion of BC and of the straight line
passing through A and panllel to the median BN.
The sides of the triangi 4. 4°C" are 2m,, 2my, 2m,, and its
medians are ¢, 30, §a.
Bv means of (1} we get
Ma-—np—me > 8s.

C. Sebastiano, Boll. Mat.(Firenze), 1938, 59.
L: A. Santald, Math. Noae 3 (1943), 65-73.

8.2 mg+mp+m.<L4RL7 (1)

Proor. Let pa, pp, pe b the distances of the circumcentre
from the sides BC, C4, AZ respectively. Then

Wiy < R"ﬁ‘ﬁu. 1ip < R“I‘Pb, Me < R—:'f’c-
By adding these inequaities, we get

Ma—+my 1. < SR+Pa-+Po+ Pe- (2)
~ Since

9 3

ape == R%sin 2z, bpo= R2sin 23, cpe — R%:in 2y,
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-~

we have
PatPo+pe = R(cos a4-cos f-}-cos y).
Since
cosat-cosffcosy =1+ R
irequality (2) becomes (1).
* F. Leuenberger, Elem. Math. 13 (1958), 121-126.
E3 Sr<matmptm.<LR.

E. G. Gotman, Matematika v Zkole, 1956, No. 5, 76.
REMARK. Second inequality is improved by 8.2.

3
84 3\/;7-- (mg+”1b+m¢)2 } F.

Equality holds if and only if the triangie is equilateral.
L. A. Santald, Math. Notae 3 (1943), 65-73.
a2 a2 b2 B2

£ bo—— < m?<<be+—, c@a — < mpl < ca 4—,
4 - a +4 4 b +4

a <m2<Lab+ .

ProorF. Since

Mgt = -

md by b2-+c2 > 2bc, we get

mg2 > be — —.

Equality {2) can be put in the form

b2+4-c2—a®  ad
ma2 = ]
2 4
vience, by
B2 g2__ g2
be> 5
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we conclude that
2

g2 < bc+-‘—z4—-.

Analogously, one also proves the other inequalities of {1}.
Gaz. Mat. B 7 (1956), 431.
8.6 mg2tmpim?> 3F/3.
Equality holds if and only if the triangle is equilateral.
L. A. Santal$, Math. Notae 3 (1943), 65-73.
REMARK. As A
ma-+np?+me = (a?+-b2+-c?),
the :';nequa]ity follows from 4.4

8.7 If a<y, then ws > w..
Proor. One has
ol = £hes{s—a) e 4abs(s—c)
(o+¢)? (a+8)2
and therefore
(b-+0)2(a+b)"
- 2bs

(a?—u?) = e(b-+c—a)(a+)?—ala+b—c}(b+)?

= b3{c—a)+&(c2—a?)-}+3abec(c—a)+ca(c2—a?).

¥ 4
Hence c—a > 0 implies wg << w,.
This inequality is due to S. Moiseev and the proof to ©O. Bot-
tema. )
S. Moiseev, Matematika v 3%ole, 1922, No. 5, 92 and 1953,

No. 2, 89-90.
8.8 ws<\/s(s <2 Uk
. a < \S ) e S Ve

H w. Guggenheimer, Plane Geometry and its Groups, San
Francisco, Cambridge, London. Amsterdam 1967, p. 178.

8.9 s<we—wytuwe<Vs(Vs—atJs—b+/s——c) <sv3.

L A. Santz16, Math. Notae & (1943), 55-73,
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8.10 w2+ wydtw? > 3F3. (1)
Proor. Since

abe be
2 _p._ . - <
et =t~ gaE Y G <F
we have
Y we2 = X, ab—} 3 al (2

On the other hand, by means of 4.7
1T a?< 3 T ab—Fv3,
so that (2) becomes
S wa> 3 T ab4F3, @)

and as X ab > 4FV3 (see: 4.5) from (3) w»= get (1).

V. O. Gordon, Matematika v Skole, 1962 No. 5, 76.
8.11 16(wai+twpid-wel) < F(ad+044-c4).

J. Berkes, Elem. Math. 19 {1964), 138-135.
8.12 1If Zis a real number, then

@i+ biwy+crre < / Rabes(a?G-D D L 2G-D),

Equality holds if and only if the triangieis equilateral.— —

This result is due to R. Z. Djordjevié.
8.13 -If 4 is a real number, then

a*wq? 4 bhwp? +crw? < fabes(at—2 542+ ch2).

Equality holds if and only if the triangle s equilateral.

This inequality is due to R. Z. Djordjevi.
8.14 w,wpiwr, < rsl.

Equality holds if and only if the triangle’s equilateral

L. Carlitz, Problem E 1628, Amer. Mdt. Monthly 7C (1963},
891 and 71 (1964), 687.
8.15 (wowe)?+ (wewa) i+ (waiop)? < rs2(4R—).

Equality holds if and only if the triangleis equilateral

L. Carlitz, Problem E 1628, Amer. Math. Monthly 7C {1963),
891 and 71 (1964), 687.
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8.16 wpwetwewetwaws <ol re7a+7arb.

Proor. Since (see: 8.8),

we < \/s@s—-a), wbé Vs(s—¥b),

we have

. Wawp < sm/(s—a)(s—b) <s —;—

.Adding wqwp < $¢s and the two other inequalities for wyw,
and w.wq, we obtain

WhEe1- Wela+EcTp < S5 (1)
.On the other hand, fromm r4 = F5—a) etc., we get
r¥e—rTcla—+rari = S2. (2)

From (1) and (2) follows the inequelity which was to be proved.

A. Makowski and J. Schopp, Preblem E 1675, Amer. Math.
Monthly 72 (1965), 187-188.

ReMARE. The following stronger inequality exists

welt w2 1we? < Yore—reTaT7a’b-
8.17 rawatrywptreee
< s(VE—0)(s—6) + Vs —ail—a) +-V(i—a)(s—b))

< s?

2GR

Equalines hold if and only if the wiangle is equilateral.

Proor. From the {ormmlas

AT/ 23/bc
O =1 R~

§—a -+C

b applying the arithmeric-geometriz mean inequality twice we
obtain ;
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?ala-+Tio+ e, |
< sV (s—B)(s—0)+V(s—ci(s—a) -/ (s—a) (s—b)] < 2.

Equahtles hold if and only if the triangle is eqmlate.ral
It remains to be proved that

38 /s\* "8\ s\4
T 1o e ol

or equivalently (x—27)(64x—27) >0, with x = fs/r)2. This
follows immediately from the inegmality (s;7)2 > 27 (see: 5.6),
in which equality holds if and only if the triangle is equilateral.

H. Guggenheimer-]. Steinig, Problem 520, Elem. Math. 21
(1966), 20.

A P i
8.18 (_.'JE_) 4 (_fi_) 4 (_ff_) >3,
Wa wp We
for 1>0.
Equabty holds if and only if the triangle s eqmlatefal

o ————

Proor. Since

_ he—a
ra=Vs(s sl(: ) and w, < V's{s—a), erc.,

we have

(2924?1y+(;§f
Wa wy We

\/(s (s—-c) I \/(s—-c}’-(s-—a)l ‘ V’(s-a)*(s«—b)‘

(s—a)A (—8* T (s—or

The result desired now follows from the gzometric-arithmetic

mean 1pequality.
H. Guggenheimer, Amer. Math. Monthly 23 (1966€;, 668.

8.19 woltwpdtwe® < 5T < gl Lyt rm, 2

Equalities occur if and only if the triangle is equitzieral.
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- TzooF. Starting with
o we? < s(s—a), vp? < s(s—b), w2 < s(s—¢),
we jave
wetwpl+we? < s(3s—a—b—c) = 52,

wifl. equality if and only if the triangle is equilateral.
Tie inequality
{b—c)2+(c—a)2+-(a—D)2 =0,

yielfs
' s2 € Ha2+b24-c?).
Snce
B2 c2 2
;—c — %— = m,?, etc.,

ineaiality (1) becomes
52 < ma?+mp?-m 2.
F_ Ryzkov, Matematika v &kole, 1939, No. 1, 80; No. 4,
Z. A. Skopec, Matematika v 3kole, 1963, No. 3, 89.
L. Carlitz-S. Philipp, Problem E 1628, Amer. Math. Mont

70 (963), 891 and 71 (1964), 687.
' F.Leuenberger, Elem. Math. 18 {1963), 35-36.

8.20 wotwyptwe < Matmpt-me < rot-rot-re.
E:ualities hoid if and only if the triangle is equilateral.
E. Leuenberger, Elem. Math. 16 (1961), 127-129.

8.21 wawpw, K rorpre < Mamptte.

Emalities occur if and only if the trangle is equilateral.
F.Leuenberger, Elem. Math. 16 (1961), 127-129.
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9. Inequalities related to two trimngles inscribed one in
the other

9.1 Consider a triangle ABC divided ‘into four smaller triangles,
a central one DEF inscribed in ABC and three others on the
three sides of DEF. Then

area DEF > min(area AEF, area BDF, area CED). (1)

Equality holds if and only if the points D, E, F are the mid-
points of the sides of ABC.

ProoF. Let Fy, Fs, F3 (0 < Fi1 < Fg.{_Fg) be the areas of
the corner triangles and Fy the area of the central tmangle.
Then we will prove that

Fo> VF Fa,

with equality if and only if D, E, F are the midpoints of the
sides of the triangle 4BC. This result is slightlv stronger than
inequality (I).

Let BC, CA, AB be divided at D, E, F respectively in the
ratio x:x', y:9’, 2:2" with x4+ =y-4y" =24z = 1. Let ABC
also be.of unit area. Then the commex triangles are of areas y'z,
z’x, x'y. Also

Fo=1—y2—2"x—x'y = xyz+xy'7.

If F3<1 then Fy < Fo<<F3 and F1+Fy+Fa3+Fog=1

imply
Fy - Fi1Fo.
If F33>} then

Fo—-_-xyz—i—x’, 2\/x} <'v'z ==2\/F1F2f3/ \/F]_Fz

Equality is obtained if and only if xvz = »'y'z" and F3 = §,
which occurs if and only if F; = Fp=rFs5=Fg=1 and
x=y=z=4

Tris proo? is dve o P. H. Diananda.
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REMARK. Inequality (1) was proposed br H. Debrunner in
1956 (see: Problem 260, Elem. Math. 11 (1%5), 20). According
to J. Rainwater this inequality may be attibuted to P. Erdos
(see: J. Rainwater, Problem 4908, Amer. fath. Monthly 67
(1960), 479).

Proof of inequality (1) was first given by A. Bager in Elem.
Math. 12 (1957}, 43. In the Amer. Math. Monnily 68 (1961), 368,
a proof of P. H. Diananda was published.

Inequality (1) was also investigated by:

E. Morgantini, Rend. Sem. Mat. Univ. Padrva 30 (1960), 245
247. .
" G. C. Citterio, Period. Mat. (4] 40 (1962), 4-50.

. B. I. Baidaff, Bol. Mat. 35, No. 17-20 (1962, 65-66.
F. E. G.-Rodeja, Gac. Mat. 15 (1963}, 23-2«
N. J. Torres, Gac. Mat. 15 (1963}, 127-128.
H. T. Croft, Math. Gaz. 49 (19658), 45-49.
E. Szekeres, Elem. Math, 22 (1967), 17-18.

9.2 Let DEF be defined as in 9.1, then
per DEF > min(per A EF, per BDF, = CED), (1)

where per denotes the perimeter.
- Equality holds if and only if the points D, Z, F are the mid-
points of the sides of 4BC.

Proor. To prove this it will convenient tc regard DEF as
given, and to define angular coordinates ¢, v § as the angles
which the sides of 4BC make with the corresonding sides of
DEF. More precisely, a line through D and pazilel to FE would
have to be rotated anticlockwise i.e. in the semz DEF, through
an angle ¢ in order to become coincident witk 2C; for a clock-
wise rotation we would assign a negative valu: to @. Similarly
v and 0 are defined by means of anticlockwis: rotations about
E apd F.

Let D, E, F be the angles of triangle DEF Then it {ollows
that angle 4FE = E-+0 and angle AEF = ~—y. The only
restrictions ¢n the range of values for ¢, p, ¢ > thar DET must
remein inside 4BC, so that all angles like £—f. F—v must be
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positive, and the sum of any pair of angles in the same triangle
must be less than ivo right angles.

Let so, 51, 52, 53 cenote the perimeters of the triangles DEF,
AEF, BDF, CED rspectively. We prove that sg>min(sj, s, s3).
The sine rule, applid to triangle DEF, gives

DF+DE  sinE+sinF  cos}{E—F)
FE = sin(E4+F) = cosyE+F)’
and simnilarly, in trimgle AEF, we have

AF—-AE _ cos }(E—F-0+y)
FE cos(E+F+8—y)

Since all the dem:crﬁnators are positive, sp—s; has the same
sign as
cos }(E —F) cos J(E~F+-0—y)—cos }(EL+-F) cos 3(E—F +0+v)

There are now tiree possibilities:
1°. ¢, v, 0 are al zero. Then the sides of ABC are parallel fo
those of DEF, D isthe midpoint of BC, etc., and sg=3$; = 59 =s3.
2°. @, ¥, 8 do na all have the same sign, or not more than
two are zero. Thenchere must be a pair for which, in the eyclic
order @yip, negativ (or zero) follows positive: if, for instance,
p20,0<0 (or +>0, 68 <0), then sg > 5.
3° @, v, 6 are al of the same sign and different from zero.
Then the product :n /2 sin 6/2 is posidve, and the expression
(2), baving the sigr of so—s;, can be divided by this product
to give
: ! : ¥
sin £ cotg — + cos E—sin F coig > -+ cos F,

-
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i

and dividing urther by sin E sin F and bearing in mind that
cos E4-cos F >0, we see that there is some number %; > 0
such that

A}

6
ki (so—s1) > cosec F cotg T cosec E cotg %—

;A;deing sirmdar results for sp—sz and sq—s3, we have
k- so—s1) +-ka(so—s2) +k3(so—s3) > 0,

so that s is g=ater than at least one of the s;.

. Fhis proof = due to L. A. G. Dresel.

'REMARK. Lrequality (1) appeared as problem 4964 in the
Ammuer. Math. Yonthly 68 (1961), 384 (E. Trost and A. Bager).
However, befire that Debrunner in 1956 and Oppenheim in
1960 posed tte question of validity of inequality (1). A proof
of (1) was givez by L. A. G. Dresel, Nabla (Bull. of the Malayan
Madth. Soc.), 8 1961), 97-99. A prdof of R. Breusch was published
in the Amer. Nath. Monthly 69 (1962), 672

Imequality {o; was also proved by:

F. H. Croft, Math. Gaz. 49 (1965), 4549. -

W. A. Zalgeier, Matematyka, Warsaw, 19 (1966), 49-53.
E.. Szekeres. Elem. Math. 22 (1967), 17-18.

9.3 Let rq, 7= 79, r3. denote the inradil of DEF, AEF, BDF,
CED respectivzly, where DEF is defined in 9.1. Then

ro 2 min (ry, 7, 73).

