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. What is the value of
21+2+3 i (21 + 22 + 23) 2

(A)O (B) 50 (C) 52 (D) 54 (E) 57

Answer (B): The expression in the problem simplifies to

20 (2+4+8)=64—14=50.

. Under what conditions is va2 + b2 = a + b true, where « and b are real numbers?
(A) It is never true. (B) It is true if and only if ab = 0.

(C) Itis true if and only if « + b = 0.

(D) It is true if and only if ab = O anda + b = 0.

(E) It is always true.

Answer (D): Squaring both sides produces
@ +b% = (a+b)?* =da® +2ab + b,

which is equivalent to ab = 0. Thus ab = 0 is a necessary condition for v/a? + b%2 = a + b to be true. But
ab = 0ifand only if a = 0 or b = 0, in which case the given equation becomes either Vh? = b or Va2 = a,
which are true if and only if » > 0 or a > 0, respectively. It follows that v/a? + h? = a + b if and only if
ab = 0and a + b = 0. In other words, for the given equation to be true, one of the variables must be 0 and the
other must be nonnegative.

. The sum of two natural numbers is 17,402. One of the two numbers is divisible by 10. If the units digit of that
number is erased, the other number is obtained. What is the difference of these two numbers?

(A) 10272 (B)11,700  (C)13.362  (D)14.238  (E) 15.426

Answer (D): Let n be the number that is known to be a multiple of 10. Then the other number is 1. The sum

condition says that n + % = 17,402, which can be rewritten as % = 17.402. Multiplying both sides by %

gives n = 15,820. The requested difference is 15,820 — 1,582 = 14,238.
OR

Let s be the lesser number. Then the greater number is 10s and the sum of the two numbers is 11s = 17,402,
This gives s = 1,582, and the difference of the two numbers is 9s = 14,238.
. Tom has a collection of 13 snakes, 4 of which are purple and 5 of which are happy. He observes that
» all of his happy snakes can add,
* none of his purple snakes can subtract, and
« all of his snakes that can’t subtract also can’t add.
Which of these conclusions can be drawn about Tom’s snakes?
(A) Purple snakes can add.
(B) Purple snakes are happy.
(C) Snakes that can add are purple.
(D) Happy snakes are not purple.

(E) Happy snakes can’t subtract.
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Answer (D): To see that choices (A), (B), (C), and (E) do not follow from the given informtion, consider the
following two snakes that may be part of Tom’s collection. One snake is happy but not purple and can both
add and subtract. The second is purple but not happy and can neither add nor subtract. Then each of the three
bulleted statements is true, but each of these choices is false.

To show that answer choice (D) is correct, first observe that the third bulleted statement is equivalent to “Snakes
that can add also can subtract.” The second bulleted statement is equivalent to “Snakes that can subtract are not
purple.” The three bulleted statements combined then lead to the conclusion “Happy snakes are not purple.”

OR

Let H, P, A, and S denote the statements that a snake is happy, is purple, can add, and can subtract, respectively.
Let — denote “implies” and ~ denote “not”. Recall that an implication X — Y is logically equivalent to its

contrapositive
(~Y)—=(~X).

Then the three bulleted statements can be exactly summarized as
H—-A— 85— (~P).

Choice (D), which is
H — (~ P),

follows from the transitivity of the “implies” relation. However, choices (A), which is P — A; (B), which is
P — H;(C), whichis A — P;and (E), whichis H — (~ §), do not follow from those three implications.

5. When a student multiplied the number 66 by the repeating decimal,

where a and b are digits, he did not notice the notation and just multiplied 66 times 1.a b. Later he found that
his answer is 0.5 less than the correct answer. What is the 2-digit integera b ?

(A) 15 (B) 30 (C) 45 (D) 60 (E) 75

Answer (E): The given condition is

which is equivalent to

Because b
—  a
O.ab = il
=42= Y9
this is equivalent to
[ ab
2 9900°

from whicha b = 75.

6. A deck of cards has only red cards and black cards. The probability of a randomly chosen card being red is '3
When 4 black cards are added to the deck, the probability of choosing red becomes %. How many cards were in
the deck originally?

