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1. Answer (D):

2. Answer (B):
204 23.47 2

1
402 8.2 4 2

3. Answer (D):

‘ || —2016/—(—2016) | — | — 2016 ’ — (—2016)

= ‘ | 2016 + 2016 | — 2016 ‘ + 2016 = 2016 + 2016 = 4032

4. Answer (B): It took Zoey 1+2+4+3+4---+15= %ﬁ = 120 days to read the
15 books. Because 120 =7 - 17 + 1, it follows that Zoey finished the 15th book
on the same day of the week as the first, a Monday.

5. Answer (D): Because the mean is 8, it follows that the sum of the ages of
all Amanda’s cousins is 8 - 4 = 32. Because the median age is 5, the sum of the
two middle ages is 5 -2 = 10. Then the sum of the ages of Amanda’s youngest
and oldest cousins is 32 — 10 = 22.

6. Answer (B): Because S has to be greater than 300, the digit sum has to be at
least 4, and an example like 197+ 203 = 400 shows that 4 is indeed the smallest
possible value.

7. Answer (C): Let o and 8 be the measures of the angles, with o < 8. Then
6 = 5 Because a: < 3, it follows that 90° — 3 < 90° —q, s0 90° —a: = 2(90° — ).
ThlS leads to the system of linear equations 45 — 5a = 0 and 28 — a = 90°.
Solving the system gives a = 60°, 8 = 75°. The requested sum is a+ 8 = 135°.

8. Answer (A): Positive even powers of numbers ending in 5 end in 25. The
tens digit of the difference is the tens digit of 25 — 17 = 08, or 0.
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9.

10.

11.

12.

13.

14.

Answer (C): Let the vertex of the triangle that lies in the first quadrant be
(z,2%). Then the base of the triangle is 22 and the height is 22, so %~2$~:£2 = 64.
Thus 2® = 64, 2 = 4, and BC = 2z = 8.

Answer (D): The weight of an object of uniform density is proportional to
its volume. The volume of the triangular piece of wood of uniform thickness is
proportional to the area of the triangle. The side length of the second piece is

% times the side length of the first piece, so the area of the second piece is (%)2

times the area of the first piece. Therefore the weight is 12 - (%)2 — 1—20 ~ 33.3
ounces.

Answer (B): Let 2 be the number of posts along the shorter side; then there
are 2z posts along the longer side. When counting the number of posts on all the
sides of the garden, each corner post is counted twice, so 2z + 2(2z) = 20 4 4.
Solving this equation gives z = 4. Thus the dimensions of the rectangle are
(4—1)-4=12 yards by (8 — 1) - 4 = 28 yards. The requested area is given by
the product of these dimensions, 12 - 28 = 336 square yards.

Answer (D): The product of two integers is odd if and only if both integers
are odd. Thus the probability that the product is odd is % . % = 0.3, and the
probability that the product is even is 1 — 0.3 = 0.7.

Answer (D): Let z denote the number of sets of quadruplets. Then 1000 =
4-2+43-(4z)+ 2 (3-4z) = 40z. Thus x = 25, and the number of babies in
sets of quadruplets is 4 - 25 = 100.

Answer (D): Note that 3 < 7 < 4,6 < 27 <7, 9 < 37 < 10, and
12 < 4n < 13. Therefore there are 3 1-by-1 squares of the desired type in
the strip 1 < z < 2, 6 1-by-1 squares in the strip 2 < x < 3, 9 1-by-1 squares in
the strip 3 < z <4, and 12 1-by-1 squares in the strip 4 < x < 5. Furthermore
there are 2 2-by-2 squares in the strip 1 < x < 3, 5 2-by-2 squares in the
strip 2 < z < 4, and 8 2-by-2 squares in the strip 3 < = < 5. There is 1
3-by-3 square in the strip 1 < z < 4, and there are 4 3-by-3 squares in the
strip 2 < x < 5. There are no 4-by-4 or larger squares. Thus in all there are
3+46+94+12+2+4+ 5+ 8-+ 1+ 4 = 50 squares of the desired type within the
given region.
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15. Answer (C): Shade the squares in a checkerboard pattern as shown in the first
figure. Because consecutive numbers must be in adjacent squares, the shaded
squares will contain either five odd numbers or five even numbers. Because
there are only four even numbers available, the shaded squares contain the
five odd numbers. Thus the sum of the numbers in all five shaded squares is
14+3+5+7+9 =25 Because all but the center add up to 18 = 25 — 7, the
center number must be 7. The situation described is actually possible, as the
second figure demonstrates.
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16.