Equality hads if and only if D, E, F are the midpoints of the
sidees of ABC.

P'roorF. Wit the notations of 9.2, we have

! E F E--9 F—
T (cotg? —cotg —-2—) =EF = rl(cotg — 1+ cotg ’P)_
Herace rg—~ry lus the same sign as
E++8 F— E F
cof.g + -+ oig L. cotg — — cotg —
2 2
.y F F—y . A E E+6
= ¢in — €82 — COS$ — sin — COsEC —- COseC .
2 2 2 2 2 2
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The argument is now the same as before in cases 1° and 2°
{see: 9.2). In case 3°, where ¢, v, 0 are either all positive or
negative, we find that ro—r; has the same sign as

ec F cosec 4 sinE+B cosec E cosec L sin F—y
cos 27 g 2 2 2
={ sin E cot d + cos E cosec ul
=\ ey 2 2
st F t L4 cos E cosec E
T\ e TS 2

2 2 2

Since the termns within brackets, when added fo similar terms.
cancel each other out, we see that there are posiiive numbers

k¢ such that
kilro—r1)+kafro—re) +Rs(ro—rs) >0, -
so that rg is greater than at least one of the 7;. .
We note that in case 3° our proof does not tell us whether on:

and the same ¢ gives so > s¢ and 7o > 7y,
L. A. G. Dresel, Nabla (Bull. of the Malayan Math. Soc.), ¥

(1961), 97-99.
94 If ABC and DEF are acute triangles, where DEF &
defined in 9.1, then

min (R, R, Ra) < Ro < max(Ry, Rs, Rs),

, F 6 ) vy\. E , F
> | cosec —i-cotg—z——cos-ec — cotg — sm—i—sm—.

where Ry, Rs, Rg are the cdrcumradii of the three corner triangles
and Ry the circumradius of the central tnangle DEF,
Equalities occur if and only if DEF is similar ¥0 4ABC.

Proor. We have
FE =2R;sina = 2Rgsin D.

Therefore
Ry sin a

R1 sin D '
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. Similarly |
Ro sing Ro sin y

R sinE' Ry sinF’

Since a+4f+y = & = D+E+F, it follows that at lea one
‘of the ratios a:D, :E, y:F is > 1, and at least one of these
ratios is < 1. If all the angles are acute, the sazme is true of the
ratios of the sides, and hence of the ratios Kg: R'y, Ro: Rs, Z5: R3.

- Therefore

min (R, Rz, Ra) < Ro < max(R;, Ra, Rj),

and equalities hold if and only if ABC and DEF are sintar.
A. Oppenbeim-L. A. G. Dresel, Nabla 7 (2 960) 175 and 8
(1961) 72.

9 5 Let P be a point inside a circle concentric with the cccum-

‘scribed circle and with radius < Rvé/ZIf D, E, F dence the
drthogonal projections of P on the sides of this triangl: then

4.area DEF < F. (1)

" Equality holds if and only if P is the circumcentre +f the
triangle or if P lies on a circle with centre 0 znd radius N2

Proor. If PO = p then according to a theorem whif was
given by Gergonne (1823):
‘ area DEF = }(R2—$?) sin «sin g sin p.
For p = R the area DEF 1s zero; for p > R area is nezmtive.
If we consider positive areas only, then
| |R2—p?|

iR? F.

- area DEF =

From this follows (1).

9.6 Among all the triangles inscribed in a given acuteangied
triangle, the wriangle that has for its vertices the feet of the
altitudes of the given triangle has the least perimeter.

REMARK. In 1775 in the Acta Eruditorum:, J. F. de Tuschis
a Fagnano proved +his thecrem using differenzial caleales Jther
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proofs, which were geommetric in nature, appeared later, a most
ingenious and elegant. one beizg the proof given by H. A.
Schwarz. Several prawofs of Fagnano's theorem, including
Schwarz's proof are gitven in: N. A. Court, Scripta Math. 17
(1951), 147-150 and 18 (1952), %5-96. In 1930, L. Fejér proved
the theorem in a very simple. wey.

197 LetD, E, F be the feet of che altitudes of an acute-angled
triangle ABC. If $ demotes the perimeter of the triangle DEF,

then
s=2p.

Equality holds only for the eczilateral triangle.
ProofF. If D, E, F e the feer of the altitudes of the tnangle
ABC, then AF = b-caos o, AE = ¢-cos a, so that
EF?2 = AF24-AE2—-2-AF-AF -cosx = a2 cos? a,

ie.,
EF = g-cos a.
Similarly

FD =5&i-cosf an: DE =c-cosy. .
. Therefore we have -
p= EF—I—FD-{-DE = g-C0$ cx+b -COS ﬁ—-c c05y | (1)
Since
a =2Rsin a, b= 2Fsnf, ¢ =2Rsiny, (2)
(1) becomes |
P = .R(sin 2a—+=in 2f-1-sin 2y)
= 4R sin « sz f sin y,
or, on the basis of (2)

b — 4R a b £_2 abc_2F
- 2R 2R 22 R 4R R’

\

ie.,

(3)
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Using R > 2r, from (3), ¥e obtain s > 5.
This proof is due to R. R Jani¢.

'A. Zirakzadeh, Math. Maz. 39 (1966), 96~99.
L. Carlitz, Math. Mag. 3¢ (1966}, 289.

9.8 Let D, E, I be the po=ts in which the bisectors of angles «,
B, y, meet the sides of a trimgle ABC. Then

4.arza DEF < F.

Equality holds only for Ze equilateral triangle.
'V. Gridasov, Matematikz i fizika, Sofia, 6 (1965), 52-53.

9.9 Let p denote the permmeter of the triangle whose vertices
are the points of contact with the incircle of the triangle 4 BC.
Then
s
4 'z:—R-.
ProoF. Let D, E, F be =e points of contact with the incircle
of the triangle ABC. Then

p>6

EF = 2(s—a) sin-%, FD =2{(s—b) sin%, DE = 2(s—c) sin:'z’—.
'By means of the arithretic-geometric mean inequality, we
obtain

EF+FD+DE =2 [(s—a)s'n% +(s—b) sin% 4+ (s—c)sin —}2:]

3 , e . f oy
26 [{s—a's—b)(s— — sin — sin =
\/(s a:'s—b)(s—c) sin 5 sin > sin 5

- Z. Zivanowi¢, Univ. Bexgrad. Publ. Elektrotehn. Fak. Ser.
Mat. Fiz. No. 181-No. 192 {1967), 69-72.

.10 If D, E, F are the prizts on the sides of the triangle A BC,
such that the sides of the —mangle DEF are parallel to the alti-
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tudes of the triangle ABC, then

16 73

area DEF > sipr I

7. Zivanovi¢, Univ. Beograd. Publ. Elektrotehn. Fak. Ser.
Mat. Fiz. No. 181-No. 196 (1967), 69-72.

3.11 If D, E, F are the points on the sides BC, C.4, AB re-
spectively of the triangle A BC, such that BD = CE = AF =«
(r < min{a, b, ¢)), then

ab(2c —b)+b2c(2a—c)+-c2a(2b—a)

=
area DEF > T35

7. Zivanovi¢, Univ. Beograd. Publ. Elektrotehn. Fak. Ser.
Mat. Fiz. No. 181-No. 196 (1967}, 69-72.
O. Bottema, id. No. 200-No. 209 (1967}, 11-12.

212 Let DEF be defined as in 9.1 and let
20’ = b4-¢, 20’ = c+-a, 2¢' = a-+-b,
¢ = AE+AF, ¢ = BF+BD, r=CD+4CE,
'3t = a-j—b-{—c.

If i<p<a, t<qg<band i<r<y¢, then
per DEF = s,

and equality holds if and only if the points D, E, F are the mid-
points of the sides of the triangle ABC.
B. Bollobis, Can. J. Math. 19 (1967), 523-528.

9.13 P is a point inside the triangle 4BC; the intersection of
AP, BP and CP and the opposite side is D, E, and F respectively.
The area of DEF is F;. Then

" AD-BE.CF > 4F;s.

Proor. If x,' ¥, z are the barycentric coordinates of P with
-espect to ABC and 2 = x/a, y; = /b, 21 = zfc the distance-
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coordinates, then

BD=-2_ pc="2
ytz T v+

and therefore

2324 2bcyz cos a—H222
a-AD? = R Nl i :

O+
If Fy is the area of DEF, then

| y 2Fxyz
F,=F [ 1—3 ] — .
a0+ ] G+l aGE+)
Hence
AD?BE2CF? |
- = 2L : 1 52,2
= Fy2 T 4F2y%2 IT (c2y?+2bcyz- cos a+B222)
a?h2c? ) .
; = A_szlzylgzlz IT (312 +2r12; cos a+-213)
a2b2c2 n o n
= —+4+ —+2cosal.
4F2 H ( .2‘1 + yl @
As xy, ¥1, 21 > 0, we have ¥1/z; 4 z1/y1 > 2 and thus
k2> a2b2c? 16a2h2c2 I s(s—a) — l6s?

| i H.(2+‘2 co; a) ==
and thos & 3 4s.

Equality holds for the incentre.

O. Bottema, Nieuw Arch. Wisk. 14 (1566), 268.
9.14 1f D, E, I the points defined in 9.13, then

AD | BE , CF _ 9
AP ' BP T CP 7 2’
Z. Zivanovié¢, Univ. Beograd. Publ. Elektrotehn. Fak. Ser.
Mat. Fiz. No. 181-No. 196 (1967), 69-72.

9.15 If D, E, F are the points of contact of the incircle of the
triangle 4 BC and its sides, then

(&) + () = (5)

FT ke

12.

Y%
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Equality holds if and only if the points D, E, F are the mid-
points of the sides, i.e., if the tmangle 4BC i equilateral.
E. A. Bokov, Matematika v Skole 1954, Na. 5, 76.

9.16 If D, E, F arethe fee{:’"'of the altitudes of a triangle, then

AW FD * L (DEY,3
=) ) )P g
Equality holds if and only if the triangle is equilateral.

ProoF. Starting from (see: 2.21)

cos? x-+-cos® f4-costy > ¥
and putting
EF =alcosal, FD = blcosf|, DE =cicosy|,
we get (1).
Ju. 1. Gerasimov, Matématika v Ekole 1963, No. 1, 79.
9.17 If F; be the area of the equilateral iangle inscribed in
ABC, then
2Ft\/3
Fi2> ~ . —- —
(a2+82+-c2+-4F [3:
. Equality holds if and only if ABC is equtateral.
E. W. Hobson, Problem 4, Treatise on P'ane and Advanced
Trigonometry, 1957, p. 211

10. Inequalities involving elements of two triangles

10.1 If A,, By, C; are the second points 4f intersection of the
angle-bisectors and the circumcircle of the xiangle 4BC, then
area 4181C, > area ABC(,

where equality occurs orly for the equilatzral triangle.
M. S. Klamkin, Math. Teacher 63 (1967), 323-32£.

10.2 1If 45, By, C; are the second points of intersection of the
medians and the circamcircle of the triang: 4BC, then

area 41B:C; = area {E7.
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i Equality holds if and onEv if the tmingle is equilateral.
This result is due to R. R. Janic.
10.3 If F;is the area of & triangle with sides \/;, \/b_, \/;, then

4F2 > /3.F.

P. Finsler and H. Ha<wiger, Cimment., Math. Helv. 10
(1937/38), 316-326.

10.4 Let P be a point inside the eqzilateral triangle 45C, and
16t D, E, F be the points situated symmetrically to P with
respect to the sides BC, C4, AB. Titen

area *EF < arez 4 BC.
Equality holds if and omly if P is the centre of the triangle
ABC.,
Proor. Since
, /3

ABC =
area 3

(r:—ra+ra)?,

area DEF = \"rg(rzfa-!-*:zf1+flfz).
we obtain
area ABC —area DEF = 137- [(ra—r3)2< (ra—r1)2+{r1—re) > 0.
Z. Zivanovi¢, Univ. Beograd. Pu:l. Elektrotehn. Fak. Ser.
Mat. Fiz. No. 181-No. 195 (1967), 6%-72.

10.5 If a, b, c and a’, b’, ¢’ are the sdes of two triangles ABC
and A'B’'C’ inscribed in the same zrcle such that A4} BC,
BB'{iCA, CC'||AB, then
a'+-b+c a 7 c’
—— ], — +— - — <3,
a-Fb+c¢ a 3 c
- Equalities hold only if che triangle 1BC is equilateral.

. These inequalities are ¢ue to H. D=mir,
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20.6 Let the triangles 414243 and B1B2B; be inscribed in a
circle of rzdius R. Let T; and T3 be the centroids of these
triangles mspectively. Then
T1Ty < $(4R+min A:By) (i,1=1,2,3).
E. Jucosi¢, Problem 353, Elem. Math. 15 (1960), 85-87.

10.7 Let the triangles A;4243 and B;1ByBj;, with the ortho-
centres H;and H respectively, be inscribed in a circle of radius
R. Then

HqiHy << 4R-+min AiBj (i,f= 1,2, 3). .
E. Jucosi¢, Problem 352, Elem. Math. 15 (1960), 85-87.
108 Le: 4.B,C, be a triangle with sides a3, b;, c1 and let

A3B2C, bt another triangle with sides as, by, co. Let Fy and Fo
be their a=as respectively. Then

a12(—a2®~b2? - ¢27) +51ap? — b2 +-0o?) +€1%(a2? + b2 —c27)
= 16F 1 F,,

with eque=ty if and only if the triangles 4,B1Cy and 42825 are
similar.