@ae  ®9 (©12 OIS (E)I8
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Answer (C): Let r and b be the numbers of red cards and black cards, respectively. Before adding the additional
cards, the probability of choosing a red card is r:-b = % This implies 3r = r + b, so 2r = b. After 4 black
cards are added, the probability of choosing a red card is

r r 1
r+b+4 3r+4 4
Therefore 4r = 3r +4,s0r = 4. Then b = 2r = 8, and the deck has 4 + 8 = 12 cards in all.

OR

Let t be the number of cards and r be the number of red cards in the deck originally. Then the ratio of the
original probability of choosing a red card to the probability of choosing a red card after the 4 black cards have
been added is

I 1
i o 3
r 1 -
+a 7
This simplifies to
t+4 _ 4
=

Therefore 3(t +4) = 4r and t = 12.

. What is the least possible value of (xy — 1) 4 (x + y)? for real numbers x and y ?
1 1

(A)0 (B) i (©) 3 D)1 (E)2

Answer (D): Because
(xy =12+ (x+p)?=x??2+x2+y2+1=(x2+1) (2 +1)

and both factors are at least 1, the least possible value of the expression is 1. It occurs when x = 0 and y = 0.

. A sequence of numbers is defined by Dy =0, D} =0, D, = 1,and D,, = Dy_; 4+ D,_3 forn = 3. What are
the parities (evenness or oddness) of the triple of numbers (D2g21. D2g22. D2¢23), where E denotes even and O
denotes odd?

(A) (O,E,0) (B) (E.E, Q) (C) (E,0.E) (D) (0,0,E) (E) (0,0,0)
Answer (C): The parities of the first 10 terms of the sequence (D,,) are as follows:

n O 1 2 3 4 5 6 7 8 9
Parity E E O O O E O E E O
The terms D7, Dg, and Dg have the same parities as Dy, D, D, respectively, so the sequence is periodic with
period 7. The remainder when 2021 is divided by 7 is 5, so the parities of (Dag21, D2¢g22. D2¢p23) are the same
as the parities of (Ds, Dg, D7), namely (E, O, E).

. Which of the following is equivalent to
2+3)2% +3%)(2* + 39)(2% + 3% (2! + 316)(2% + 31 (2% + 3%%)?
(A) 3127 +212? (B)3127 +2127 +2_363 +3_263 (C} 3128_2128 (D) 3128 +2128 (E) 5]27

Answer (C): The product telescopes as follows:

2+3)2* 4392+ 3 38 M 432
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=(B-2B+2)3*+2H3*+2H3E% + 2% --- (3% + 2%
= (32-29)(32 +25)(3* +29H(3% +2%)--. (3% + 2%
= (34 _ 24)(34 + 24)(38 4 28) . (364 + 264)

— (364 _ 264){364 + 264)
— 3128 _ 2128.

10. Two right circular cones with vertices facing down as shown in the figure below contain the same amount of
liquid. The radii of the tops of the liquid surfaces are 3 cm and 6 cm. Into each cone is dropped a spherical
marble of radius 1 cm, which sinks to the bottom and is completely submerged without spilling any liquid. What
is the ratio of the rise of the liquid level in the narrow cone to the rise of the liquid level in the wide cone?

(A)1:1 (B) 47 : 43 (©2:1 (D) 40:13 (E)4:1

Answer (E): If two cones have the same volume and the radius of the narrow cone is one-half the radius of
the wide cone, then because the volume of a cone varies directly with both the square of the radius and the
height, it follows that the height of the narrow cone is 4 times the height of the wide cone. The volumes of
liquid are the same both before and after the marble is added, so both heights for the narrow cone are 4 times
the corresponding heights for the wide cone. Hence the rise of the level in the narrow cone is also 4 times the
rise of the level in the wide cone.

OR

Let /1y and /> be the heights of the liquid in the narrow and wide cones, respectively, before the marble is
dropped in. The two equal volumes of liquid are

1 1
3% -hy=—-n-6% hy,
3 3

which implies i} = 4h,. When the marble of volume %Tr is added, both the heights and the radii of the conical

volumes of water change, but the volumes remain equal. Let R; and H; be the new radius and height for the
new narrow cone, and R, and H» be the new radius and height for the new wide cone. Then
1 4
gﬂRle =3rh; + E;rr.

