






























































































































































































































































































































































































































2001 AIME SOLUTIONS 2

1. (Answer: 630)

Let a represent the tens digit and b the units digit of an integer with the required property.
Then 10a + b must be divisible by both a and b. It follows that b must be divisible by a,
and that 10a must be divisible by b. The former condition requires that b = ka for some
positive integer k, and the latter condition implies that k = 1 or k = 2 or k = 5. Thus
the requested two-digit numbers are 11, 22, 33, . . . , 99, 12, 24, 36, 48, and 15. Their sum
is 11 · 45 + 12 · 10 + 15 = 630.

2. (Answer: 651)

Let S have n elements with mean x. Then

nx + 1
n + 1

= x− 13 and
nx + 2001

n + 1
= x + 27,

or

nx + 1 = (n + 1)x− 13(n + 1) and nx + 2001 = (n + 1)x + 27(n + 1).

Subtract the third equation from the fourth to obtain 2000 = 40(n+1), from which n = 49
follows. Thus x = 651.

3. (Answer: 500)

Apply the binomial theorem to write

0 = x2001 +
(

1
2
− x

)2001

= x2001 −
(

x− 1
2

)2001

= x2001 − x2001 + 2001 · x2000

(
1
2

)
− 2001 · 2000

2
x1999

(
1
2

)2

+ · · ·

=
2001

2
x2000 − 2001 · 250x1999 + · · · .

The formula for the sum of the roots yields 2001 · 250 · 2
2001 = 500.
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4. (Answer: 291)

Note that angles C and ATC each measure 75◦, so AC = AT = 24. Draw altitude
CH of triangle ABC. Then triangle ACH is 30◦ − 60◦ − 90◦ and triangle BHC is
45◦ − 45◦ − 90◦. Now AH = 12 and BH = CH = 12

√
3. The area of triangle ABC is

thus (1/2)12
√

3(12 + 12
√

3) = 216 + 72
√

3.

A

C

B
H

T

24

4530

30

5. (Answer: 937)

Let the other two vertices of the triangle be (x, y) and (−x, y), with x > 0. Then the line
through (0, 1) and (x, y) forms a 120-degree angle with the positive x-axis, and its slope
is tan(120◦) = −√3. Therefore, the line’s equation is y = −√3x + 1. Substituting this
into the equation of the ellipse and simplifying yields

13x2 − 8
√

3x = 0 or x =
8
√

3
13

.

The triangle has sides of length 2x = (16
√

3)/13 =
√

768/169, and m + n = 937.
y

x
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OR

Let the other two vertices of the triangle be (x, y) and (−x, y), with x > 0. Equating the
squares of the distances from (0, 1) to (x, y) and from (−x, y) to (x, y) yields

x2 + (y − 1)2 = 4x2, or (y − 1)2 = 3x2.

Substituting from the equation of the ellipse, it follows that 13y2 − 2y − 11 = 0. The
roots of this quadratic are 1 and -11/13. If y = 1, then x = 0, so y = −11/13. Solving
for x yields x =

√
192/169, so that the triangle has sides of length 2x =

√
768/169, and

m + n = 937.

Query: There are two other equilateral triangles with one vertex at (0, 1) that are in-
scribed in the ellipse x2 + 4y2 = 4. Can you find the lengths of their sides?

6. (Answer: 079)

Any particular outcome of the four rolls has probability 1/64. Given the values of four
rolls, there is exactly one order that satisfies the requirement. It therefore suffices to count
all the sets of values that could be produced by four rolls, allowing duplicate values. This
is equivalent to counting the number of ways to put four balls into six boxes labeled 1
through 6. By thinking of 4 balls and 5 dividers to separate the six boxes, this can be
seen to be

(
9
4

)
= 126. The requested probability is thus 126/64 = 7/72, so m + n = 79.