PROOF. Let A3 be the point such that the triangles 38,Cy
and A2B 3 are directly similar. By virtue of the equalities

31C1 C]_:ia A:—}Bl

———
i —

as bg Co

implied £7m the assumed similarity, applying the law of cosines
to the trungle 430141, we get
a(A1d3)? = ag2b12 = a12bye?—2a10981 52 cos (C1—Cy)
= a92h;" -a1%hs? —2a180b15= cos Cy cos Ca ]

—2ayasb16= sin Cy sin Ce > C.
Since
aidgblag sin C]_ sin Cg == 4F1F—Z,
we obtaiz

.Z;:blz4—012522“—2{(16125';53 c0s C1 £os C4 = 8F1F2,
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i.e.,f
&b 21209 — 3(012+ a1t —c, %) (b2 +as® —c2?) > BF 1 F.
Thz last inequality is equivalent to the one we had to prove.
Rexsrx. D. Pedoe has proposed this inequality as a problem
E 152 in the Amer. Math. Monthly 70 (1963), 92 and 1012,

D. 2edoe, Proc. Cambridge Philos. Soc. 38 (1942), 357-358.
D. Z=doe, Math. Gaz. 26 (1942), 202-208.

10.9 Let the trangle ABC be divided by the straight line BD
in twz triangles. If 7y, 79, » are the radii of incircles of triangles
ABD CBD, ABC, then

, 7172 > 7.
Pr:oF. Since

2s = AB+BC+CA > AB+BD+4-DA4 = 25,
2s = AB+BC+CA4 > CB4-BD+DC = 2sg,

we hive

rre= + > + =
St 52 S S

mr'

F, Fs F,  F. F
5

wher: Fy, Fz, F are the areas of the tnang]es ABD, BCD, ABC,
respexiv ely

10.1¢ Let a circle be inscribed in a triangle ABC and let a
triange 418:C; be inscribed in the same circle. If s is the semi-
perizitzer of the tnangle ABC and s; that of 4,B,C;, then

= 2s1.
Eguality occurs if and only if both triangles are equilateral.

R\2
10,11 4F < area I Jplo < (——-) F,
r
Ezzlities hold if and only if the triangle 4 BC is equilateral.
M. 3. Klamkin, Math. Teacher 60 {1967), 323-328.

10.12 Suppose that 4¢B¢Ci (1 = 1, Zj are trzzngles swith sides
ai; b, 2;, area Fyand aititudes §y, gy, 7¢. Dofine numbers as, by, ¢3
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by a3 = (a12-}a2?)1/2, etc. Then

1°. ég, ba, c3 are the sides of a tnangle;

2°. 9322 p12+P2%, 03° > 1%q92, 737 = 712 +red,

equality occurring in all three if and onfy if the aiginal two
triangles are similar;

3°. F32 F1+4-F,
with equality if and only if the triangles @re similar;

4°. F?>4-F F, _
with equality if and only if the triangles are congrumt.

Proor. We give the Nolan’s proof withosat any chz-ge. Taking

(ux+2y)? < (4 +07%) (a2-1y2), (1)

with equality if and only if tx = uy.

1°. ag? = a;2-}+a9? < (b14-c1)2+ (bo—co¥2

= b3®+c3?+2(bic1+bacy).

But bici-+dace < (b12+b27)12(c12+-¢22) 312 = bges Iy (1).
Therefore as? < (bz+c3)?; i.e. ag-<< bg 4¢3, the srmmetry of
which gives the result.

2°. The cosine formnula gives
€3a3 Cos B3 = 141 cos fy—cC=daz cos fa.
Squaring, applying (1), and dividing by a3? = 2442, we
obtain ‘
c3” cos? f3 << ¢12 cos? By —+cx? cos? f.
Subtraction gives
ca? sin? B3 2 €37 sin? f1--ca” sin? B,
which is P32 2> p1°-+p2° as required. Similarly for g3? and rs2.

Equality holds for p3% if and only if a3 /as = ¢ cos 31/ce cos Bs,
sirnilarly for rg? i and oniy if ¢y/co = &3 cos F1/as 'os Bs, giving

cos fiy = et Fa, ayjaar == cyjca.
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Therefore for equality for one altitude, similirity is sufficient
but not necessary (e.g. both triangles isosceks is sufficient).
Equality for two or three altitudes holds if and oily if the original
triangles are similar.

| 3% AR+ Fa) = prar-+paas
< (P12 922)V2(a1® 4a2?) 22
< paaz = 2-F3,

as required, equality occurring if and only if xi-cos B/ cos fa
= a;/az as in 2°, and ay/as = py/p= = c1 sin fyc» sin Bo, giving
tg p1 = tg fs, etc., i.e. the triangles are similar.

. 4° F3*> (F1+F3)? = (F1—F2)2+4F 1Fy > &, Fy,

with equality if and only if the triangles are smilar, as in 3°,
and F; = Fj, i.e. the triangles are congruent.

A. Oppenheim-R. P. Nolan, Problem 50%. Amer. Math.
Monthly 70 (1963), 444 and 71 (1964), 444.

10.13 For two tniangles with sides a, b, c and 7,, m;, m., whose
angles are «, #, 7 and am, Pm, ¥"m respeciver, the following
implications are valid: S

a>b>czmg <mpy<mg
o 2> 0>y am <Pn<im;
a>am =Y << Ym,
> Bm = f < ym;
. B> am=y < fm
L. Toscano, Archimede 8 (1956), 278-275.

11. Special triangles .

11.1 In each acute triangle two ang1e~ exisi viose difference
is less than or equal to =;6.
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11.2 For each acut: iangle,
—cotg 2x—cotg 2f—motg 2y > cotg x+-cotg f--cotg ¥
£

2

T—a a—pf
= 1g + g n

4
> 3.

Equatities hold if md only if the triangle is equilateral.

C. Ionescu-Tiu, G:z. Mat. B 14 (1963), 560.
11.3 A necessary amid sufficient condition for a triangle to be
acute-angled is

-4 . Y
>+ g

Ty
4

4+ g

tga-tg f > 1.

G. Piskarev, Matenatika v Skole, 1952, No. 5, 93 and 19€3,
Xo. 3, 88.
11.4 For each acur triangle,

tg x(cotg f—xtg ;) - tg f(cotg y+-cotg a)
+igy{cotgatcotgf) = 6. | (1)
PROOE. ‘Accordins 0 our assumption, - :
tgz>0, tgf>0, tgy >0.
Using
T+ -;1; 22 (x>0

for x = tg «ftg f, ec., and then adding these inequalities, we
oblain

tge  tgf  tgB tg:¢+tga+tg?

tgf ' tgx gy  tg@ i@y  tg=z =&
whence (1). |
11.5 For eaéh acue triangle
gatgfigy > 33 )

Egnality holds & :nd only if the trangle is equilzteral
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_ Prwoor. Stardng from the identity
ga tgh tgy = tg 2+tg f-tgy,
whicth holds for any triangle, we obtain

tgatgftgy =tgattgf+igy>3¢"tgx-tg 3-tgy,

whenmce
tgdatgdfigdy > 27tgatg ftg vy,

ie. (1).
N. Dzigava, Matematika v Zkole, 1949, No. 4, 60.

11.6 For each acute triangle,
tg a+tg f+tg y > 33,

- Equality holis if and only if the triangle is equﬂateral
- Math. Notae 6 (1946), 196.

11.7 If = is = positive integer, then, for each acute triangle,
tg* a--tgn f-tg= y > 3+-§n.
i Jm. L Geras?mov, Matematika v &kole, 1964, No. 1, 82-83.

11.8  If n denotes a.non-negative real number, then, for each
acute triangle

tgn uftgn f-Ltgm y > 3-3n/2, (1)
Ecjuality holds if and only if the triangie is equilzteral.

Proor. On the basis of 11.5, we have

( tg" x—tg” f+tg"y

l/n
3 ) > (tgatg gtgy)is > 3172,

Y
whemce follows (1).

M. N. Kritikos, Actes du Congres mtemalkamque de mzthé-
maticiens, Athines, 2-9 ceptemb@ 1934, 187-158.

K EMARK. Ip=quality (1) in the paper mentioned was proved
onlw for #1 an ¢dd, positive infeger.
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119 sina«+sin f+4siny4tgattg f+tgy > 22 holds for eack
acute triangle. -
Ju. I. Gerasimov, Matematika v Zkole, 1965, No. 2, 63.

11.10 For each acute triangle
sin 2=4-sin 284-sin 2y <
sin 4zt sin 48-4-sindy
ProoF. By virtue of
sin 2a+4-sin 28-+-sin 2y = 4sin a sin §sin y

(1

and

sin 4+ sin 4-+-sin 4y = —4 sin 2z sin 2f sin 2y,
inequality (1) becomes
sinasin B siny

1 — <
sin 2z sin 23 sin 2y

ie.
sin 2 sin 23 sin 2y < sin z sin f sin y.
The last inequality is true by virtue of 2.23.
11,11 3 r(H} < 3, 7i(0) holds for each acute triangle.

~ F. Leuenberger, Problem 444, Elem. Math. 18 {1963}, 18.
11.12  For each acute t‘:n'aﬁgle,n e
23 n(H) <br<2X (G} <23 7(0) = X Re(H) < 3R
L. Bernstein-J. Steinig, Elem. Math. 19 (1964), 870.
11.13 For each acute tziangle
br <Y Ri(l) < T Ri(H) < 3R.
L. Bernstein-J. Steinig, Elem. Math. 1¢ (1964), 870.

11.14 If D, E_, F arethe feet of the altitudes of an acute triangiz

then
AlI+-BI+CI > 2(DH+EHS-FH).

Equality holds if and only if the triangle is equilateral.
L. Bankofi, Problem E 1564, Amer. Math. Morthly 70 (19£3,
210 and 70 (1943), 1101.
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11.15 1fi,, tp, I are the lengths of transversaks drawn from the
vertices 4, B, C of an acute-angled triangle to the opposite
sides, then

1 ' {ta2+tb2+tc2} 3
min

1< max{

a2t } 3
laly,te

a--b2+4c2 <z

Equalities kold if and only if the triangle is equilateral
A. S. B. Holland, Eiem. Math. 22 (1967), 42-55.

i1.16 Ifa trangle is non-obtose, then
R—:—-f -<\ max (ha, hb, hc).

ReumARK. In fact, this is an Inequality of P>. Erdds. A proof
can be found in: Matematika v Zkole, 1962, No. 6, 87-88.

11.17 If ¢ = min{a, &, ¢), them, for a non-ob>tuse trianzle, we

have
—R—_{= at-b -
7 c

Matematika v fkole, 1962, No. 6, 87-88.
11.18 For 2=n acute or right-angled triangle
4(cos?Bcos?y —cos?y cos?a+cos= 2 cos? f) < cos?a-tcos?fcosy,
4(cos? f cos? y+cos? y cos? a--cos? z cos? §)

416 c0s? acos? fcos*y < 1.

)

. Equalities occur when the triangle is equilateral or right-
angled isoscel=s and iz no other case.

A. Oppenhszim, Problem E 1838, Amer. Xfath. Monthly 72
(1955), 1129.
11.19 If » is an inzeger grezter than 2, then for azy right

tniangle,
AR AL
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PRrOOF. Since a << ¢, b < ¢, and ¢ = a24-b2, we o
cﬂ —_— Cu—2C2 — Cn—2(a2+b2)
= q2cn—2L }h2cn-2

> aga 11‘-2_:_ b'_’bﬂ.—g

- = a*4-bn.
11.20 For any right triangle,
a—b < c\/2_
Proor. Since
P a? B e (a-iz-b)2 4 (a—;b)z ,

we conclude
22 2= (a+b), le al-b< V2.
Equality in (1) holds orly for a = 5.
Matematika v 3kole, 1963, No. 5, 76.
11.21 For any right triangde,
=—fB  2ab

cos? > )
2 cz

~ ProoF. Suppose that « = . Then
1(sin a++<0 ) > V/sin asin B,

ie.
. oetf z—f e
sin cos > «'sinasin f.
2 2
Since
atg V2 a b
Sin == » SMa=-—, SINg =—,
2 2 c ¢
we get

V2 a—pf /E
2 2 >]' c2

Equality In' (1} holds onw for e = 3.
N. Duzigava, Matematike v Zkole, 1949, No. 1, 62
Na. 4, 59.
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11.22 For any right =angle

- 4 1

/22— ] < 5 ]

‘ E 7
~where & is the altitudeof the hypotenuse.

Equality holds only or the isosceles triangle.
. ProoF. Since
F =Ya+b4c)r = §ch,
we get
‘ r ¢

B oadtbte’
Since a—-6 > ¢, we lave
7 ¢
-— <
n c+c¢
. Furthermnore by 112,

r c
LA
h C\E-{-C

=
11.23 For anv night —angle,

R4r> J2F.
i\Iatémaﬁka v §k01é, 265, No. 5, 77.

1124 If o> /2, ther
. ab

n0s e .
“ S54h3c3

Proor. For x > z/Z ve have cosa < O, so that

cosa = — it a|, a2 = b2+c24-Zbcicos af.

On the Dasis of the a=thmetic-geometric mean inequa

g=t
a2 2+c*—Zhcicos |

7= : > V22 2bcicos @,

~wience (I, foliows.
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H. Hamzin, Matematika v $kole, 1949, No. 5, 62 and 1950,
No. 2, 54.

11.25 | If {4, Ly, ¢, are the lengths of transversals drawn from the
vertices 4, B, C of an obtuse triangle, then

1ttt He 343
3 a2352Lc2? 3

A. S. B. Holland, Elem. Math. 22 (1967), 49-55.

11.26 A triangle is acate, right or obtnse, depending upon
whether the expression

(b2+cz_a2) (cz_:_a2_ b2) (a2+b2 _62)

is positive, zero or negative.
C. Ciamberlini, Rassegna di Matematica e Fisica (Roma)
5 (1925), 241-244,

11.27 Depending upon the fact whether a triangle is acute,
right or obtuse, one of the following statements hold:

1°. s > 2R} or s=2R-tr or s <2R-3r.

2°. EAsin2Ia>'2 or Ysinfa=2 or Ysnla<< 2.

3° T;a2>8R2 or a2 =8R? or Y a® < 8R2.

4°.'R > 3-0G or R=23-0G or R<3-06G.

5° II(s—7a) >0 or TJ(s—7z} =0 or ] (s-—r_a} <0.

C. Ciamberlini, Boll. Un. Mat. Ital. (2} 3 (1943), 37-4I.
11.28 Whether a triangle is acute, right or obtuse, we have

2
hakhyhe B ZR-dr L —;—{,-,

respectively.
We were informed of this resmit by A. Bager.
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12. Inequalities for the distances of a point to the vertices
and the sides of a triangle

12.1 6r < AI+BI4CI<3R.

Equalities hold if and only if the triangle is equilateral.
L. Carlitz, Math. Mag. 36 (1963), 264.

122 AI+BI++CI < 2(R+7) = AH+-BHCH.

Proor. According to 2.56, we have

5
z\2
sin — } < 0s2 —.

Hence
2Vsm———51—ﬁ— Zcoszf—-—Ztinz—i
“77 2 2 2 2
=Zcos«:4(1’[sin—-;—)—f—t.
Then
x o 4
2 3 cosec — <4+ [] cosec — =4+ —,
2 2 r
or

AI+BI+CI <2(R+47).
- G. Daniellzon, Elementa: matematika, fysika, kemi 36 (1953,

135. -
L. Bankoff, Problem E 1397, Amer. Math. Monthly 67 (196),

82 and 67 (1960), 695.
12.3 Let x, y, z be the distances of the circumcentre of a tnamu:
to its sides. Then

wetwptwe L 3x>—y+2).