By similar triangles, R; = o Substituting and solving for H; gives

1
| 4
H] = 4 :’?:li + Eb%.
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Letting /iy = 4h3 gives

64
Hy = {[64h3 + Ehg,

1
Hy =43[n + 55

which is equivalent to

Similarly,
1 4
;JTR% Hy = 12mhy + 311'.

and by similar triangles, Ry = %. Substituting and solving for H> gives

1
Hy = {[h3 + ghg.

It follows that the ratio of the rise of the water levels is

Hy—hy 43h3+5h5—4hy

Hy—hy

VB3 + 5h3 —hy

. A laser is placed at the point (3, 5). The laser beam travels in a straight line. Larry wants the beam to hit and

bounce off the y-axis, then hit and bounce off the x-axis, then hit the point (7. 5). What is the total distance the
beam will travel along this path?

(A)2V10  B)5v2  (©)10v2  (D)15v2 (E) 105

Answer (C): Reflect 7(7,5) about the x-axis to get T'(7, —5). Reflecting this point about the y-axis gives
T"(=7,-5). Because reflection is an isometry and the angle of incidence equals the angle of reflection, the
segment of the beam’s travel from (0. 2) to (2, 0) has the same length as the line segment from (0, 2) to (-2, 0),
and the segment of the beam’s travel from (2, 0) to T'(7, 5) has the same length as the line segment from (-2, 0)
to T"(—7.—5). Therefore the total distance of the path from L(3.5) to T(7.5) is equal to the distance

LT" = /(3= (=7))* + (5— (=5))* = 10v2.
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12

All the roots of polynomial z6 — 10z° + Az* + Bz3 4 Cz? + Dz + 16 are positive integers, possibly repeated.
What is the value of B ?

(A) —88 (B) —80 (C) —o64 (D) —41 (E) —40

Answer (A): Because this polynomial has degree 6, there are 6 roots, counting multiplicities. By Vieta’s
formulas, the sum of the roots is 10 and their product is 16. The only way this can happen is for the roots, listed
with repetitions, to be 1,1,2,2,2,2. Thus the polynomial is (z — 1)?(z — 2)*. By the Binomial Theorem, this

polynomial equals
(z2 =2z +1)-(z* — 82> + 2422 — 32z + 16).

When this product is expanded, the coefficient of z3 is B = —32 — 48 — 8 = —88.

OR

Proceed as in the first solution. Then, using Vieta’s formulas, observe that — B is the sum of the products of the
roots taken 3 at a time, namely

ez (Y)ez v ())e o

This gives a total of 32 + 48 4 8 = 88. Therefore B = —88.

. Of the following complex numbers z, which one has the property that z° has the greatest real part?

A)-2 B)—V3+i (O—-V2++2i (D)-1+3i
(E) 2i
Answer (B): Each of the five given numbers has the same modulus, 2. In polar form, the five numbers are,

in the order of the answer choices, 2cis (), 2cis (27), 2cis (37), 2cis (37r). and 2 cis (37). Thus their fifth
powers are, respectively,

32cis (5m) = 32cis (),

32cis (én) = 32cis (lfr)
6 6
32cis (En) = 32cis (—ln).
4 4
(10 ) 2
32cis (TK) = 32cis (—gn). and
32cis (gn) = 32cis (%JI’)

All of the arguments have been rewritten here to lie between —m and m, inclusive. Therefore the one with the
greatest real part is the one whose argument is closest to 0. This is 32 cis (%}1’), the fifth power of —3+i.

. What is the value of

20 . 100
(Z logsk 3"‘) ’ (Z logok 25“) ?
k=1 k=1

(A)21  (B)100logs3  (C)200logy5 (D) 2,200
(E) 21,000
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Answer (E): Note that
log 3K* _ k?log3  log3
log5¢  klog5 — log5

logsk 3 =

and i
log 25 2klog5 log5
loggk 25k = g = e _ B
log9%  2klog3 log3
Thus
2 log3 log3 20-21 log3
Zl()dsa 3k sl Zk SEE R ZIO-i
log 5 log5 2 log 5
and /s
log5
3 loggi 25% = 100+ —o=.
log 3
The requested product is 210 - 100 = 21,000.
. A choir director must select a group of singers from among his 6 tenors and 8 basses. The only requirements
are that the difference between the numbers of tenors and basses must be a multiple of 4, and the group must

have at least one singer. Let N be the number of groups that could be selected. What is the remainder when N
is divided by 100 ?