17.

18.

3 4 5
2 7 6
1 8 9

Answer (E): Let r be the common ratio of the geometric series; then

el

1 1
S:—+1+7~+7~2+...: = A
r 1—7r 7r—172

Because S > 0, the smallest value of S occurs when the value of r — 72 is

maximized. The graph of f(r) = » —r? is a downward-opening parabola with
1

vertex (s, %), so the smallest possible value of S is % = 4. The optimal series
4

3 11
182,175717....

Answer (D): Suppose that one pair of opposite faces of the cube are assigned
the numbers @ and b, a second pair of opposite faces are assigned the numbers
¢ and d, and the remaining pair of opposite faces are assigned the numbers e
and f. Then the needed sum of products is ace + acf + ade + adf + bce +
bef + bde + bdf = (a + b)(c+ d)(e + f). The sum of these three factors is
243+4+5+6+7=27. A product of positive numbers whose sum is fixed
is maximized when the factors are all equal. Thus the greatest possible value
occurs when a+b=c+d=e+ f =9, asin (a,b,¢,d,e, f) = (2,7,3,6,4,5).
This results in the value 9% = 729,

Answer (E): A sum of consecutive integers is equal to the number of integers
in the sum multiplied by their median. Note that 345 = 3 -5 .23, If there
are an odd number of integers in the sum, then the median and the number
of integers must be complementary factors of 345. The only possibilities are 3
integers with median 5 - 23 = 115, 5 integers with median 3 -23 =69, 3-5 =15
integers with median 23, and 23 integers with median 3 -5 = 15. Having more
integers in the sum would force some of the integers to be negative. If there
are an even number of integers in the sum, say 2k, then the median will be %7
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19.

20.

where k and j are complementary factors of 345. The possibilities are 2 integers
with median 345 , 6 integers with median 1%5, and 10 integers with median 69
Again, having more integers in the sum would force some of the integers to be

negative. This gives a total of 7 solutions.

Answer (D): Triangles AEP and CFP are similar and F'P : EP = CF :
AE =3 :4,s0 FP = %EF Extend AG and FC to meet at point H; then
AAFEQ and AHF(Q are similar. Note that AHCG and AABG are similar with
sides in a ratio of 1 : 3, SOCH:%~5 andFH:3+§ = 13—4. Then FQ : EQ =

:4=7:6,50 FQ=5FE. Thus PQ =FQ—FP = (- 2)FE = 8FFE

PQ __ 10
and = 57

1N G

:: | \ >
D F C H

OR

Place the figure in the coordinate plane with D at the origin, A at (0, 4) and
C at (5 0). Then the equations of lines AC, AG, and EF are y = ——x + 4,
Yy = x + 4, and y = 2z — 4, respectively. The intersections can be found by
solvmg simultaneous linear equations: P (2707 172) and Q(‘llg7 %g) Because F, P,
Q, and E are aligned, ratios of distances between these points are the same as
ratios of the corresponding distances between their coordinates. Then

Answer (C): The scale factor for this transformation is 5 The center of the
dilation, D, must lie along ray A’A (with A between A’ and D), and its distance
from A must be % of its distance from A’. Because A is 3 units to the left of and 4
units below A’, the center of the dilation must be 6 units to the left of and 8 units
below A, placing it at D(—4, —6). The origin is 1/(—4)2 + (—=6)2 = 2v/13 units
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21.

22.

23.

from D, so the dilation must move it half that far, or v/13 units. Alternatively,
note that the origin is 4 units to the right of and 6 units above D, so its image
must be 6 units to the right of and 9 units above D; therefore it is located at

(2,3), a distance /22 + 32 = /13 from the origin.
i

Y

Answer (B): The graph of the equation is symmetric about both axes. In

the first quadrant, the equation is equivalent to 22 +y?> —z —y = 0. Completing

the square gives (z — %)2 +(y— %)2 = 1 so the graph in the first quadrant is

29
an arc of the circle that is centered at C(%7 %) and contains the points A(1,0)
and B(0,1). Because C is the midpoint of AB, the arc is a semicircle. The
region enclosed by the graph in the first quadrant is the union of isosceles right

triangle AOB, where O(0,0) is the origin, and a semicircle with diameter AB.
V2 )2 _

The triangle and the semicircle have areas % and %7‘((7 1 respectively, so
the area of the region enclosed by the graph in all quadrants is 4(% + %) =7+2.