Equality bolds if and only i the trizngle is equilateral.
F. Leuenberger, Problem E 1573, Amer. Math. Monthly 7

(1963), 331 and 71 {(1964), 92.
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124 1If ABC is an equilateral triaizle and P a point outside
its plane, PA = p, PB = ¢, PC =7 then

(—p+g+r)p—g-+ri—g—1) > 0. (1)
Rexark. This is a generalization if Pompeiu's theorem. An
elegant geometric proof was given b G. R. Veldkamp, Nieuw
Tijdschr. Wisk. 44 (1956), 1-4. An aalytc one by O. Bottema,
ibid. 44 (1956), 183-184, who provec furthermore
a?F?> 121>

Here a represents the sides of 4AB( F the area of the triangle
the sides of which are P4, PB, PCand V the volume of the
tetrahedron PABC. In {1) the equalir sign holds if P is on the
sphere trough A4, B, C with its centrzat the centre of ABC.

12.5 For any acute triangle
AG*+-BG*+CG®  A=-BH.CH
A024-B0OZ4C0O2? =I.BI.CI

Equality holds if and onlv if the t-angle is equilateral.
S. Reich, Problem E 1887, Amer. Aizh. Monzhiy 73 (1966), 538.

< 8.

12.6 Let P be a point in the interio-of the triangle ABC. If the
straight lines 4P, BP, CP intersec: the sides BC, CA, 4B in
D, E, I respectively, then

PD4-PE4PF < mx(a, b, ).

PROOF. Assume that @ > b >c Let PX||4B, PY||4C,
XK|iPF, YL{!PE, where X and Y ze points on BC, K a point
on AB and L a point on AC. Since 1 is greater than AD, CF,
BE br virtue of the simmilarity of ti= triangies PXY and ABC,
BXK and BCF, and finally CYL ant CBE, we get, respectively

XY > PD, BX >XK =PF YC >YL = PE,
Hence,
a = BX+-XY+YC >7D-~PELPF.

P. Exdds, Problem 2746, Amer. 2izh. Mornthiv 42 (1935}, 454
and 4= (1937), 403.
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12.7 If the point P is inside a triangle ABC, then
s < AP+BP4CP < 2s.

H. W. Guggenheimer, Plan: Geometry and Its Groups, San
Francisco, Cambridge, Londoz. Amsterdam 1967, p. 178.

12.8 If a = max(a,b,¢), then
| Ry+Rs~Rg > bic.
E. G. Gotman, Matematika v §kole, 1966, No. 1, 89.
129 min (ha, kv, k) < 11+ ro—rs < max (kg fip, ho).

S. 1. Zetel’, Zad=¢i na maksmum i minimum, Moskya 1948,
pp. 21-22.

REMARK. A consequence of these inequalities is
mill (E‘:‘.a. ]fb, hc) é 3’ é max (h-a, Ilb, ]T-c)-
12.10 (Ila—-rl)(ll-b-—-rg)(]lc—ra‘ = 8rirors.

Equality holds #f and only if the tilacgle is equilateral and
P is its centre.
L. Carlitz, Amer. Math. Mozthly 71 (1964), 881-885.

12.11 kahb’lc ,>, 27?’11’2!3.

Equality holds i and only I the triangle is equilateral and
P is its centre.
L. Carlitz, Amer. Math. Mozzhly 71 (1964), 881-885.

S. 1. Zetel’, Zad=&i na maksinum 1 minimum, Moskva 1948,
p- 63.
L. Carlitz, Amer. Math. Moz-hly 71 (1964), 881-885.

12.13 R;+Ro+Rg3 = 2intrcLrg).

Equality heolds if and only I the triangle is equilateral and
P is its ceatre.
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ProoF. Let L, M, N be the feet of the perpendiculars from
P to BC, CA, 4B respectively. Then

MAN = (1’22+1’32+27’273 cos a)l"z, MN = R;sin a.
We now have, in turn,

(722+1'32+21’2f3 cos a)1/2

Ri+Re+Rg = %
sin a
~ ¥ [(r2 sin y+4-rg sin #)24-(re cos y—rz cos §)2]1/2
- ) sin a
>3 (rasin 7.+735inﬁ)
sin o

—s . (sinﬁ N siny)

siny = sinf
> 2(r1+r2trs).

P. Erdos-L. J. Mordell, Problem 3740, Amer. Math. Monthly
42 {1935), 395 and 44 (1937), 252-254.

G. R. Veldkamp, Nieuw Tijdschr. Wisk. 45 (1957/58), $93-196.
L. J. Mordell, Math. Gaz. 46 (1962), 213-215.

12.14 Let P be any point in the plane of the triangle 4ABC.

Then
' Ri+Rp+R3 > 6r.

M. Schreiber, Aufgabe 196, Jber. Deutsch. Math.-Verein. 45
(1935), 63 kursiv.

J. M. Child, Math. Gaz. 23 (1939), 138-143.

L. Bankoff, Math. Mag. 39 (1966), 69.

12.15 In any non-equilateral triangle T, the line through the
incentre I and perpendicular to the line joiming I with the cir-
cumncentre O divides T and its boundary in two regions. For alt
points in that region which contains the vertex opposite the
triangle’s smallest side, we have

Ri4-Rot+Rz= 2{7’1-«,’—-72—§—Tg} = b7,
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In the second region,
R1+-R2+R3 = 6r>2(r1-tre-tra),
while on the dividing line,
R1+Ry+R3y 2 2ry+-ra+-r3) = 6r.
J. Steinig, Acta Math. Acad. Sci. Hungar. 16 (1965), 19-22.

| b ¢ a ¢ a b
1216 Ry{+Re+R3=n; (— + —) +r2 (—- + ——)—E—ra (—— 4 -_)
c b c  a b a
= 2(r1+ra+rs).
Short and elegant proofs were given by Veldkamp and by
Eggleston.

ProoF. Let P’ be the reflection of P in the internal bisector
of angle BAC. Then P’ is distant R; from 4, »3 from the side AC,
and 7p from side AB. The triangles 4ABP’, ACP’ do not meet
except along their common side 4P'. We have o

}aRy > area ABP'C
= area ABP'+-area ACP'

= 1roc+-3r 3b.
Hence

- - b
Ry > 17 (-E-) + 73 (-—)
a a

\

and equality holds if and only if AP’ is perpendicular to BC,
that is, if :

X BAP = < ABC + <}:BAC—-;~.

By reflecting P in the internal bisectors of angles CBA and
BCA we obtain '

,—
Roz=nm = 4 rs —fz-,R:«:}"l — + 72 _!1_.
b b ¢ c
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Equality holds in the latter of these inequalides if and only if
4 PBA = 4 ABC+ 5 BAC——.

Thus if equality occurs in the first and thirS inequality then
AP = BP, and equality occurs in &1l three if and only if P is
the circumcentre of a triangle ABC. Adding zhese inequalities
we obtain

Ri+Ry+Ryzn (-ll + i) + fzft—f- + i) - rs(i + i)
c b hNa ¢ b a

Since bfc+¢c/b = 2, etc., we have

TR IO HCI S

and equality holds if and only if @ = b = ¢ ard P is the centre
of the triangle A BC.
J. M. Child, Math. Gaz. 23 (1939}, 138-143.
D. K. Kazarinoff, Michigan Math.. J. 4 (1557.. $7-98.°
G. R. Veldkamp, Nieuw Tijdschr. Wisk. 45 (1557/58), 193-1%6:
H. G. Eggleston, Math. Gaz. 42 ((1958), 54-%3.
Z. A. Skopec, MatematiCeskoe prosveicenie < (1960), 151-152.

12.17 Let P be a point within the iriangle A5C andlet D, E, F
be its orthogonal projections on sides BC, CA, 4B respectively,
then

Ri+Rs+KR3>2 fl(

FD-PC , DE-PB\ (DZ.PA  FE PC
DEPB T FD-BC)" "\FF pC T DE-Pa
FD-PA | FE-PB

FE-PB " FD-PA)

+r3

= 2(r1+7ro+r3}.
L. Bankoff, Amer. Math. Montkly 65 (1938, 521.

Rruark. This theorem and 12.16 interpelize an expres:ion
12.13.
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1218 Ri+Ra+Rs>2VF 3, | o
Equality occurs if and only if the trizngle is equilateral and
P is its centre.

Proor. Let BT|)|CS|{P4 and BT =(3,=PA4, CRj|AT|PB
and CR = AT = PB, AS||BR|{PC and 1S = BR = PC. Then
the hexagon ATBRCS has the area ZF and the perimeter
2(R;+Rs+R3). Between all hexagons of given area the regular
hexagon has the smallest perimeter. Theefore

Ri+Ry+R3 > 2VF, '3,

The hexagon ATBRCS will be regular only if P is the centre
of an equilateral triangle.

U. T. Bodewadt, jber. Deutsch. Mat:-Verein. 46 (1935), 7
kursiv.

ReMARK 1. Inequality also holds when the point lies any-
where in the plane of the triangle considzred.

ReMARK 2. Inequality (I) is stronger than 12.14, because
(see: 5.11)
6r <2V F \/—i

J2.19 aR1+bR2+_CR3 = Z(arl+br2+c;3f:. . _ _ _ .
G. Steensholt, Amer. Math. Monthly €2 {]955), 571-572.
ReMARK. J. Schopp has proved a simiar result for n-dimen-
sional simplex. See Amer. Math. Monzhly 36 {193¢;, 896-8%7.

12.20 R1 sin —g- + Rz sin 'g— -+ R3 sin ‘é'- = 71—{-r2+r3. (l)
<

Equality occurs if and only if P is the izcentre of the trizngle.
Proor. Since
ry = R3sin < PCR and ry = KR:sin <. PCA,

we have

r1—+ro == Rg(sin < PCB-+sin < PC.L
T .

AN

A o 7 3
g =n —. 2
TR
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By virtue of two analogous relations valid for rp4-r3 and
ra-+r1, we obain the inequality (1).

Equality ir (2) holds if and only if {{PCB = 4 PCA, ie,
only if P is apoint of the bisector of the angle ACB. Therefore
in (1) equality holds if and only if P is the incentre of the triangle.

L. Carlitz, 2lem. Math. 21 (1966), 115.

12.21  R:Rs—R3R1+-RiRs > 4(rars+rari+rira).

J. M. Child Math. Gaz. 23 (1939), 138-143.

A. Oppenhsm, Amer. Math. Monthly 68 (1961), 226-230.
12.22 RyR3;—R3R1+Ri1Rs

>(ritre)(rat+n)+(ratr3)(ritre)+(ra+ri)(re+r

Equality hids only for the equilateral friangle, the point P
being iis centw.

A. Oppenh=m, Amer. Math. Monthly 68 (1961), 226-230.

A. Oppenhem, Ann. Math. Pura Appl. (4) 53 (1961), 157-164.
1223 Ry 1Ry 4Ry 127 (ry 147y T 4rg7 ).

Equality h:ids if and only if the triangle is equilateral and if
P is its centrs

J. M. thlc. Math. Gaz. 23 (1939), 138-143. ——

A. Oppenh<m, Amer. Math. Monthly 68 (1961), 226—230
12.24  Ryf+2af4-Rgt < 2(ntHret+ryl),
for t < —1L.

_ Ryt Rof+4 Ryt < 28{r1P-rof +-r4f),
for —1<I<l
Rit+ Ryt 4 Rgt 2> 2t{rif+rot +r3h),
for 0<I<L
Ryt Rot+ Rat > 2(ri*+rot+-r3f),
for i > L.

Equality owurs only for the equilateral triangle, the point

P being its caxtre.

A. Florian, Zlem. Math. 13 (1959), 55-58.
A. Opperham, Amer. Math. Monthly €8 (1961), 226-230.
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12.25 R;R3Rj3; > 8rirors.

J. M. Child, Math. Gaz. 23 (1939), 138-143.
J. Bekes, Elem. Math. 12 (1957), 121-123.
A. Ocpenheim, Amer. Math. Monthly 68 (1961), 226-230.

12.26 R;R2R3S = rirors,

with S= sin «f2sin 8/2 sin 7 /2.
Equzity holds if and only if P coinddes with 1.
O. B:ttema, Nieuw Tijdschr. Wisk. £3 (1965), 50-51.

REM:RK. Since S < } (see: 2.12), this inequality improves
12.25.

12.27 RiR2R3> (?’z-—l-rs) (?'3—1'-71) (71+rz).

Equztty holds if and only if the triangle is equilateral and
P being its centre.

A. Ocpenbeim, Problem E 1433, Amer. Math. Monthly 67
(1960), 202 and 68 (1961), 380Q.

A. Orpenheim, Ann. Math. Pura Appl. (4} 53 (1961), 157-163.

12.28 fSRleRg; (fg"*:—f:;)(fg—!-fl)(rl—:—fg), (l)

with S=sin «f2sin 8/2sinyf2. _
Equafry occurs if and only if P is incentre of the triangle.

Prooz. Applying the law of sines and the law of cosines to the
triangle 4 MN, where M and N are defined in 12.13, we obtain

Ri2zin? o = 7924-r3% = 2ror3cos x

a .
= (rg--r3)2 cos? 5 - (ro—r3)? sin? 5

o
= (”2'3'?’3)20052?’
and so
L &
2R1 S “-2— = ro4ra,

with equility onlv when rp = r3. Hence (I).
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In (1) equality holds if and only if | =72 = 1.
L. J. Mordell, Math. Gaz. 46 (1962), 213-215.
REMARK. Since S < } (see: 2.12), this inequality Izmproves

12.27.
2 F?

12.29 rirera< 5 R (1)

Equality holds if and only if point P is the centroii of the
triangle.

Proor. By
ar1-breo-f-crg = 2F

and by arithmetic-geometric mean inequality, we have
ary brs cry )3
1

ary brs cr3 <(2F - 2F T 2F

2F 2F 2F 27 27
where equality holds if and only if ar; = brg = cry, i€,
area PBC = area PCA =— area PAB,

which is equivalent to the condition that P is the centrail of the

triangle. T
Since abc == 4FR, we obtain (1).
‘L. Carlitz-]. H. Tyrrell, Math. Mag. 37 (1964), 279.