(A) 47 (B) 48 (C) 83 (D) 95 (E) 96

Answer (D): Suppose the number of tenors selected is t and the number of basses selected is b. Then the
conditions require that £ = b (mod 4), and (¢,h) # (0.0). Instead, consider having the director select the
tenors who will sing and the basses who will not sing. Then the director will be selecting 7 tenors and b’ = 8—b
basses, where t = b (mod 4),s0t +b' =t +8—h = 8 = 0 (mod 4). Thus the director selects k singers
from the 14 singers, where k = 0 (mod 4). The number of ways this can be done with at least one singer is

14 14 14
N=(4)+(8)+(u)
14 14 14
(4)*(&)*(2)
14-13-12-11 14-13-12-11-10-9 14.13
2321 654321 1 2.0
7-13-11+7-13-11-34+7-13
=91-(11 +33+1)

= 91-45
= 4095.

|

|

The requested remainder is 95.
OR
The calculation above can be done without messy arithmetic by using the properties of Pascal’s Triangle:
N—l4+l4—|—]4+14 14
~\o 4 8 12 0

7

=2



2021 AMC 12 A Solutions 9

OR

Let ¢ be the number of tenors selected and b the number of basses selected. Then there are 15 choices for (¢, b):
(0.4), (0.8), (1.1), (1,5), (2.2), (2,6), (3.3), (3.7), (4.0), (4.4), (4.8), (5. 1), (5.5), (6,2), and (6,6). The
number of ways to select the singers is therefore the sum of the following products of binomial coefficients:

(0)-2) -0

()-(3)-11-
()1)-wr-
()(2)-en
() 2)-o-on
() (1) --on
BEEE
(£)(3) -2
(£){1) -1
() 1) -
(£)-(3) -1
() 1) -01-
(£){2) -0
(£)(2)-ron-
BEREEE

The sum of the numbers calculated above is 4095, and the requested remainder is 95.
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16. In the following list of numbers, the integer n appears n times in the list for 1 < n < 200.
1,2,2,3,3,3,4,4,4,4,..., 200.200,.... 200
What is the median of the numbers in this list?
(A) 100.5 (B) 134 (C) 142 (D) 150.5 (E) 167

Answer (C): There are

200 - 201
|+2+3+...+2o(}:¥:20.100

numbers in the list, so the median is the average (mean) of the two middle numbers, the 10,050th and 10,051st
entries. The number of entries less than or equal to n is

1
1+2+3+...+,3:M_
Setting
ret D) _ 10,050
5 = 10,

and solving for n suggests that # is a little less than
1
v/20.100 ~ 100-2.012 ~ 100 (\/i-}- 7 -0.{)]) ~ 100(1.414 + 0.005) ~ 142.

A little arithmetic shows that

141(14:121 et (608D w = 10153 > 10,051,

so both of the middle numbers in the list are 142, and this is the median.

17. Trapezoid ABCD has AB | CD, BC = CD =43,and AD L BD. Let O be the intersection of the diagonals
AC and BD, and let P be the midpoint of BD. Given that OP = 11, the length AD can be written in the form
m/n, where m and n are positive integers and # is not divisible by the square of any prime. Whatis m +n ?

(A) 65 (B) 132 (C) 157 (D) 194 (E) 215

Answer (D): Note that ABCD is isosceles with vertex angle C, and CP is amedian. Thus CP L BD. Also,
because AD L BD, it follows that CP || AD.

43

A E B

Let E be the intersection of the lines CP and AB. Then AECD is a parallelogram, so AE = CD = 43 and
£DAE = /DCE. But ZDCE = ZECB, because CP is also an angle bisector in ABCD, and Z/DAE =
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18.

ZCEB, as corresponding angles, because CE || AD. By transitivity, /ZECB = Z/CEB, so ABCE is isosceles
with EB = CB = 43. Thus AB = AE + EB = 43 + 43 = 86.

Now ACOD ~ AAOB,so 8% = €8 = 1 Hence DO = 1 BD. This implies that

1 1 1
11=0P=DP—-DO=-BD—--BD =-BD,
2 3 6
so BD = 66.

