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1.

Answer (C):
(1-142540)"tx5=—x5=—

Answer (E): By the Triangle Inequality the third side must be greater than
20—15 = 5 and less than 20+ 15 = 35. Therefore the perimeter must be greater
than 5+ 20 + 15 = 40 and less than 35+ 20+ 15 = 70. Among the choices only
72 cannot be the perimeter.

Answer (E): The sum of the 14 test scores was 14-80 = 1120. The sum of all
15 test scores was 15-81 = 1215. Therefore Payton’s score was 1215—1120 = 95.

OR

To bring the average up to 81, the total must include 1 more point for each of
the 14 students, in addition to 81 points for Payton. Therefore Payton’s score
was 81 4 14 = 95.

. Answer (B): Let z and y be the two positive numbers, with z > y . Then

x4y =>5(x —vy). Thus 42 = 6y, so%:%.

. Answer (D): As long as = and y and their rounded values are positive,

T

rounding the dividend z up in a division problem £ makes the answer larger,
and rounding = down makes the answer smaller. Similarly, rounding the divisor
y up makes the answer smaller, and rounding ¥y down makes the answer larger.
In a subtraction problem z —y, rounding « up or rounding y down increases the
answer, and rounding = down or rounding y up decreases it. Only in choice (D)
do all the roundings contribute to increasing the answer. In the other situations,
the estimate may be larger or smaller than the exact value, depending on the
the amount by which each number is rounded and their values. In particular,
the rounding may make the answer smaller.

For (A)7 999999 490 > 1000000 _ 500.

900 1000
For (B), 25229 — 510 > 1385500 _ 500.
For (C), #3451 — 490 > L5020 — 500.
1000001 1000000
For (E), ool — 490 > o000 500.

. Answer (B): Let p be Pete’s present age, and let ¢ be Claire’s age. Then

p—2=3(c—2) and p—4 = 4(c —4). Solving these equations gives p = 20 and
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10.

11.

12.

¢ = 8. Thus Pete is 12 years older than Claire, so the ratio of their ages will be
2 : 1 when Claire is 12 years old. That will occur 12 — 8 = 4 years from now.

. Answer (D): Let r, h, R, H be the radii and heights of the first and second

cylinders, respectively. The volumes are equal, so 7r2h = 7R2H. Also R =
r+0.1r = 1.1r. Thus 7r’h = 7(1.17)?H = 7(1.217?)H. Dividing by 7r? yields
h=121H = H + 0.21H. Thus the first height is 21% more than the second
height.

. Answer (C): Let the sides of the rectangle have lengths 3a and 4a. By the

Pythagorean Theorem, the diagonal has length 5a. Because 5a = d, the side
lengths are %d and %d. Therefore the area is %d~ %d = %dz, so k= %

. Answer (C): Because the marbles left for Cheryl are determined at random,

the second of Cheryl’s marbles is equally likely to be any of the 5 marbles other
than her first marble. One of those 5 marbles matches her first marble in color.
Therefore the probability is é

OR

Because all the choices are made at random, Cheryl is equally likely to take
any of the (S) = 15 possible pairs of marbles. Exactly 3 of these are pairs of

same-colored marbles. Therefore the requested probability is % = é

Answer (E): Adding 1 to both sides of the equation and factoring yields
(z +1)(y + 1) = 81 = 3%, Because z and y are distinct positive integers and
z > y, the only possibility is that z+1 = 3% = 27 and y+ 1 = 3' = 3. Therefore
z = 26.

Answer (D): If the smaller circle is in the interior of the larger circle, there
are no common tangent lines. If the smaller circle is internally tangent to the
larger circle, there is exactly one common tangent line. If the circles intersect
at two points, there are exactly two common tangent lines. If the circles are
externally tangent, there are exactly three tangent lines. Finally, if the circles
do not intersect, there are exactly four tangent lines. Therefore, £ can be any
of the numbers 0, 1, 2, 3, or 4, which gives 5 possibilities.

Answer (B): The y-intercepts of the two parabolas are —2 and 4, respectively,
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13.

14.

15.

16

and in order to intersect the z-axis, the first must open upward and the second
downward. Because the area of the kite is 12, the z-intercepts of both parabolas
must be —2 and 2. Thus 4a—2=0s0a = %, and 4 —4b = 0 so b = 1. Therefore
at+b=1.5.

Answer (E): Note that each of the 12 teams plays 11 games, so % = 66
games are played in all. If every game ends in a draw, then each team will have
a score of 11, so statement (E) is not true. Each of the other statements is true.
Each of the games generates 2 points in the score list, regardless of its outcome,
so the sum of the scores must be 66 - 2 = 132; thus (D) is true. Because the
sum of an odd number of odd numbers plus any number of even numbers is odd,
and 132 is even, there must be an even number of odd scores; thus (A) is true.
Because there are 12 scores in all, there must also be an even number of even
scores; thus (B) is true. Two teams cannot both have a score of 0 because the
game between them must result in 1 point for each of them or 2 points for one
of them; thus (C) is true.