12.30  RoRa+R3R;+Ri1Ry > 2(riR;1+r2Re+r3R3).

Equality halds if and only if the triangle is equilaizral and

the point is its centre.
A, Oppenheim, Amer. Math. Monthly 68 (1961), 226-230,

12.31 71R1+7'2R2+f3R3
b ¢ c  a [a A
2=t = Jrag - —+ —ra | — + rre
\¢ b a c b
Equality holds if and only if the triangle is equilaizral and

= 2(rors+rarit+rire).
if P is its centre or if P is one of the vertices of the trizngle.
A. Oppenkeim, Amer. Math. Monthly 63 {19£1), 226-230.

| o

~
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: 1 1 1 .1
12.32 - =2 - .
rora + rary + rira (71R1 1ok + fsﬂa)
Equality holds if and only if the triangle is equilateral and
if P is its centre.
A. Oppenheim, Amer. Math. Monthlw 68 (1961, 226-230.

1233 If 0<i< 1, then
- (raRa)i - (raR2)t -+ (r3R3)t = 2 (rora)t - (rara) —(r1r2)t].

Equality holds if and only if the triangle is ejuilateral and
if P is its centre or if P is one of the wertices of e triangle.
A. Oppenheim, Amer. Math. Monthlw 68 (1961}, 226--230.

1 1 1 1 1 H
12.34 =2 + .
nky + roRyp + rsRs” (Rst + R3Ry Rle)
Equality holds if and only if the triangle is ecuilatera] and
if P is its centre.
A. Oppenheim, Amer. Math. Monthlw 68 (1961;, 226-230.

1 1 1 | 1 [
12.35 >4 + 4 .
ror3 + 7371 + nre (Rst R3R, E:Rz)

Equality holds if and only if the triangle is eruilateral and
if P is its centre. o |

J. M. Child, Math. Gaz. 23 (1939), 138-143.

R, N R, " R3
Ri+ri ~ Retrz  Ritrs

J. Berkes, Elem. Math. 12 (1957}, 12 1-123.

12.36

W

12.37 If xz, y, z are arbitrary positive mumbers, tten
xR1+yRs+:2R3
yz(Ra+ R3) o zx(R3+Raf . x2y(F:+ Ro)
22— 1t - Wt s — W3 ).
yRa+zR3 zR3+-xRy AR-—~yRy
Equality occurs if and only if xR’y = yRs = :R3 and the
anzles BPC, CPA, APB are 23,3
A. Oppenheim, Ann. Math. Pura Appl. (4} 53 (1+1), 157-~163.
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12.38 Let P be a punt inside the trangle ABC. Let D, E, F
be the poixmts of inte=ection of the lines AP, BP, CP with the
sides BC, {CA, AB repectively. Then

P BP CP

BT ETPESS

Equality holds if md only if the point P is the centroid of
the triangie.

Proof. Let Sy, Sz S3 represent the areas of trizngles PBC,
PCA, PAB. Since Te triangles A4BC and PBC have the
common side BC,

4D 514-S3+Ss
PD S ’

whence
AD—PD _ Ss=8; | P4 S Ss3

l.e. =

PD S1 PS5 Si
Analogously, one ttains
PB Sa Sy PC S Ss

kd

— e

PE 35 ' Ss’ Pz:xss+"§;‘

By adding togeth= these equalities, we get
AP BP cpP |

0 T PE T PF

f 51 Sa (52 Ss 53 S5,
=|—=— 4+ = — T |Htle=+=—1=22+24+2=6.

(52 N 31)+ Sa 52) (51 * 53) -

0. J. Ramler, Poblem E 1043, Amer. Math. Monthly 59
(1952), 1597 and 60 1953;, 421.

L. Carlitz, Amer. Yatk Monthilyx 71 (1964), 881-885.

12.39 With the noations of 12.38, we have

AP BP (CP

 PD PE PF

Equality holds © ind only if the point P is the centroid of
the triangle.

8.

\Y
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Proor. By vrme of 12.38, we obtain

AP BP (7 (S2+S53)(Ss+S1)(S1tSy) _ 8S1SaSa _
PD PE P57 515253 7 815,53

Q. J. Ramler. Problem 1043, Amer. Math. Monthly 59 (1952),
697 and 60 (197), 421.

Ch. W. Tnigg Math. Mag. 36 (1963), 244.

L. Carlitz, Aner. Math. Monthly 71 (1964), 881-885.

12.40 If P is : point inside the triangle ABC, and A4’, B', C’
are the interseccons of AP, BP, CP and the sides BC, CA4, 4B,
respectively, thr )

44° BB’ cc 9

==
AP + BP + cp 72

Z. Zivanovi¢ Univ. Beograd. Publ. Elektroiehn. Fak. Ser.
Mat. Fiz, No. 15-No. 196 (1967), 69-72.

8.

1241 Let AB  be any triangle and let P be any point inside
it; let AP, BF CP produced meet the opposite sides of the
trizngle at A’, Z', €' respecuvely. Then at least one of the
inequalities
AA’ 3 ! '
L V3 BB_}_JE. cc \/5_

" BC 2" C4 2" AB T 2 ()

holds.
- This statemerr of G. N. Watson is included in the following

theorem due tc T. W. Chaundy:

‘That one of tie above inequalities which involves the skortest
of the three sid= of the triangle is true.

Or in the folitwing theorem of Watson:

That one of fir above inequalities which involves the longest
of the three traz=versals A4’, BB', CC’ is true.

2/2in (1) i= Zze best possible constant.

. N. Watsoz Juart. J. Math. (Oxford Ser.) 11 {1940), 273-276.

A. Rosenblat: 3ffers an elementary proof of the theoremm due to
Watson (see Aczs. Acad. Sci. Lima 4 (1941}, 155-161 and 213-

220). ‘
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ReMARK. In fact, the priority of the theoremis due to J. J. L.
Hinrichsen, who proposed in the Amer. Math. Monthly 39 (1932),
549, the following problem:

Given any triangle with three line segments concurrent in a
point interior to the triangle and joining each vertex to its oppo-
site side. The length of the longest of these three lines cannot be
Jess than 3+/3 times the length of the opposite side of the
triangle.

J. J. L. Hinrichsen, Problem 3576, Amer. Math. Monthly 39
(1932), 549 and 41 (1934), 193-194.

In the same Journal, 41 (1934}, 193-196 a solutiom of this
problem was published by F. Underwood and the editors of the
Amer. Math. Monthly.

1242 If a<b<c, then

s
Ri+ Ry Rs>— {ri+ro-trs).

L. Carlitz, Amer. Math. Monthly 71 (1944), 831-885.

1243 Ri+Ro-+Ry> 2(Nrars+riri+Vrird).

Equality occurs if and only if the triangle is equlateral and
if P is its centre. : A
L. Carslitz, Amer. Math. \Ionthh‘ 71 (196-4) 88]«-885

1244 R\2+R 4R 2rirztraritrird) 69 (rirzea)2.

Equality holds if and only if the triangle is equilateral and
if P is 1ts centre.
L. Carlitz, Amer. Math. Monthiv 71 (1964), 831-385.

1245 RoR3+RaRi+R1R: > rararari+riry+97% (rirsri)2

Equality holds if and only if the triangle is equiiateral and if
P is its centre.
L. Cazlitz, Amer. Math. Monthix 71 {1944}, 8313835,

12.46  2(VRaR:+RsR1 -+ RyRy)

< R+ R+ R+ 2(ri+ra+73).



THE DISTANCES OF A POINT TO THE VERTICES AND THE SIDES {17

Equality holds if and only if P is centroid of the triangle.
L. Carlitz, Amer. Math. Menthly 71 (1964), 881-885.
ReRz  RsR; | RiR» '

1247 ———+ ———F+ === 12.
rars rsr rirse

Equality occurs if and only if the triangle is equilateral ind
P is its centre.
L. Carlitz, Amer. Math. Monthly 71 (1964), 881-885.

1248 R+ Ry+-R3 > 2(w1+watws).

- Equality holds if and only if the triangle is equilateral snd
if P is its centre.
D. F..Barrow, Problem 3740, Amer. Math. Monthly 44 (1%37),

252-254. '
12.49 RyR3-+-R3R;+RiR; > 2(R1w; -+ Rows+ Raws).

Al Oppenhéhn, Ann. Math. Pura Appl. (4) 53 (1961), 157-43.
1250 Ry;Rg+R3R1+-RiR3 > 4(w2w3—:—wazc'1—!-w1w2).

Equality holds if and only if the triangle s equilatera’ md
if P is its centre.
L. Carlitz, Math. Gaz. 47 (1964), 181-182.

12.51 ‘ RiRgRa 2'8&:'1‘:5221:3.

Equality holds if and only if the triangle is equilvateral and
if P is its centre.
L. Carlitz, Math. Gaz. 47 (1964), 181-182.

12.52 R;RsR3 > (wa—+ws)(watw2) (iwy-Lws).

Equality dccurs if and only if the triangle is equilatera’ ind
if P is its centre.
A. Oppenheim, Ann. Math. Pura Appl. (4) 53 (1961), 157-153.

1253  Ry2<-Ro2+R3* > Ha2—b2+c?).

Equality holds if and only if P coincides with G.
Encyklopidie der Mathematischen Wissenschaften, Bnd. IT’,
Heft 6, p. 1118, and Heft 7, p. 1185,
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R. Sturm, Maxima umd minima = der elementaren Geometrie,

Leipzig, Berlin 1910, p- 71.
T. Lalesco, La géométrie du trizzgle, Paris 1937, p. 41.

12.54 712+?'22+f32> m-

Equality holds if P coincides wiZ Lemoine’s point.

Encyklopidie der Mathematischen Wissenschaften, Bnd. IIT,
Heft 6, p. 1118, and Heft 7, p. 11

T. Lalesco, La géométrie du triz-gle, Paris 1937, p. 41.

0. Bottema, Hoofdstukken ui: de elementaire meetkunde,
Den Haag 1944, p. 91.

12.55 If no angle > %z, then
2B 2 1/2
R1+R2+R32(-a—_*-2—£— + 21;\/5) .

If 2> &z, then
Ri+Re+R: > b+c.
Equality holds if P coincides w3 Torricelli’s point.
Encyklopidie der Mathematiscten Wissenschaften, Bnd. IIT’,
Heft 6, p. 1118, and Heft 7, p. 115 , 4
T. Lalesco, La géométrie du tn:__gle, Pans 1937 p. 41.

12.56 a1R;+8Re1+€1R3

>[a2(-a12+b12—:-cf-'3+bz(a12—~t:i+c12)+c2(a12+blz—c1=)
= 2

12
+8F F1] ,

Where:.zl, by, ¢1, F'1 are sides and at=a of a second tnangle 4181C;.
The triangles ABC and 4;81C- are interchangeable.
0. Bottema, Hoofdstukken == de elementaire meetkunde,

Den Haag 1944, p. 97-99,
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13. Necessary and sufficient conditions for the existence
of a triangle - '
13.1 A necessary and sufficient condition for a triangle to exist
is
max(a.b, c) < }(a+b-+c).

13.2 If a = max(a, b,¢;, then a necessary but insufficient
condition for a, b, c to be the sides of a triangle is

Ja?< biic? < 2a2.

13.3 Let f(x) bse any non-negative, non-decreasing, subadditive
function on the domain z > 0; for instance’ f(x) = V/ P (n a

natural number).
If a, b, ¢ forn a trianglz, then f(a), /(b), f{c) form a triangle.

Proor. Fromn
a < b+tc,
we have
/(a) <i(b+c) <i(0)+/(c)-

Cyclic permstation of . 5, ¢ then vields the additional ine-

qualities
F(8) <jle)—1(a), fe) < [(a)+F(D),

therefore f(a), £(b), f(c) form a triangle.

This proof is due to J. L. Brown, Jr. Amer. Matherm. Monthly

67_(1960), 82-83.

ReMarg. The theorem i a generalization of Problem E 1365,
Amer. Math. Monthly & (1959) 423, and 67 (1960), 8253,

proposed by W. E. Hogztt, Jr., where the case f(x] = Vx is
considered.

i3.4 Let $, g be real zumbers such that p+g= 1. Then a
triangle with the sides a, b, ¢ exists if and only if

pattgi- > pqc2 for all p, gq. (1)
Proor. A tziangle witt sides a, b, ¢, exists if and only if

a-i-b—c >0, 54+c—a >0, c+a—b>0. (2)
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R. Sturm, Maxima und minima = der elementaren Geometrie,

Leipzig, Berlin 1910, p- 71.
T. Lalesco, La géométrie du trizzgle, Paris 1937, p. 41.

2 2 L
1254 1124792413 AR

Equality holds if P coincides wi= Lemoine’s point.

Encyklopidie der Mathematisch=n Wissenschaften, Bnd. IIT’,
Heft 6, p. 1118, and Heft 7, p. 115

T. Lalesco, La géométrie du triz-gle, Paris 1937, p. 41.

0. Bottema, Hoofdstukken ul: de elementaire meetkunde,
Den Haag 1944, p. 91.

12.55 If no angle > 3=, then
2L pn 2 1/2
R1+R2+Ra2(—a—+7-c— + 21*'\/3) .

If « > &x, then
R1+Rs+R;: > b=c.

Equality holds if P coincides w=1 Torticelli’s point.
Encyklopiddie der Mathematisc*en Wissenschaften, Bnd. 11T,

Heft 6, p. 1118, and Heft 7, p. 1125, . ,
T. Lalesco, La géométrie du trizngle, Paris 1937 p- 41

1256 @ R;+b1Re-+¢1R3

[az(—~612+ b12-+c1%) +0%(ay2 —b——-1%) 4-c%(a;2+- 52— 1 %)
> 2

12
+ 8FF1] ,

where"11, by, c1, F are sides and az=2 of a second tniangle 418;C;.
The triangles ABC and A41B1(- sre interchangeable.
(). Bottema, Hoofdstukken t= de elementaire meetkunde,
Den Eaag 1944, p. 97-99.
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13. Necessary and sufficient conditions for the existence
of a triangle -
13.1 A necessary and sufficient condition for a triangle to exist
is
max(a.b, ¢c) < }(a-+b+c).

13.2 If a = max(a, b,¢), then a necessary but insufficient
condition for a, b, ¢ to be the sides of a triangle is

3 a2 < b24-c2 < 2a2,

13.3 Let f(x) re any non-negative, non-decreasing, subadditive
function on the domain z > 0; for instance' f{x) = V x (n a
natural numbers).

If a, b, ¢ forrm a triangl, then f(a), f(b), f(c) form a triangle.

Proor. From
a < b+,
we have
(@) <Hb+¢) < j(B)+1().

Cyclic permustation of «. 5, ¢ then vields the additional ine-

qualities
J(®) < Jle)~1(a), f(c) < {(a)+7(),

therefore f(a), f(b), f(c) form a triangle.