The Pythagorean Theorem in AABD gives

AD = vAB2 — BD? = /862 — 662 = +/20- 152 = v/4-5-8-19 = 4/190.
Thusm =4, n = 190, and m +n = 194,

OR

Note that AAOD and ACOP are similar, so AD : CP = DO : 11. Also, ACDB is isosceles, so ZPBC =
ZCDB = ZDBA. Therefore ADBA and A PBC are also similar. Thus AD : CP = DB : PB=2:1.1t
follows that DO = 22, DP = 33, and BD = 66. Because ACDQO and AABO are similar with DO : OB =
1 : 2 it follows that AB = 86. The solution concludes as above.

Let f be a function defined on the set of positive rational numbers with the property that f(a-b) = f(a)+ f(b)
for all positive rational numbers @ and b. Suppose that f also has the property that f(p) = p for every prime
number p. For which of the following numbers x is f(x) < 07?

17 11 7 7 25
Wz @BF O @ ®F

Answer (E): If n is a positive integer whose prime factorization is n = pypa--- pg, then f(n) = f(py) +

f(p2)+--+ f(pr) = pr+p2+---+pr.Because f(1) = f(1-1) = f(1)+ f(1)., it follows that f(1) = 0. If
r is a positive rational number, then 0 = f(1) = f(r-1) = f(r) + f(%). which implies that f (1) = — ()
for all positive rational numbers r. Hence

f 7Y C17-5-2=750
? kP = = /=0,

-
_f(g)=?—2—3=2>(}. and

25

f(ﬁ)zz-S—ll =-1<0.

Of the choices, only x = % has the property that f(x) < 0.

How many solutions does the equation sin (% cos x) = cos (5 sin x) have in the closed interval [0, 7] ?

A0 B)1 ©2 M3 (E4

Answer (C): Let x be a solution to the given equation in the interval [0.7]. Then ¥ sinx € [0.%]. so
cos (% sinx) > 0, and therefore by the given equation, sin (5 cosx) > 0. Likewise, x € [0, 7] implies that

Z cosx € [—Z. Z], but because sin (% cos x) > 0, it follows that Z cos x is also in [0, Z].
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Because cosa = sin (% — @), the given equation is equivalent to
in (5 c0sx) =sin (3 — F sinx)
sin (—cosx ) = sin (= — —sinx),
2 2 2

s0cosx = 1 —sin x. Squaring both sides of this last equation gives cos? x = 1 —2sin x + sin® x, s0 2 sin” x —

2sinx = 2(sinx — 1)sinx = 0. From this it follows that x = 0 or x = % or x = m. The first two of

these values satisfy the original equation, but the third does not. (Squaring introduced this extraneous solution.)
Therefore there are exactly 2 solutions in the interval [0, ].

A

H y= cos(%sinx)

Hy

y=sin(5cosx)

20. Suppose that on a parabola with vertex V' and focus F there exists a point A such that AF = 20 and AV = 21.
What is the sum of all possible values of the length F V' ?

40 4] 43
an G5 OF OB &

Answer (B): Let £ be the directrix of such a parabola. By definition, the parabola is the set of points 7'
such that the distance from T to £ is equal to TF. Let P and Q be the orthogonal projections of F' and A,
respectively, onto £, and let X and Y be the orthogonal projections of F and V, respectively, onto line AQ.
Because AF < AV, there are two possible configurations that may arise, and they are shown below.

L Y
~
=l

iaY

Letd = FV = VP. Because AQ = AF = 20, it follows that AY = 20 —d and AX = |20 — 2d|. Because
FXYV isarectangle, FX = V'Y, so applying the Pythagorean Theorem to AAFX and AAV'Y gives

212 - (20—d)* = AV — AY? = VY?
= FX2 = AF? — AX? =20% — (20—2d)>.
This equation simplifies to 3d? — 40d + 41 = 0, which has solutions

g 20E V27T
= f.
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21.

Specifically, the lesser solution is the value of d with the right configuration and the greater solution is the value
of d with the left configuration. The requested answer is 139.