1
Answer (D): By the change of base formula, 1 = log,, m. Thus
o

m

1 1
= + +
logya  logsa = log,a

=log, 2+ log, 3 + log, 4 = log, 24.

It follows that a = 24.

Answer (C): The numerator and denominator of this fraction have no com-
mon factors. To express the fraction as a decimal requires rewriting it with a
power of 10 as the denominator. The smallest denominator that permits this is
10%6:
123456789 123456789 - 572 123456789 - 572
226 .54 926 .p54.522 1026 2
so the numeral will have 26 places after the decimal point. In fact

123 456 789

9% 51— 0.00294 34392 2138214111 32812 5.

Answer (C): Triangles ABC and ABD are 3—4 -5 right triangles with area

6. Let CFE be the altitude of AABC. Then CE = % Likewise in AABD,

DE = % Triangle CDFE has sides %, 15—2, and 15—2 2, so it is an isosceles right
triangle with right angle CED. Therefore DE is the altitude of the tetrahedron

to base ABC. The tetrahedron’s volume is % -6 - % = 25—4.
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17.

18.

Answer (A): There are 2% = 256 equally likely outcomes of the coin tosses.
Classify the possible arrangements around the table according to the number of
heads flipped. There is 1 possibility with no heads, and there are 8 possibilities
with exactly one head. There are (g) = 28 possibilities with exactly two heads, 8
of which have two adjacent heads. There are (g) = 56 possibilities with exactly
three heads, of which 8 have three adjacent heads and 8 - 4 have exactly two
adjacent heads (8 possibilities to place the two adjacent heads and 4 possibilities
to place the third head). Finally, there are 2 possibilities using exactly four heads
where no two of them are adjacent (heads and tails must alternate). There
cannot be more than four heads without two of them being adjacent. Therefore
there are 14 8+ (28 — 8) + (56 — 8 — 32) + 2 = 47 possibilities with no adjacent
heads, and the probability is %.

Answer (C): The zeros of f are integers and their sum is a, so a is an integer.
If r is an integer zero, then > — ar 4+ 2a =0 or
2

4
— 24+ ——.
r—2 r +r—2

T —

3,1, 0, and —2. The possible values of a are 9, 8, 0, and —1, all of which yield
integer zeros of f, and their sum is 16.

So %42 = a — 7 — 2 must be an integer, and the possible values of r are 6, 4,

OR

As above, ¢ must be an integer. The function f has zeros at

at+vVa? —8a

xr = 9
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19.

20.

These values are integers only if a? — 8a = w? for some integer w. Solving for a
in terms of w gives a = 44 v/16 + w?, so 16+ w? must be a perfect square. The
only integer solutions for w are 0 and 43, from which it follows that the values
of a are 0, 8, 9, and —1, all of which yield integer values of x. The requested
sum is 16.

Answer (B): In every such quadrilateral, CD > AB. Let E be the foot of the
perpendicular from A to CD; then CE = 2 and AE = BC. Let z = AE and
y = DE; then AD = 2+y. By the Pythagorean Theorem, x> +y> = (2+y)?, or
22 =4 + 4y. Therefore z is even, say = = 2z, and z? = 1 +y. The perimeter of
the quadrilateral is z 4+ 2y 4+ 6 = 222 + 22+ 4. Increasing positive integer values
of z give the required quadrilaterals, with increasing perimeter. For z = 31 the
perimeter is 1988, and for z = 32 the perimeter is 2116. Therefore there are 31
such quadrilaterals.

D

y
A - E
2 2
B G

Answer (A): Let g and h be the lengths of the altitudes of 7" and T” from
the sides with lengths 8 and b, respectively. The Pythagorean Theorem implies
that g = v/52 — 42 = 3, and so the area of T' is % -8.3 = 12, and the perimeter is
545+ 8 = 18. The Pythagorean Theorem implies that h = %\/4112 — b2, Thus
18 =2a + b and

1. 1 ——— 1
1225195 4@2—172:1() 4(12—172.

Solving for a and substituting in the square of the second equation yields

12 (4a® —b?) = v (18 —b)* —b?)
“ 16 " 16
b? 9
= — .18 (18 =2b) = Zb* (9 —b).
16 ( ) 1 ( )
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21.

Thus 64 —b*(9 —b) = b> — 96> +64 = (b —8)(b> —b —8) = 0. Because T and T’
are not congruent, it follows that b 4 8. Hence b> — b — 8 = 0 and the positive
solution of this equation is %(\/ 33 4 1). Because 25 < 33 < 36, the solution is

between %(5 +1)=3and %(6 + 1) = 3.5, so the closest integer is 3.