This proof is due to J. L. Brown, Jr. Amer. Mathem. Monthly

67 _(1960), 8

ReyMarRk. The theorem i a generalization of Problem E 1365,
Amer. Math. Monthly & (1959) 423, and 67 (1960), 82-83,

proposed by W. E. Hogzatt, Jr., where the case f(x} = Vris
considered.

i3.4 Let p, ¢ be real zumbers such that p+qg = 1. Then a
triangle with the sides a, 5, ¢ exists if and only if

pa?4-gi- > pgc? for all p, gq. (1)
ProoF. A tziangle wit: sides a, b, ¢, exists if and only if

gi-b—c >0, i+c—a >0, c+a—b >0, (2)
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“We shall prove that (2) is equivalent to (1). Let
| K = pa?-4gb?—pgc?.

Since ¢ = 1—p, we have

K = pat(1—p)i2—p(1 —)c?
= c2p24 (a2—b2—c2jp+-02,

~where a, b, ¢ are fixed and p is a variable. Therefore K is &
guadratic trinomial in respect to p. In order to have K >0,
T is necessary that

D = (a2—b2—c?)2—4b2%c% < 0,

(a+0+c)(b+c—a)(c+a—b)(a+b—c) > 0. (3}

If the triangle exists, then (2) holds, so that D < 0. There-
Dre if a, b, ¢ are the sides of a triangle, then (1) is valid.

Inversely, if D < O, then (3) holds, i.e. a, b, ¢ are sides of &
=langle.

V. B. Lidskif, L. V. Ovsjannikov, A. N. Tulaikov and M."I.~
=abunin, Zadai po elementarnoi matematike, Moskva 1962, p.21.

3.5 ‘Let a, f, y be the angles of a triangle. Then a friangle
vith sides cos? «f2, cos? §f2, cos?y[2 exists.
T. P. Cerepanova, Matematika v Zkole 1966, No. 6, 66.

73.6 Let a, B, y be the angles of a triangle. Then a iriangle
vhose :zides are cos «f2, cos 3,2, cos y;/2 exists.
Mazrematika v kole 1963, No. 3, 89.

ReMARK. 13.6 follows from 13.5 by means of 13.3.

3.7 G. Petrov has given a series of the necessary and sufficient
wnditions which must be satisfied by certain elements of &
mangle:

1° 0<w. <

atb’
2°. a—2b—2mg > 0, a—-25—§-2ma >0, —a-tZh4+2m, > 0.
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3°. 2 < /’b ~<\ a.
4°. BRw, > a2+4we? for a < Zirg,

2R >a for a > Zwrg.
5% a << b4c, 2mg < bic, (b-+c)2<a2~4ma2
atlah,?

6°.. 2R>a, 2R> o

‘ 7°. r > 0, 4r5-4{2a2+-2b2-Tabyrd
~+-4(ad—adb—a2b2—ab3+b+}r2—a2h2{a—b)2 < 0.

G. Petrov, Casopis pro pestovani matemadky 77 (1952), 77-92.

13.8 A necessary and sufficient condition for the existence of
a triangle with the elements R,  and s, 1s

s4—2(2R?+1CRr—r?%)s24-r(4R=1rj3 < 0.

R. Sondat, Nouv. Ann. Math. (3} 10 (1851), 43*—£7%.

14. Miscellaneous inequalities for the elements of a tri-
angle |
14.1 If 2,, A3, 73 are real numbers, then
- (11-]-22—}-;.3)2}?'2 = Jokga®-+ 232162/ jac2. (])

Rexark 1. Taking for 41, 73, 23 special values we deduce from
(1) the following inequalities:

44 for A3 =a?2, 23 = b3, 13 =2,
4.7 for 11 = a(4sé—-a2———b'-’—c2——25a),
lg = bl4s2—a2 22 -2sb),
23 = c(4s2—a2—H2—¢?—2sc).
5.1 for ;.1 =a, .?.2 = b, ;.3 = (.
5.13 for 2y =2s—3a, Js == Z5s—3%. /3 = 2¢—3c and for

ly=le=/jg= L.
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5.25 for Ay = 2s—a, Ay = 25—, A3 = 2s—.
5.7 for A3 =a(s—a), Aa =0b(s—b), A3 = ¢§—c).
RemARK 2. O. Bottemna has giwen the folowing remarks:
1°. (A34-2Ae+23)2R2— (222302 + A:921024-217x¢?) has a geometri-
cal meaning: it is equal to 222G0? (J= Ay+}+is+43 7% 0) in which

G is the centroid of the points £, B, C if the weights 2, 19, 73
are given to them. From this the inequaliiy (1) follows.

2°. Equality holds in (1) if and only if ¢ and O coincide. 1f
71, A2, A3 are given a triangle for ‘which this occurs exists if and
only if a triangle exists, the sides of which zre 4], (22!, |23l

0. Kooi, Simon Stevin 32 (1958), 97-101.

Q. Bottema, Simon Stevin 33 £1959), 97-100.
142 '2F € a?—ab-+-82, 4F < a?-+-82, 8F <{a-4)? hold for each
triangle.

Equalities hold only for the right isosceles triangle.

Z. A. Skopec and V. A, Zarov, Zadadi i izoremi po geometrii,
Moeskva 1962, pp. 81-82
14.3 If s2= Zab, where 2 > 1, then

- s<a, s<Ab, e<l—1)a, c< (2—1}b.

W. O. Pennell and A. L. Epstein, Prcdlem E 1058, Amer.

Math. Monthly 61 (1954}, 49.

144 If.a>b>c, then
I°. s<a<s, Is<b<s, O <c< s,
2° af3<e<a, 0<f<alZ, O<y<s3

— ——————

3° 0< e <3s\'3, 0< A< 3sV3, InT< e < 5.
4° O<we < L}S\[j, 0 < wp <7 &s, {gs\/gf-: we < 5.
5°. 0 < me < &s«fg, is < mp < §s, és\fgmc <.
6°. IV3<R < +oo.

7°, 0< 7 <isv'3.

V. M. Cernov, Matematika v Zkole, 1958 No. 3, 91-25,
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l%.5 If a>b>c¢, then
at+hg > bt-hy>it-he.

A. V. Aljaev, Matematika v Zkole, 1963, No. 3, 88 and 1964,
Np. 2, 74.

14.6 If 5 = med(a,b, ¢}, then

2
9

+ 72 2 2K,

for c4-a S 2b.
S. G. Guba, Matematika v $kole, 845, No. 5,69 and 1966,

No. 4, 77-78.

14.7 If a is the basis of an isosceles Tiangle and w the angle-
bisector of an angle on the basis, ther

M < w < avZ
Matematika v gkole, 1963, No. 2, 8t
14.8 a>2hq tg af2
Matematika v Zkole, 15455, No. 4, 7Z.
149 Of a triangle is one of the angle:4¢, then

F L 2teg(l—1ey)
52 (1+-tgg¥

0. Bottema, Wisk. Opgaven 20 (19, 4.

14.10 Let py, po, p3 be the radii of th circles which touch two
sides and the circumcircle of a given —Zangle. Then
4r < p1tpat+p3 2R,

RemarK. The first inequality is duso K. V. Veirov and the
second to 8. T. Berkolaiko. See: K. ©. Vetrov, Matematika v
zKole, 1556, No. 3, 59 and S. T. Berknkiko, Matematika v &kole,
1967, No. 2, 74.

14.11 1If 4,, B:, Cy are -points on th: sides BC, C4, AB of a
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triangle, r=pectively, then
1  AA1+BBy+CCy < 3

2 atbic 2’
Gaz. M= B 8 (1957), 163.

14.12 L= 2 be a positive number. Let X" and ¥ denote given
points on Z1e sides of a triangle 4BC, such that

{XAB  XYBA _

¥C4AB ~ XCB4

Then tie following equivalences hold:
AX > BY = AC > BC,

for 0 <2<,

CY >CX = AC > BC,
for 0 <2<,

AY > BX = AC > BC,
for 0 << i

C. Maz, Problem E 1626 Amer. Math. Monthly 70 '1063)
891 and 71 (1964), 684-686.  — T

14.13 et P be a point inside a triangle ABC. Let 4°, B, ¢’
be the imersections of the lines AP, BP, CP with BC, C 4, AB
respectrely. Then, if 44> BB’ and 44' > CC’, we kave

A4'>PA'"LPRLPC,
with equlity only for 44’ = BB' = CC".
1414 H>TIHJ2.

Eque&iry holds if and only if the triangle is eQLﬂatera__.
S. G. zuba, Matematika v 3kole, 1966, No. 3, 40.

cos> g+cos?y | cos®ycos?sx

14.15

L
cos g-+cosy cos y+cos a

cos? x3-cos? 8 : 7 \
’ . 1
cCSs x—+cos 3 R (03

W
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ProoF. By adding together the relations

22492 = 2ry and 224492 = 224-y2,
we.get
222 +y?) = (x-+3)2

Whence, for x+y > 0,

x2+y2 S x+y
=y T 27
le.
2.1 .2 21 .2 2] 42
yea _:mz+x+x+)’ S pbyts @
vz z+x 1Ty .

' Since cos f+-cos 7 >0, etc, for x =cosa, y=rcosff, z =
cos y, from (2) follows (1), because cos x--cos f—+cosy = 147/R.
Gaz. Mat. B 13 (1962), 133-134.

14.16  If mp and m are perpendicular to each other, then
L cotg f+-cotgy = 4.

S. Reich, Problem E 1839, Amer. Math. \Ionthlv 72 (1965),
1123,

14.17 Let P be a point on the median m, of a trangle ABC.
Let BP and CP meet the sides AC and AB in the points E and
F-respectively. Then, if AB > AC, we have BE > CF.

K. Tan and N. Harrell, Math. Mag. 38 (1945), 57-58.

1418 Let a square with the side a be inscribed in a triangle.

Then
- r«fi <a<2r

14.19 If a square lies inside a triangle, the area of the square

does not exceed half the area of the iriangle.

D. J. Newman, Problem E 1425, Amer. Math. Monthly 67
(1960), 593 and 68 {1961), 180. |

1420 Let P be a fixed point in 2 plane and consider in the
nlane the set of triangles ABC with

P‘i"‘“PB C"muc



126 GEOMETRIC INEQUAELITIES

where e is a constant. Then BC-CA-AB is maximun if and only
if ABC is an equilateral triangle with its vertices m the circle

with centre P and radius e.
A. C. Aitken, Proc. Edinburgh Math. Soc. (2) (3 (1962/63)

173-174.
14.21 If D, E, F are the intersections of 41, BI ,~] with the
sides BC, CA, AB respectively, then

Al > ID, BI >1E, CI>IF.

Proor. Since the angle-bisectors are cevians, wehave

Al AF AE b

c +c
— 4=
a

>1.

ID FB + EC a

a

Tien-Hsung Lin, Math. Maz. 38 (19£5), 158-159.
Ch. W. Trigg, Math. Mag. 40 (1967), 28.

14.22 let dq < dp < d,, where dq, dp, d. are the listances of
the circumcentre of a triangle to its excentres. Ther

R <ds < 2R, R<5b<RV”§, 2R < dg<iR.  _ _
H. J. Baron, Téhoku Math. J. 48 (2941), 183-15

14.23 Let the incircle of a right triamgle touch it: hypotenuse
at N and one of the sides of iriangle =t M. Then

2\/5

MN < c,

where ¢ is the hypotenuse.
E. A. Bokov, Matematika v 3kole, 1963, No. 4, ¥ and 1964,

No. 4, 78.
1424 If Ry, Ro, Rs are the radii of the circles insibed in the
sectors A0B, BOC, COA, respectivel, then

] 11 3123

b
e
I

>
Ri1 Ry R; R

Ja. I. Gerasimov, Matema=ka v &kole, 15¢7, Xo I, £4,
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14.25 Let T and 7" denote Brocard’s poins in a triangle, then
2-TT' << R.
' T. Lalesco, La géométrie du triz:angle, Pari 1937, p. 120.
V. G. Cavallaro, Mathesis 53 (1%939), 155-:40.

1426 Let M and N be two points one wmit apart. With M
and N as centres and with unit ra-dii draw ar=s ANB and A B.
Let Q be any point on arc AMB and P, ani P; any points on
arc ANB such that N is the midpoint of arc P1Ps. Then

QP1+QP; <2< QP2+ QP2
A. W. Goodman, Amer. Math. Monthly 53 (1951}, 564.

14.27 If d denotes the distance between tte circumcentre and
the incentre of a triangle, then

(R—d)(3R+d)? < 4R*s2 < (R-+d) ZR—d)3.

Equalities hold if and only if thve triangle & equilateral.
. 0. Bottema, Nieuw Arch. Wiske. 13 (196Z , 246.

14.28 In any triangle ABC
e 4
°sSg

in which w denotes Brocard’s angle.
Equality holds only for the equilateral trizngle.

PrRoOOF. Inequality follows from
cotg w = cotg a-{-cotg f+cozy

by means of 2.38.
T. Lalesco, La géométrie du triangle, Pad: 1937, p. 120.

1429 let P be an interior poant of the mangle ABC. Let
L, M, N be the points in which che lines A7 BP, CP intersect
the sides BC, CA, AB respectively. Then

8-AM -BN.CL < abc.

Equalizy holds if and valy if F is the cenzid of the triangle.
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S. I. Zetel’, Novaja geometrija treugol’'nika, Moskva 1962,
pp. 12-13.

14.30  Let P be an intenor point of the triangle ABC. The lines
through the midpoints of the segments AP, BC, CP parallel to
BC, CA4, AB, respectively form, with the sides of ABC, the
triangles with areas Fy, Fg, F¢. Then

Fs+FptFc > iF.

Equality holds if and only if P is the centroid of the trnangle
ABC.

S. I. Zetel’, Novaja geometrija treugol'nika, Moskva 1952,
pp- 32—-33.
1431 If ABC and A'B'C’ are any two equilateral triangles in
a plane, their vertices being taken in the same sense of rotation,
of the three lines 44’, BB’, CC’, the sum of any two is not less
than the third.

The same theorem holds for any pair of directly similar
triangles. There is equality if and only if the centre of similitude

lies onx the circumcircle of one (and therefore of both) triangles.
C. Tweedie, Edin. M. S. Proc. 22 (1504), 22-26.
P. Pinkerton, Edin. M. S. Proc. 22 (1904), 27. -

15. Imequalities {or quadrilaterals
15.1 s<<plg<2s.
F. A. Andreev, Matematika v Skole 1953, No. 1, 58-69.
152 s(pt-qt) > ptiltgil,
where £ is a positive number.

- REMaRrK. This is a generalization of the problem proposed in
Gaz. Mat. 12 (1951), 175.

15.3 For any convex quadriateral there exists at least one
side wvhich i srpaller than the greater among its diagonals.

154 AC-BD<AD.-BC+4B-CD.
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Proor. Er the inversion with centre 4 and power AB-AC-AD
the points £ C, D are transformed into By, C1, D1 so that B1€;
= AD-BC =c. Theorem follows from the triangle inequality for
B]_, C]_, D]_.