OR

Let V be the origin, let F lie on the positive y-axis, and let d = FV. The equation of the parabola is then
x2 = 4dy. If (x. y) are the coordinates of A, then x? + y? = 441 and y = 20 — d. Substituting for x and y
gives 4d(20 —d) + (20 — d)* = 441, which simplifies to 3d? — 40d + 41 = 0, and the solution proceeds as
above.

The five solutions to the equation
C-D(E+22+9)(*+4z+6)=0

may be written in the form x; + yii for 1 < k < 5, where x; and yj are real. Let £ be the unique ellipse
that passes through the points (xy, y1), (X2, ¥2), (x3. y3), (x4. v4), and (xs, vs). The eccentricity of £ can be
written in the form /%%, where m and n are relatively prime positive integers. What is m + n ? (Recall that the
eccentricity of an ellipse € is the ratio ¢, where 2a is the length of the major axis of £ and 2c¢ is the distance
between its two foci.)

(A)7 (B) 9 (O) 11 (D) 13 (E) 15

Answer (A): The solutions to this equationare z = |,z = —1 £ V3i,and z = —2 + /2. Consider the
five points (1,0), (-1, +4/3), and (=2, £+/2). These are five points that lie on £. Note that because these five
points are symmetric about the x-axis, £ must also have this property. Therefore the equation of the ellipse is of
the form ; ;
x — )
i Y HESD
a? h?
which is equivalent to
b?(x — h)? + a?y? = a?h?,
where the center of the ellipse is at (&, 0) with i < 1, @ is the length of the semi-major axis, and b is the length
of the semi-minor axis (or vice versa, but it will it turn out that a > b).
Evaluating at the point (1,0) yields @ = 1 — k. Evaluating at the points (=1, +/3) and (=2, v/2) vields the

equations
b2(1 + h)? +3(1 — h)? = (1 - h)?h?,

b*(2 + h)* 4+ 2(1 — h)* = (1 — h)*b*.
Multiplying the first equation by —2 and the second equation by 3 and then adding leads to i = —%. soa = %%.
It then follows from either of the above equations that h? = %. Note that ¢ > b, as promised. Letting ¢ denote

the distance from the center of the ellipse to a focus, and using the fact that ¢? = a? —b? for an ellipse, it follows

that ¢ = %. Then the eccentricity of the ellipse is % = \/% and therefore m +n=1+6=7.

The graph of the ellipse is shown below, with the foci marked.
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4 ]:illpse s foci

22. Suppose that the roots of the polynomial P(x) = x* + ax? + hx + ¢ are cos 2;', cos 2, and cos 6;’ where
angles are in radians. What is abe ?
3 1 I I I
A) —— B) —— C) — D) — E) —
(}49 ()28 ()64 ()32 (}28
Answer (D): By Vieta’s formulas,
a cos i + cos i + cos o (1)
= — —_— —_— C B —
7 7 7
b 2 4 £ 4 (%4 g 6 2 @)
R RO el e e e
cos7 cos 5 cos 7 cos 5 cos 7 ws7
2T 4 (3
¢ = —CO0S — - COS — - CO§ —. (3)
7 7 7

The roots of the po]ynomla] Q(\:) = x%4 x° 4 --- 4+ x + 1 are the six primitive seventh roots of 1, namely the
numbers cos —i— + i sin 22 for k = 1,2.3.4.5.6. These roots form three complex-conjugate pairs, so Q(x)
can be written m factored form as

0(x) = (x - (coszTH +isin 27”)) (.\: - (coszTH —isin 2_;3))

(o) o)

oo o)) o)
:( (2cos~—)r+1) (J\Z (2cos—)x+1) )

By expanding the last expression above for Q(x), the coefficient of x% in Q(x) is

2 4 bm
1 = —2COST — 2 cos - — 2¢cos -

It then follows from (1) thata = % Similarly, the coefficient of x* in Q(x)is

1 3+4( 08 2% cos4n+cos4n cos oz —Fccm‘fmr coszx)
= COS — COS — — COS — 5 — COs — |.
7 7 ) 7 7 7

and it follows from (2) that b = —%. Once more expanding (4) and using (3) gives the coefficient of x* in Q(x):
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23.

i 4( 2 & 4 4, 6}I) g 2w 4 6 sa+8
= —4| cos — + cos — +cos — ) — 8cos — cos — cos — = 4q i
7 7 7 7. 7 7