Answer (D): The ellipse with equation 22 4 16y> = 16 is centered at the
origin, with a major axis of length 8 and a minor axis of length 2. If the foci
have coordinates (#c,0), then ¢ + 1> = 42, Thus ¢ = #+/15. Any circle
passing through both foci must have its center on the y-axis; thus r is at least
as large as the distance from the foci to the y-axis. That is, r > v15. For
any k > 0, the circle of radius v/k? + 15 and center (0, k) passes through both
foci (in the interior of the ellipse) and the points (0, k + vk% 4+ 15). The point
(0,k + VK2 + 15) is in the exterior of the ellipse since k + v/k2 + 15 > /15 >
1. The point (0,k — vk? 4+ 15) is in the exterior of the ellipse if and only if
k—+vk?+ 15 < —1, that is, if and only if k < 7. Thus, for k > 0, the circle with
center (0, k) intersects the ellipse in four points if and only if 0 < k < 7. As k
increases, the radius » = v/k? + 15 increases as well, so the set of possible radii
is the interval [y/15,v/72 + 15) = [y/15,8). The requested answer is /15 + 8.

Y

vk?+15

&%\/ﬁ%)

22. Answer (D): Note that S(1) =2, S(2) = 4, and S(3) = 8. Call a sequence

with A and B entries valid if it does not contain 4 or more consecutive symbols
that are the same. For n > 4, every valid sequence of length n — 1 can be
extended to a valid sequence of length n by appending a symbol different from
its last symbol. Similarly, valid sequences of length n—2 or n—3 can be extended
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23.

to valid sequences of length n by appending either two or three equal symbols
different from its last symbol. Note that all of these sequences are pairwise
distinct. Conversely, every valid sequence of length n ends with either one, two,
or three equal consecutive symbols. Removal of these equal symbols at the end
produces every valid sequence of length n— 1, n —2, or n— 3, respectively. Thus
S(n)=S(n—1)+ S(n—2)+ S(n —3). This recursive formula implies that the
remainders modulo 3 of the sequence S(n) for 1 <n <16 are

2,1,2,2,2,0,1,0,1,2,0,0,2,2,1,2.

Thus the sequence is periodic with period-length 13. Because 2015 = 13 - 155,
it follows that S(2015) = S(13) =2 (mod 3). Similarly, the remainders modulo
4 of the sequence S(n) for 1 < n < 7 are 2,0,0,2,2,0,0. Thus the sequence
is periodic with period-length 4. Because 2015 = 4 - 503 + 3, it follows that
S5(2015) = S(3) = 0 (mod 4). Therefore S(2015) = 4k for some integer k, and
4k =2 (mod 3). Hence k =2 (mod 3) and S(2015) = 4k = 8 (mod 12).

Answer (A): Let the square have vertices (0,0), (1,0), (1,1), and (0,1), and
consider three cases.

Case 1: The chosen points are on opposite sides of the square. In this case the
distance between the points is at least % with probability 1.

Case 2: The chosen points are on the same side of the square. It may be assumed
that the points are (a,0) and (b,0). The pairs of points in the ab-plane that
meet the requirement are those within the square 0 < a <1, 0 < b < 1 that
satisfy either b > a + % orb<a-— % These inequalities describe the union of
two isosceles right triangles with leg length %, together with their interiors. The
area of the region is i, and the area of the square is 1, so the probability that
the pair of points meets the requirement in this case is %.
Case 3: The chosen points are on adjacent sides of the square. It may be assumed
that the points are (a,0) and (0,b). The pairs of points in the ab-plane that meet
the requirement are those within the square 0 < a < 1, 0 < b < 1 that satisfy
Va2 +b? > % These inequalities describe the region inside the square and
outside a quarter-circle of radius % The area of this region is 1 — %7‘((%)2 =1-7,
which is also the probability that the pair of points meets the requirement in

this case.

Case 1 Case 2 a Case 3 a
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24.

25.

Cases 1 and 2 each occur with probability 4 1, and Case 3 occurs with probability
. The requested probability is

26—
I
and a +b+ ¢ = 59.

Answer (D): There are 20 possible values for each of a and b, namely those
in the set

If = and y are real numbers, then (z 4 iy)? = z? — y? +4(2zy) is real if and
only if zy = 0, that is, z = 0 or y = 0. Therefore (z + iy)* is real if and
only if 22 — 4> = 0 or 2y = 0, that is, 2 = 0, y = 0, or z = +y. Thus
((cos (am) + isin (br))* is a real number if and only if cos(ar) = 0, sin(br) =
or cos(ar) = =£sin(br). If cos(ar) = 0 and a € S, then a =  or a = 3 and
b has no restrictions, so there are 40 pairs (a, b) that satisfy the condition. If
sin(br) =0 and b € S, then b =0 or b = 1 and a has no restrictions, so there are
40 pairs (a, b) that satisfy the condition, but there are 4 pairs that have been
counted already, namely (%, 0), (1 1), ( ,0), and (%7 1). Thus the total so far
is 40 + 40 — 4 = 76.