' . Equality 1olds if and only if 4, B, C and D are on a circle.

t

155 If A.3, C and D are arbitrary points, BC = a, CA = b,
AB =¢, A2 =9, BD =¢q, CD =7, then

(—ip+bq+-cr)(ap—bg-+-cr)(ap+bg—cr) = O
Equality mly if the four points are on a circle.
Cororrarr 1. If BC = CA = AB, then

(—p+4¢-r)p—q+r)(p+g—r) 2 0 (Pompeiu's theorem).

Cororrar= 2. If the trangles ABC and PQR are given a
point D exiss with the property AD BD:CD = p:q:r if, and
-only if

' (—ip-+bg-+or) (ap—bg-ter)(ap-+bg—cr) > 0
The two ==zngles mayv be interchanged.
Q. Boutem:, Euclides 38(1963/64), 129-137.
]
£ b, e, d,
156 Dxehelbd) o 5o
.miniz. b, ¢, &, P, q)

REMARK. This theorem has been a problem at the competition
for secondar school students in Hungary in 1961.

157 12—1=F>0.
. Equality mly for a square.

REMARE. This is the isoperimetric inequality for quadri-
Iaterals See.‘or example, N. D. Kazarinoff, Geometric Ineguali-
ties, New Yuak 1961, p. 5.

158 4F < u-tc)(b+d).

Equality o:zly for a rectangle.
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ProOF. Since

4F = ad-sin a-+ab-sin f+bc-sin y+cd- sin §,
and
sina, sinf, siny, sind < 1,
we obtain
4F < ab4-ad+be4t-ed = (a+c)(b=-d)-

15.9 If x and y are the segments connecting the midpoint= of
the opposite sides of a quadnlateral and if z is the segmant
connecting the midpoints of the diagonals, then

22492422 > 2F.
Ju. L. Gerasimov, Matematika v Skole 1967, Na. 1, 83.

15.10 If Pand @ denote the midpoints of the sidees BC and 4D,

then .
|AB—CD| < 2PQ < AB--CD. (1)

ProoF. Constder the triangle A/PQ, M being tfe midpoin: of
AC. Then
AB+4CD = 2(PM+Q3M) = 2PQ.

Similarly, we have
| AB—CD| = 2|PAI—QM| < 2P(Q.

Equality in (1} holds if and only if 4B is parall«l to CD.
J. 1. Nassar, Problem E 1617, Amer. Math. Mom:thly 70 (15:3),
758.

511 — 4 f-
[}

aln

4
?

unless ¢ = a.
C. V. Durell and A. Robson, Advanced Trigonometry, Lsn-
don 1948, p. 28L.

15.12 1If AB+-BD = ACLCD, then AB < AC.

ProoF. Adding the inequalities
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PA4-PB > AB, PC+-PD > CD,
because 4B-+-BD = AC+4CD, we have
AC—}-BD > AB-+AB+BD—AC,

ie.,
AC > AB.

15.13 If P be the intersection of diagonals and if the Jstances
of P from the sides AB, BC, CD, D4 are x, v, z and ¢ reszectively,
then

2(x+y+z41) < 3s.

Proor. Let the bisectors of the angles between the Jagonals
AC and BD meet AB, BC,CD,DAinR,S, T, U.
By a corollary of the Erdos-Mordell theorem (see: 1.13)

PS + PT) < PB+PC +PD
2(PT + PU) < PC + PD -+ PA
2(PU + PR) < PD+ PA = PB
2(PR 4+ PS) < PA -+ PB < PC

or
4(PR+PS+PT+PU) < 3(PA+PB+PC+PI.
This inequality is stronger than the one proposed bezuse
xtyptz-t L PR-PS-PTLPU
and

PA+4PBJ-PC-LPD < a-§1cLd.
H. Demir-L. Bankoff, Math. Mag. 39 (1966), 30% and 40
(1967), 166.
15.14 Let ABCD be a convex quadrilateral and let 2 be the
intersection of diagozals AC and BD. Let the lires though P
parallel to AB, BC, CD, DA intersect AD and BC at A- and By,

ABand CD at By anc Cp, BC and DA at Cyand D3, CL and 4B
at D; and Ay respectively. Then

A1By  BiCy CiDs DjAd»
4B BC CD D4
S. Zetel’, Matematita v tkole 1949, No. 4, 62.

~ -
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15.15 1If a quadrilateral haza circumscribed circle with radias
R and an inscribed circle witi radius 7, then

2 r\/§.

Ju. 1. Gerasimox' and O. A. Kotii, Matematika v skole 1964,

No. 1, 8.
L. Carlitz, Math. Mag. 38 (1965), 33-35.

15.16 4F < a2-824-c2+4-42

Equality only for a square.

Z. A. Skopec and V. A. Zamrv, Zada&i i teoremi po geornetrii,
Moskva 1962, p. 82.

15.17 4F < p2+q2.

Equality holds if and only £ the diagonals are orthogonal and
equal.

Z. A. Skopec and V. A. Zazrv, Zadadi i teoremi po geometrii,
Moskva 1962, p. 82.

15.18 Let four points 4, E 7, D be given.

1°, I{ D is in the interior oron an edge of triangle ABC,-then,
for all points P _
PA+PB+-PC-2D>DA+DB+-DC.

Equality holds enly if P concides with D.

2°. If no vertex is on or in e triangle formed by the other
three points, then

PA4+P:+PC+PD

is minimal for the point of irrersection of the diagonals of the
convex quadrilateral defined v the four points.

H. W. Guggenhkeimer, Plare Geometry and its Groups, San
Francisco, Cambridge, Londor, Amsterdam 1947, p. 178.
15.19 Let A4, By, C1, D1 be e midpoints of the sides BC, CD,
DA, AB respectively. If F; is the area of the quadrilateral
enclosed by the lines 44;, BX;, CCy, DDy, then

%F<;r:1 ~<\%F



INEQUATTIES FOR QUADRILATERALS 133
Equality only for azarallelogram.
T. Popovriciu, Problzn 5897, Gaz. Mat. 49 (1943), 322.
15.20 Suppose that Je quadrilateral ABCD is convex and 4D
is not parallel to BC. £ PQi' AD (P-intersection of the diagonals
ACand BL3; Qon AB. QR!"BC (R on AC), RS||AD (S on CD),
and if Fy i the area @ PQRS, then

i< :_,%—F. (1)
Proor. The quadriiizeral PQRS is a parallelogram.
AC AC :
40C = ——-ar R=_——-F; = = F,.
area 4QC PR ara PQ app 11 area 4A5C 2
Hence
Az AC AcC?
ABC= -F '=”—'-'F"=—-——-——-——--—-P
ares 4 “*T AR "*T2pR-AR !
and
cr AC AC?
ADC=— Fp=——r - Fy=——— - F}.
e ¢ "*TRc "*TzPRRC !
Adding twogether the ibove-mentioned relations, we get
AC3
F= ¢ . Fy,
2PR-AR-RC
whence ST - -
5 - RC 24AR2-RC
—_— = 2_!". g ’\ M
' R To I To B
or -
F AR
-—F—I < Z:M1—x), where x = Tl

At

x and 2—2x, we get (11
Y. Hattori, Math. Gez 47 [1963), 148-150.
E. Szekeres, Math. Giz. 4 {1964), 439440

Byv applying the ariimetic-geomeiric mean inequality to x,

15.21 Let ABCD be « convex quadrilateral. Consider a point
A; on the straight lin: {B so that the point B lies between
the peints 4 and 4, =24 the eguaiity 44, = BC-7D--D4
is zzusfied. I By, €y, D- ire Zztermuned on the Lnes BC, ©D, DA
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in the same manner as point A;, then
§< per A1 B1C1y

3 per ABCD
D. M. Batinetu, Problem E 1725, Gaz. Mat. B 12 (1961), 501.

<3S

1522 Let 41424344 be a square and let P be an arbitrary
point in its plane. Then

PA1+PAg+PAs+PAs> (14+/2) max PA¢+min PA,,
(i) 1)

equality taking place when P lies on the circumcircle of the
square.
Proor. Without loss of generality we may assume

PAs > (PAg, PA;) = PA4,.

Then, by Ptolemy’s theorem (see: 15.4)
(PA1)(A3d4)+(PAs}(A144) > (P44)(4143),

sguality occurring if and only if .4, P, 43, A4 are concyclic.

Since A3ds = A144 = A143/\/2, we infer that o
PA+PAz> PA 4\/5.

Herice S

P4, -PAstPAg+PAy> PA2+Pas+Pd,,

equality holding when P lies on the circumcircle of the square.

I. S. Gal-L. Bankoff, Problem E 1308, Amer. Math. Monthly
65 (1958), 205 and 710.

15.23 Let 4BCD be a quadrilateral. It need no: be convex and
may even possess a double-point. Let

Py = (—atb+ctd)(a—btctd)arb—ctd (at-btc—d)
and
P: = {a+b+c+d)(—a+b+c—dj(a—btc—d (at-b—c—a).
If Z; >0, then
Py L 16F2 L Py (1
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Equality at the right side occurs if ABCD is a convex cyclic
quadrilateral (Steiner's theorem). Such a quadrilatexal exists
always.

If Py > O there exists a non-convex cyclic quadrilizteral the
sides of which are (in a certain order) 4, b, ¢, 4. In that case the
equality sign at the left-hand side (1} holds for thait quadri-
lateral.

If P; < O no such quadrilateral exists. The inequalities (l)

can be replaced by
' C<16F2 < Py

and equality at the left takes place for the quadrilatera! (always
existing in this case) for which the diagonals are paralliel
O. Bottema, Euclides 15 (1938), 1-13.

15.24 0<cos? Ha+y) =cos? L(f+6) <1 if Py >0,

Py

0 << cos? Ha+y) = cos? (86} <
< cos? H{x+y) = cos? } (=6} T

if Pa<O,

where P; and Ps are defined in 15.23.
0. Bottema, Euclides 15 (1938}, 1-13.

15.25 pg = jac—0bd| if P2 >0,
- pg = ja2—b24-c2—d?| if Pz <0,

where Py is defined in 15.23.

Equality for the non-convex cyclic quadrilateral, respe. for that
with parzllel diagonals.

O. Boriema, Euclides 15 (1938), 1-13.

15.26 If 0 is one of the angles berween the diagonals, then
‘ sin?f = 1 i a2—b2Lc2—d2 =0,

In the other cases

Po i
= QSin'ﬁ-\\ j-f P">Ou
4ac—ba;? (ac -+ bd)? )
P
O<lan?fg — ! if Ps <O,
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where P and P> are defimed in 15.25
0. Bottema, Euclides 15 (1938), 1-13.

16. Inequalities for pol'vgons

16.1 For any pentagon .1142434.4;
5

5
3 (Aidiret+din1dipd)Aicdiy > T didie0? (Ais=44). (1)
f=1 =1
Proor. Since
Aidin+Aende > 4idize i=1...,5)

or
(Aidin+Andi}didie > 2idi02 (= 1,...,5),

we have (1).
16.2 Let A°, B', ', I, E’ be tie midpoints of sides of a
convex pentagon ABCDX. Then

area A'B'C*'D'E' = § ==a ABCDE.

16.3 Let 4BCDE be a convex p=xrtagon inscribed within a
unit circle with 4FE as drameter, th=a -

al-4-b2-f 2132 Labr—bed < 4, .

where a = AB, 8 = BC, ¢ — CD, ¢ = DE.
H. Dermir, Problem 1877, Amer. M:~h. Monthly 72 (1966), 410.

16.4 Consider a regular hexagon of area F, which contains
non-intersecting circles of radii 74, ..., 5. Then
nF
—
v 12

L. Fejes Toth, Lagerzngen in der Zbene, auf der Kugel und
im Raum, Berlin 1953, 2. 75.

i+ ... +ra)" 2

16.5 Let {(n—1)s be the perimenr of an n-gon with sides
ag (1=1,...,n; and et @y <<s =1, ...,n). Then
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7 an , an

< n
n—I1 asgt+...+an as—...+tan+ay

a n—1
~ <

+ ()

al“- . +an.-1 = n_"‘z '

ProoF. Denote the expresstn whose bounds we want by

S. Since
a;<sfor:=1, ..., n,

we have
ay-t. ..+ a1 T aint. . —ag = (n—1)s—a; > (n—2)s,

so that

. _(n—1)s
S g At ha =T

which represents the right-hanZ side of (I).
Since we can write .S in the Trm

1 1
S= i -
f (02“!*-’-%!4% v a3, .. —2g—4dy +
+ - n—1)s—n 2
o ¢1+--—+anf1)(, ,) : @
and since by the zrithmetic-he==onic mean inequality we have
1 " 1 n N ]
a2+_ ..+tan ag-.. .—-:~aﬂ—,'-—£1 T 41+---+an—1

>ni(as+. .. +oy (@t .. tagta) b ..

the !=ft-hand side of {1} follows Zom (2).

This proof is due= to P. M. Vasé.

M. Petrovié, Prlletin AMathsz:dque de la Société Rozmaine
des Sciences 40 (1 238}, 205-20=
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S. Pavlovi¢, Uvodjenje mladih u nauéni rad, I, Matematitka
bibli:teka, sv. 18, Beograd 19€1, 139-142.
16.6 For every convex n-gon, with area F,
n
> a? > 4F tg —.
”

=1

Pryor. We use the fact that of all #-gons with the same peri-
meter, the regular n#-gon has greatest area. Thus

na?
Fm—no
z1igan

n
wher= na = 5, 4. The Cauchv-Schwarz inequelity, however,
=1 .
gives
n n n n
na?=n (% e)2<n T a)(T 1) = S ad,
{=1 i=1 i=1 =1
wherce the desired inequality follows.
E. Just-N. Schaumberger, Problem 1£34, Amer. Math. Month-
Iy 7C 11563}, 1005 and 71 (1964}, 796.

16.7 Let P be an internal point of a conivex n-gon. If r¢-is the
radits of the incircle of the tnzngle A;P4; 4 (k= 1, ..., nand

nf -
333
TEs inequelity is due to Chr. Karanitolov.
16.8 Let R; be the distances from zn internz: point 2 of an

n-ge- to its vertices, and 7; be the distences from P to its
csides. Then

5T n
Ry...Ry>{se=c— r1...1y.
1

L. Fejes Téth, Lagerungen in der Ebene, auf der Kug=! und
im Fzum, Berlin 1953, p. 33.

R=arg. For n == 3 we have 12.25.
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16.9 Let Ay, ..., A, be the vertices of a convex n-gon and
P an internal point. Let Ky = PAj; and let 7, be the distance
from P to the side ApAgs1.