Thus ¢ = —3. The requested product is abe = % (1) (—§) = 35-

OR

Applying the identity cos Acos B = % (cos(A + B) + cos(A — B)) to the expressions for a, b, and ¢ from the
first solution gives

b= cosz—ﬂrcos‘:t—:rlr —1—(:0.‘;2—HcosfE —H:os‘:t—;rrcosb—Jr
7S 7 7 7 7 7
1 6 2 | 8 4 1 10 2m
= 5 (cosT +c057) + 5 (cosT +c057) = 5 (cosT —I—cosT)
1 (%14 2 1 6 4 1 4 2
= 3 (COST +c057) + 3 (cosT +c057) + 5 (COST +COST)
= —qa
and
27 45 6
¢ = —Cos T cos T COSs T
] 6 27 6
i _E (cns T -+ cos T) cos T
1 ,6mr | ( 8 437)
= ——C08" — — — | COS — -+ CO8§ —
2 7 4 7 7
1 127 I 6 4
= _Z (1 —|—cos7) — Z (COST +cosT)
= %(a — 1)

To compute a. use a double angle identity to obtain

6 8
08 k. = 008 . = 26082 = — ]
7 7 7
2 16w 8 6
cos — = cos — = 2cos®> — — | = 2cos® — — 1
7 7 7 7

4 2
~08 =2¢c i —1.
cos - cos -

Then
4 (%4 2
—a =2(cos®> — 4 cos> — +cos> — | -3
( 08 7 =+ CC - =+ CC 7
= 2(a®> —2b) — 3 = 2(a® + 2a) - 3.
S0 2a? + 5a — 3 = 0, from which it follows thata = % ora = —3. However, =3 <a < 3,s0a = %, bh = —%.
¢ = —4,and abc = 3.

Frieda the frog begins a sequence of hops on a 3 x 3 grid of squares, moving one square on each hop and
choosing at random the direction of each hop—up, down, left, or right. She does not hop diagonally. When
the direction of a hop would take Frieda off the grid, she “wraps around™ and jumps to the opposite edge. For
example if Frieda begins in the center square and makes two hops “up”, the first hop would place her in the top



24,
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row middle square, and the second hop would cause Frieda to jump to the opposite edge, landing in the bottom
row middle square. Suppose Frieda starts from the center square, makes at most four hops at random, and stops
hopping if she lands on a corner square. What is the probability that she reaches a corner square on one of the
four hops?

25

9 5 3 13
(A) T (B) 3 (©) 1 (D) o (E) T

Answer (D): Let m denote the middle square, ¢ denote a corner square, and e denote an edge square not in the
corner. There are four ways to reach a corner in at most four moves starting from m:

ec, with probability 1 - % =

emec, with probability 1 - % -1

eec, with probability 1§ -1 =

eeec, with probability 1 - 7 - 7 -5 = 3]—2,

itvpfl o 11 1 _ 25
for a total probability of 5 + g + g+ 353 = 55-

OR

The matrices below show the number of ways to reach each square after 1, 2, 3, and 4 hops.

01 0 2 1 2 2 5 2 10 9 10
1 0 1 1 4 1 5 4 5 9 20 9
01 0 2 1 2 2 5 2 10 9 10

The first matrix shows that after one hop Frieda will be on one of the side edge squares. There is exactly one
way to reach each of those squares in one hop.

The second matrix shows the number of ways to reach each square in two hops. For example to reach the upper
left corner, Frieda can come from the right or from below so the two 1s adjacent to the corner in the first matrix
are added to make 2 in the second matrix. It follows that Frieda can reach one of the corner squares in two hops
in 4 -2 = 8 different ways out of 4 = 16 possible two-hop sequences.

Now consider the third hop assuming that a corner square has not yet been reached, making sure to count the
wrap-around hops. For example the top row middle square can be reached from the center square or from the
bottom row middle square (but not from the adjacent corner squares). The values 4 and 1 are added from the
second matrix to make 5 in the third matrix. The matrix shows that Frieda can reach a corner square on her third
hop in 4 - 2 = 8 different ways out of 4* = 64 possible three-hop sequences.