Answer (A): There must have been 10 + 10 + 1 = 21 teams, and therefore
there were (%) = 212019 — 1330 subsets {A, B, C} of three teams. If such a
subset does not satisfy the stated condition, then it consists of a team that beat
both of the others. To count such subsets, note that there are 21 choices for the
winning team and (120) = 45 choices for the other two teams in the subset. This
gives 21 - 45 = 945 such subsets. The required answer is 1330 — 945 = 385. To
see that such a scenario is possible, arrange the teams in a circle, and let each
team beat the 10 teams that follow it in clockwise order around the circle.

Answer (C): Extend sides CB and F'A to meet at G. Note that FC = 2AB
and ZW = %AB. Then the areas of ABAG, AWZG, and ACFG are in the
ratio 12 : (%)2 292 =9:95:36. Thus [ZWCE _ 36235 _ 11 .4 by symmetry,

wexy iz [ABCF] 36—9 277
_ 11
TABCDER — 37 also.
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24.

OR

Suppose that AB = 1; then FZ = % and F'C = 2. Trapezoid WCFZ, which is
the upper half of hexagon WCXY FZ, can be tiled by 11 equilateral triangles of
side length %, and the lower half similarly, making 22 such triangles. Hexagon
ABCDEF can be tiled by 6 equilateral triangles of side length 1, and each of
these can be tiled by 9 equilateral triangles of side length é, making a total of

6 - 9 = 54 small triangles. The required ratio is % — %—%

Answer (D): Let k be the common difference for the arithmetic sequence.
If b = cor ¢ = d, then k = bc — ab = ¢d — bc must be a multiple of 10,
so b = ¢ = d. However, the two-digit integers bc and cd are then equal, a
contradiction. Therefore either (b, ¢, d) or (b, ¢, d+10) is an increasing arithmetic
sequence.

Case 1: (b,c,d) is an increasing arithmetic sequence. In this case the additions
of k to ab and be do not involve any carries, so (a,b,c) also forms an
increasing arithmetic sequence, as does (a,b,¢,d). Let n =b—a. If n =1,
the possible values of @ are 1, 2, 3, 4, 5, and 6. If n = 2, the possible values
of a are 1, 2, and 3. There are no possibilities with » > 3. Thus in this
case there are 9 integers that have the required property: 1234, 2345, 3456,
4567, 5678, 6789, 1357, 2468, and 3579.

Case 2: (b,c,d + 10) is an increasing arithmetic sequence. In this case the
addition of k to be involves a carry, so (a,b,c — 1) forms a nondecreasing
arithmetic sequence, as does (b,c—1,(d+10) —2) = (b,c—1,d+8). Hence
(a,b,c — 1,d + 8) is a nondecreasing arithmetic sequence. Again letting
n=b—a,notethat 0 <c=d+(9—-n)<9and 1 <a=d+(8—3n) <9.
The only integers with the required properties are 8890 with n = 0; 5680
and 6791 with n = 1; 2470, 3581, and 4692 with n = 2; and 1482 and 2593
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25.

with » = 3. Thus in this case there are 8 integers that have the required
property.

The total number of integers with the required property is 948 = 17.

Answer (A): Note that for any z, f(z +1) = S, (|lkz + k] — k|z + 1)) =

,iozz(thj +k —k|z| — k) = f(z). This implies that f(z) is periodic with pe-
riod 1. Thus the number of distinct values that f(z) assumes is the same as the
number of distinct values that f(z) assumes for 0 < z < 1. For these z, |z] =0,
so f(z) = leﬂozz | kx|, which is a nondecreasing function of z. This function in-
creases at exactly those values of = expressible as a fraction of positive integers

with denominator between 2 and 10. There are 31 such values between 0 and 1.
Thevarel 1 2 13 1234 151234561357 124578 1
E 37’ $ 233D 555586 77777271818 885292 52552 92 100
15> 107 10 Thus f(0) = 0 and f(x) increases 31 times for z between 0 and 1,
showing that f(z) assumes 32 distinct values.

Problems and solutions were contributed by Sam Baethge, Tom Butts, Barb
Currier, Marta Eso, Silvia Fernandez, Chuck Garner, Jerry Grossman, Michael
Khoury, Hugh Montgomery, Harold Reiter, and David Wells.
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