L. Fejes Téth has conjectured the following inequality

- n

”®
(cos -—) Y Rz Y e (1)
n ) k=1 k=1

For n =3, (1) reduces to the Erdds-Mordell’s inequality
(see: 12.13).

Inequality (1) for n = 4 was proved by A. Florian.

Later, Lenhard proved (1) for every natural number # > 3
and deduced the following stronger inequality

n

(c0s2) £ Fa> £ o
7} =y k=1
where @ is the segment of the bisector of the angle AyPAx+1
= 2¢; from P to its intersaction with the side 4441
Lenhard proved also that the following inequality holds:

/
v RypRp-1 €08 @j 2 wi 2> 7.

L. Fejes Toth, Lagerungen in der Ebene, auf der Kugel und
im Raum, Berlin 1953, p. 33.

A. Florian, Elem. Math. '13 (1958), 55-58.

H. C. Lenhard, Arch. Math. 12 (1961), 311-314.

16.10 Let Ay, ..., A, be the vertices of a regular polygon and
let P be an point in its interior. Then at least one of the angles
4:PAy satisfies the following inequalities

1
::l:(l — ——) < APA; < a.
n

P. Erdos, Problem 4086, Amer. Math. Monthly 50 (1943}, 391;
5i( 1944), 480 and 54 (1947, 117.

16.11 Let A4y, ..., A, be the vertices of a regular polygon, P
any- point, then
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I+(—1)= 4
n T -cosec§~—
N AP > || cos— n —=2x AP
k=1 2n E
| I+(=1)=_.
- ——=in 4 P.
2 k

This result is the best possible.
I. S. Gil, Bull. Ecole Polytech. Jassy 3 (1948), ==-106.

REMARK. This inequality is a generalization of 15.22.

16.12 Let 4,, ..., A, be the vertices of a conv=x n-gon and
P an internal point. Then

2

where L is perimeter of the n-gon.
A. Natucci, Periodico Mat. (4) 29 {1951), 98-iC..

16.13 Let P be an internal point of the cozwzx pclygon
Ay, ..., An. Let R denote the distance from P = the vertex
Arandriitsdistancetotheside ApAdry Lot ze= <4 ;4 4,5,
Then

L n L
— < 3 AP < (r—1)—,
k=1 2

= s ok n
Y Rysin—2> I 7. (1)
k=1 2 i1

Equality holds if and only if all sides of the polyg:c are tangent
to a circle with centre P.

PROOE. Let fy = < PA;Ars;. From the tricmzie PALPy,
where Py is the orthogonal projection of P = the sides
ArArs1, we get

ri=Rgsinfy (k=1,...,n. (2)

From the triangle P.d4 ;4 Pr we obtain

re = Rrasin (men—Fra) (k=1,...2—1). (3
g = Rl sin (acl—-ﬂ]).
Adding together (2) and (3), we get
'

: n
23 re= 3 Refsin(ap—pFi)+singi.

£=1 =]
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ie.

n
2 E Ty =2 i Rk Sin—a—ECOS";'/—EE — ﬂk) (4)
k=1 k=1 2 \

Using cos{(«x/2)—B:] < 1, (4) gives (1.

Equality holds if and only &f cos{(ez/2—f] = 1, i.e., if and
only if ax = 2fx. This condition is satisied if the sides of the
polygon are tangent to a circle with cenze P.

This result is due to R. R. Janié.

16.14 If F is the area of an 1z-gon of diemeter 1, then

Fel T g T
L —cos —tg —.
2 7 an

N. D. Kazarinoff, Analtic Imequalities. New York 1961, p. 84.
16.15 Let 4,...4, be a convex polygo= and let
ap = XApAxdra (R=2,...,n—1)
¢ = LAdpa1dadr., p= $1,4:4
be its internal angles. If

AyAe = ApAz=.. .= Ap14, = 4,41
and
a2 Z a3z ... 2> ap1 (1
then
- - = )

Inequality holds in (2) if ancl only if a- least one inequality
occurs in (1).

S. Bilinski, Glasnik matem.atitko-fisi‘d i astronomski, 16
(1961), 155201,

16.16 Let a polvgon contain @ circle wit radius r. Then

ay-t-as+...4a, . n

min > mzn .
" lay+ljea+—. .. +1/a,

Equality hoids only for # = 3.
F. Leucnberger, Elem. Math. 15 (1960;, 77-79.
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16.17 Let ay, ..., an be the distances of any point on the
circle, circumscrived with radius R about a regular x-gon, to
its Ve]"ﬁces. ThEl ’
RVZn<ay 4. .. +a, <mv/2. (1)
ProwF. Since
a12+ . a2 = 2R,
(a1+ PR —;-1.")2

n

a4 ... Fa2< (@ . . +an)?

inequality (1) is ndeed true.
M. Petrovi¢, Rafunanje sa brojnim razmacima, Beograd
1932, p- 82.

16.18 With the notation of 16.17, we have

2R cotc--— L<a1+...+a, < 2R cosec —1-
2n 2n

P. M. Vasié¢ an? Z. Zivanovi¢, Univ. Beograd. Publ. Elektro-
tehn. Fak. Ser. Mit. Fiz. No. 181-No. 196 (1967), 67-68.

16.19  About a =xle is circamscribed a regular polygon of #
sides each of lengs ay,, and within this circle is inscribed a regu-
lar pofygon of % zsides each of leng‘th bi. Then the fo]lowmg

mequa,_htles hold:
An-y > by (n = 3, 4),
gy < by mn=235,6...),
289 > bptbya (=23, ...,8),
2053 < bptbpzy (n=2910,...).
N Obre»kov Zroblems 30 and 31, Fiziko-matematiceskoe
spisanie (Sofia) :1960), 310-312.

16.20 If &y is th: sum of zll the perpendiculars from the centre
to the sides of a rzrular polyvgon of & sides which is inscribed in
a circle of radius x, then

Spa1—Sr > R.
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16.21 Gven a circle C of circumference U. Let p, be the peri-
meter of Z1e regular #-gon inscribed in C and P, the perimeter
of the ciramscribed regular #-gon (n > 3). Then

1°. The s«uence ($n) is monotonously increasing, and
the seruence (Pjp) is monotonously decreasing;

2°. #pa+iPr > U.

A proa of this inequality, due to D. D. Adamovi¢, can be
found in:D. S. Mitrinovié¢, Elementary Inequalities, Groningen
1964, pp. 115-117.

16.22 Gven a circle C with radius R. Let o, be the perimeter
of the regilar n#-gon inscribed in C and O, the peﬁmeter of the
circumscrbed regular #-gon. Then

0n+0n > 42'IR. (])
PROOF. Ve chall first prove that

sinx+tg x > 2% for o<x<l;—. )

Consid= the function f(x) = sin x-tg x—2x. Its derivative
is
(1 —cosx)(1+cosx(I—cosx)}

P =208 ¥+ —2= .
f'x): “cos2x - - coszx- - -

_ Since 70) =0 and f'(x) >0 for 0 <r<z2, one gets
flx) >0, le., (2).

Since 0, = 2Rn sinz/n and On, = 2Rn tg z/n, we bave

n

T t
on+0pn = 2Kn (tm — g )
n
For n ;> 3, we get 0 < zfn < =/2 and consequently

- / br 4 T
sin — +tg —>2—.
) n n

Therefaz: (1).
Mateme=—ka v gkole, 1965, Neo. 3, 76.
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16.23 Let F, L, r, R be area, perimeter, radiees of incircle,
radius of circumcircle respectively of a convex n-gon. Then
2z

n .
nr? tg— < F < inR2 sin —,
” n

7 .
2nrtg — < L < 2nR sin —.
n n

Equalities hold if and only if the n-gon is equilzteral.
J. Kirschak, Math. Ann. 30 (1887), 578-581.

16.24 The area of any n-gon, inscribed in an umit circle i at
most equal to in sin 2nfn.

ReMARK. This inequality was to be proved bw high school
students on competition in China in 1957.

16.25 Given a convex polygon inscribed in a circle, with ved-

ces Ay, ..., A,. Consider a second polygon, whose consecuive

vertces are the midpoints of the arcs A1As, AsAs, ..., Ard1.

Then the area of the second polygon is greater or equal to the

area of the first polygon, with equality if and only if the ir==al

polygon is regular. -
M. S. Klamkin, Math. Teacher 60 (1967), 323-328.

16.26 Let v, R, L be the radius of the incircle, radius of the
circumcircle and the perimeter of a regular polvgon, respectively.
Then

22VrR2 < L < 3=(r+2R).

E. Catalan, Question 65, Mathesis 2 (1882), 85-88 and 245-:43.

16.27 If ¢, denotes the area of a regular n-sidexd polvgon Ln-
scribed in a circle of unit radius and if T, denotes the area :fa
regular #-sided polygon circumscribed about this circle, tha:

3tnTn tn+-2Ty,
LI P PRkl
 Tat2ta 3

P. Szdsz, Mat. Lapok 5 (1954), 73-78.
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16.28 Denote L and L' the perimeters of two polxgors inscribed
in the same circle. If the largest side of thre second is lss than the

smallest side of the first, then
L<lL'
J. V. Uspensky, Amer. Math. Monthlx 34 (1927), £7-250.

16.29 Let F; be the area of the convex polygon iscribed in
an unit circle and let F, be the zrea of the circumscrit=d polygon
whose points of contact with the circle caincide with e vertices

of the inscribed polygon. Then
F i+F c= 6.
Equality holds only for squares.
Rerark. This inequality was conjectured by P. Szdsz and
has been proved by: J. Aczél and L. Fuchs, Composiic Math. 8
(1950}, 61-67.

17. Inequalities for a circle

17.1 Let P be a point insice the circle K of rzZus R I
arc AF = arc FB, with arc 48 < Rx and P4 <°B, then

AN N
APF > FPB.

Renarg. This theorem was given to be proved by secondary
school students at the competiZion in Hungary in 1%.

17.2 Let A and B be two points outside a circle ¥ and let
the siraight line segment AB pot intersect this circie If C and
D ar= the points of contact of zangent Ines drawn fom A and
B wizh opposite orientation to the circie A, thea th: following
inequzlities hold

|[AC—BD| < AB < AC+BD. (1)

If zhe straight line A B intersects the circle A neitherneguality
in (1} holds.

ProoF. Let the straight line segment 4B not inresect this
circle. Consider the triangle AZM, Jf being the Intez-ction of
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the tangent lines. We have
AMABM > :B > |AM—BM]|.
Since .
AC > AM, BD > BM, MC = MD,

we get
ACH+BD > 8 > |[AC—BD)|.

If the straight line 4B cuts e circle we shall have two cases:

1°. the points of intersectim of the straight line 4B and the
circle lie between 4 and B; '

2°. the points of intersectim of the straight line AB and the
circle do not lie between 4 aid B.
If 1° holds, we Bave

AB > AE-=B > AC+BD,

where E and F are the intersction segment AB with OC and
OD respectively.

1f 2° holds, the segment A! lies in the angle CAC", where C’
is the point of comtact of th: «cond tzngent line drawn from
point 4. Let us draw anothe drcle, concentric to given circle,
through point B. Let this nev circle cut AC and AC’ in poicts
E and E’. Then :

AB < AE = A7 —EC = AC—BD.

V. B. Lidskii, L. V. Ovsjanzikov, A. N. Tulatkov, M. L. Satu-
nin, Problem 362, Zadadl po <ementarnol matematike, Moskva
1962, p. 62.

17.3 A circle is ipscribed 1. a right angle with vertex in A4
such that it touches the legs »f the angle in points 4 and C.
1f a tangent line cuts the legz 1B and AC in the points 1 and
N (AM < 4B, AN < AC), hen

HAB—AC) < MI—NC < }(AB-+AC).

Proor. If K is the peint o zontact of the tangent AN and
crcle, then we have MB = 4K and NK = NC, whence

MN ={B--NC. )
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Since
MN < AM+AN,
we get
2MN < AM+MB4+AN--NC = AB-+BC.

On- the «other hand, MN > AM and MN > AN, i.e.,
2MN > AM-+-AN,
and because of (1} we obtain
BMN > AM+MBEANL-NC = AB+AC.

17.4 Comnsider two circles of radii R with centres in points C;
and Cp. Let A be a point on the first circle, and B; a point on

the secondi.
If point B2 is symmetrical to point By in respect to the straight
line C;Cs sand if C1C> = R, then

AB12+4ABy? > 2R2. '

Proor. From triangles ABB; and .4 BB», where B is midpoint
of the stratght line B;Ba, we have

N

ABy2 = 4B?}BB2—~2 AB BBj cos ABB;, (1)
. N

ABs% = 4B24BB32—2 4B BB> cos ABBg. _ (2}

Since A:BB1+ABBs = z, adding together the equalities (I)
and- (2), we obtain

ABy2-ABy? = 2(4B*+BB;?). (3)
From () and inequality 4B > BC», we get
AB 12+ AB: 2 2(BCy2+BBy?) = 2-B1C22 = Z-R2.

17.5 If AC and BD are two mutually perpendicular chords of
a circle wizh radius R, then

2R < AC+BD< 4R, (1)

Proor. Lzt E be the other end of the diameter which passes
through tlze pomt 4 and let P dennote the point of interssction
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AC and BD. Then we get the equalities:
PA+-PB? = AB?, PC?+PD?= CD?= BE?,
whence
PA24 PB24PC?4 PD? — AB2-+BE? = 4R?. (2)
On the basis of the inequalities

(x+y+z+)2
4

L 224y 4242 < (xty+2+1)2,

where x, ¥, z, t are non-negative real numbers, we see that the
sum of squares on the left-hand side of identity (2} is between

P4+ PB+PC+PD)? = }(AC+BD)*
and -
(P4+4-PB+PC+PDj2 = (AC+BD)2,
ie.
}HAC+BD)2 < 4R? < (AC+BD)2.

Whence (I} follows.
M. Petrovié, Rafunanje sa brojnim razmacima, Beograd
1932, pp. 84-85. | - o
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AC and BD. Then we get the equalities:
PA?+PB? = AB?, PC*+PD?= CD? = BE?,
whence |
PA?24PB24+PC2-PD? == AB24{BE? = 4R2. )
On the basis of the inequalities

(x+y+z+2)2
4

24P+ 42 < (xHy 2R

where x, ¥, 2, { are non-negative real numbers, we see that the
sum of squares on the left-hand side of identity (2} is between

{PA+PB+PC+PD)?2 = }(AC+BD)®
and :
(P44-PB+PC+PDj? = (AC+BD)2,
ie.
1(AC+BD)2 € 4R® < (AC+BD)2.

Whence (1) follows.
M. Peovié, RaCunanje sa brojnim razmacima, Beograd
1932, pp. 84-85. S
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