Note that cos(ar) = sin(br) implies that cos(ar) = cos(n(4 — b)) and thus

= %—b (mod 2) or a = —%er (mod 2). If the denominator of b € S'is 3 or 5,
then the denominator of a in simplified form would be 6 or 10, and so a ¢ S. If
b=zorb= 3 then there is a unique solution to either of the two congruences,
namely a = 0 and a = 1, respectively. For every b € {47 L 4, 7} there is
exactly one solution a € S to each of the prev1ous congruences. None of the
solutions are equal to each other because 1f s—b= —% +b (mod 2), then 2b =1
(mod 2); that is, b = 5 or b = % Slmllarly7 cos(mr) = —sin(br) = sin(—bm)
implies that cos(mr) = cos(m(3 +b)) and thus a = 3 +b (mod 2) ora= —3 —b
(mod 2). If the denominator of b € Sis 3 or 5, then the denominator of a
would be 6 or 10, and so a ¢ S. If b = % or b = %, then there is a unique
solution to either of the two congruences, namely a = 1 and a = 0, respectively.
For every b € {4, 27 i, Z} there is exactly one solution a € S to each of the
previous congruences, and, as before, none of these solutions are equal to each
other. Thus there are a total of 2+ 8+ 2+ 8 = 20 pairs (a,b) € .92 such that

cos(am) = £sin(br). The requested probability is 7%'020 49060 = 25

Note: By de Moivre’s Theorem the fourth power of the complex number x + iy
is real if and only if it lies on one of the four lines x = 0, y = 0, z = y, or
x = —y. Then the counting of (a,b) pairs proceeds as above.

Answer (D): Suppose that circles C; and Cy in the upper half-plane have
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centers Oy and Os and radii 71 and ro, respectively. Assume that Cy and Cy are
externally tangent and tangent to the z-axis at X1 and X», respectively. Let C
with center O and radius r be the circle externally tangent to Cy and Cy and
tangent to the xz-axis. Let X be the point of tangency of C' with the z-axis, and
let Ty and T5 be the points of tangency of C with C} and Cs, respectively. Let My
and M, be the points on the z-axis such that MTy L O1T) and M>Ts 1 OT5.

/\
/A\(%A\

X1 M1 X M2 X2

Because M;X; and M;T; are both tangent to Cy, it follows that X;M; =
MiTy. Similarly, M;T) and M;X are both tangent to C, and thus M7} =
M, X. Because ZOT\ M, ZM1 X101, ZM,T10, and ZOX M are all right angles
and ZT1M X = 7 — ZX 1M Ty, it follows that quadrilaterals O X1 MT; and
M, XOTy are similar. Thus

1 o 01X1 - MlX - X1M1
X1M1 - X1M1 - XO - T ’

Therefore XM, = /rr{, and similarly M, X, = ,/rr5. By the distance formula,

(r1+12)” = (0102)” = (X1 X3)” + (r1 — 2)*.

Thus
2/rirg = X1 Xo = X\ M+ M X + XMy + MyX,
= 2(X1 My + M2 X5) = 2v/r(/71 + V/72);
that is,

1
= —+

1
o : (1)

§|‘H
V)

It follows that

1 1 1
P ) ( o r<02>> |
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where C1 and Cy are the consecutive circles in U?;é L; that are tangent to C.

Note that every circle in U;:ol L; appears twice in the sum on the right-hand
side, except for the two circles in Lo, which appear only once. Thus

1
PO SR D o R o)

In particular, if £ =1, then

1 1 1 1
NP . R S

cely T(

For simplicity let x = 7—10 + % Let k& > 2, and suppose by induction that for

1 ,
=30 1y,
C;j V7(C)

It follows that

1 Al 3k=1_1
=2 Iz =22 <7)+xaﬁ3kl.
2@\ S 2
Therefore
6 6
1 361
TR L T = (v )
oes k=0 CELy r(C) k=1 2
(3541 143 /730 143
"\ ) 0o\ 2 ) 14

Note: Equation (1) is a special case of the Kissing Circles Theorem.

The problems and solutions in this contest were proposed by Bernardo Abrego,
Tom Butts, Barb Currier, Steven Davis, Steve Dunbar, Silvia Fernandez, Charles
Garner, Peter Gilchrist, Jerry Grossman, Jon Kane, Dan Kennedy, Joe Kennedy,
Michael Khoury, Roger Waggoner, Dave Wells, Ronald Yannone, and Carl
Yerger.
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