Finally the fourth matrix shows that Frieda can reach a corner square on her fourth hop in 4 - 10 = 40 different
ways out of 4* = 256 possible four-hop sequences. The probability of landing on a corner square on one of the
four hops is therefore

8 8 40 25

66256 3
Semicircle I" has diameter A B of length 14. Circle Q lies tangent to AB at a point P and intersects I" at points
O and R. If OR = 3+/3 and ZQPR = 60°, then the area of A POR is “¥2_ where ¢ and ¢ are relatively prime

c
positive integers, and b is a positive integer not divisible by the square of any prime. Whatisa + b + ¢ ?

(A) 110 (B) 114 (C) 118 (D) 122 (E) 126

Answer (D): Let O; and O; be the centers of " and 2, respectively, and let lines OR and A B intersect at
point X. Without loss of generality, let O lie between X and R. Then

[APOR] = [AXPR]—[AXPQ]
-XP - XR-sin(/PXQ)— 1. XP.XQ sin(£PXQ)

-XP-QR-sin(£PXQ).

b — =
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25.

where the brackets indicate area. Let M be the midpoint of QR, which lies on line O; O5.

.

A
Triangle Q05 R is isosceles with base length 3+/3 and vertex angle 120°, so O, M = % and 0,0 = O, R = 3.
Also

P 0, B

O1M = (010)*> — (MQ)* =

010, = 0OM—-0:M =

Hence O P = \/(0,0,)2 — (02 P)? = /52 - 32 =4,
The similarity AXM O, ~ 40, PO, implies

4
sin(ZPXQ) =sin(£LP0,0,) = 3

S0
oM 13 4 65
OX=—1__=—:_=—"
sin(£PXQ) 2 5 8
Therefore
65 33
XP=O0X-OP=——-4=—,
8 8
S0 7
1 33 4 9943
APQR)=1.XP-QR-sin(£{PXQ) =~ -—-3/3.— = ——.
[APOR] = 3 OR - sin( Q)zgx/_s o7
The requested sum is 99 4 3 + 20 = 122.
Let d(n) denote the number of positive integers that divide #, including 1 and n. For example, d(1) = 1,

d(2) = 2,and d(12) = 6. (This function is known as the divisor function.) Let

There is a unique positive integer N such that f(N) > f(n) for all positive integers n # N. What is the sum
of the digits of N ?

Aas ®o6 (©O7 MM (E)9

Answer (E): Letn = ]_[p p%? be the prime factorization of n. Then d(n) = ]_[p(a'p + 1), s0

+ 1
f(ﬂ):na{o—mznf(ﬂ’;}-

where 4
o
Sfola) = :
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For each prime p, the exponent & for which f,,(«) is greatest must be found.

Note that fp (e + 1) # fp(a) because
o+2 3
( ) #P.

o+ 1

Here the left-hand side is a decreasing function of « that tends to 1 as @ — oo. Hence the set of « such that
fpla+1) > fp(a) is finite (and possibly empty). It follows that if

p>2=38, (5)
then the optimal choice is &, = 0. Similarly, if
8>p> 3y =& (6)
p=\3) =%
then the optimal choice is o) = 1. If
27 4\ 64
—_— > —_ = —. ?
2>r>(3) =3 )
then the optimal choice is «r, = 2. Finally, if
64 5V 125
e ) ==, 8
7P (4) 64 ®

then the optimal choice is &, = 3. Note that (5) holds for all p > 7, that (6) holds for p = 5 and p = 7, that
(7) holds for p = 3, and that (8) holds for p = 2. Thus the extremal N is N = 23.32.5.7 = 2520. The
requested sum of digitsis2+5+240=09.

Problems and solutions were contributed by Theodore Alper, David Altizio, Risto Atanasov, Bela Bajnok,
Adam Besenyei, Chris Bolognese, Silva Chang, Evan Chen, Barbara Currier, Steven Davis, Mary Flagg, Pe-
ter Gilchrist, Andrea Grof, Jerrold Grossman, Thomas Howell, Chris Jeuell, Daniel Jordan, Sameer Kailasa,
Jonathan Kane, Ed Keppelman, Azar Khosravani, Joseph Li, loana Mihaila, Hugh Montgomery, Lucian Sega,
Michael Tang, Agnes Tuska, Robert Vallin, David Wells, and Carl Yerger.
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