OR

Let a1, a2, a3, and a4 be the sequence of values rolled, and consider the difference between
the last and the first: If a4 − a1 = 0, then there is 1 possibility for a2 and a3, and 6
possibilities for a1 and a4. If a4 − a1 = 1, then there are 3 possibilities for a2 and a3, and
5 possibilities for a1 and a4. In general, if a4 − a1 = k, then there are 6 − k possibilities
for a1 and a4, while the number of possibilities for a2 and a3 is the same as the number
of sets of 2 elements, with repetition allowed, that can be chosen from a set of k + 1
elements. This is equal to the number of ways to put 2 balls in k + 1 boxes, or

(
k+2
2

)
.

Thus there are
∑5

k=0

(
k+2
2

)
(6−k) = 126 sequences of the type requested, so the probability

is 126/64 = 7/72, and m + n = 79.
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OR

Define an acceptable sequence to be one in which each element is between 1 and 6 and
is at least as large as the preceding element. Let A(x, n) be the number of acceptable
sequences of length n beginning with x. Then, for 1 ≤ x ≤ 6, A(x, 1) = 1, and A(x, n) is
equal to the number of acceptable sequences of length n − 1 that begin with a value at
least as large as x. That is, A(x, n) =

∑6
i=x A(i, n− 1). Use this relationship to produce

the table shown below. The requested probability is 56+35+20+10+4+1
64 or 7/72.

x A(x, 1) A(x, 2) A(x, 3) A(x, 4)
1 1 6 21 56
2 1 5 15 35
3 1 4 10 20
4 1 3 6 10
5 1 2 3 4
6 1 1 1 1

D
O

A

E

B C

7. (Answer: 923)
Let O be the incenter of triangle ABC, so that BO
and CO bisect angles ABC and ACB, respectively.
Because DE is parallel to BC, it follows that ∠DOB =
∠DBO and ∠EOC = ∠ECO, hence that DO = DB
and EO = EC. Thus the perimeter if triangle ADE
is AB + AC. Triangle ADE is similar to triangle
ABC, with the ratio of similarity equal to the ratio
of perimeters. Therefore

DE

BC
=

AB + AC

AB + AC + BC
.

Substituting the given values yields DE = 860/63, and m + n = 923.
OR

Let r be the radius of the inscribed circle, and h be the length of the altitude from A to
BC. Then the area of triangle ABC may be computed in two ways as

1
2
BC · h =

1
2
(AB + AC + BC)r, so that

r

h
=

BC

AB + AC + BC
.

Triangles ADE and ABC are similar, their ratio of similarity equal to the ratio of any
pair of corresponding altitudes. Therefore

DE =
h− r

h
BC =

(AB + AC)BC

AB + AC + BC
.

As above, m + n = 923.
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8. (Answer: 315)
Suppose that ak7k + ak−17k−1 + · · · + a272 + a17 + a0 is a 7-10 double, with ak 6= 0. In
other words, ak10k + ak−110k−1 + · · ·+ a2102 + a17 + a0 is twice as large, so that

ak(10k−2 ·7k)+ak−1(10k−1−2 ·7k−1)+ · · ·+a2(102−2 ·72)+a1(10−2 ·7)+a0(1−2) = 0.

Since the coefficient of ai in this equation is negative only when i = 0 and i = 1, and no
ai is negative, it follows that k is at least 2. Because the coefficient of ai is at least 314
when i > 2, and because no ai exceeds 6 it follows that k = 2 and 2a2 = 4a1 + a0. To
obtain the largest possible 7-10 double, first try a2 = 6. Then the equation 12 = 4a1 + a0

has a1 = 3 and a0 = 0 as the solution with the greatest possible value of a1. The largest
7-10 double is therefore 6 · 49 + 3 · 7 = 315.

9. (Answer: 061)
Let [XY Z] denote the area of triangle XY Z. Because p, q, and r are all smaller than 1,
it follows that

[BDE] = q(1− p)[ABC],
[EFC] = r(1− q)[ABC],
[ADF ] = p(1− r)[ABC],
[ABC] = [DEF ] + [BDE] + [EFC] + [ADF ]

= [DEF ] + ((p + q + r)− (pq + qr + rp)) [ABC], and
[DEF ]
[ABC]

= 1 + pq + qr + rp− (p + q + r).

Note that

pq + qr + rp =
1
2
[(p + q + r)2 − (p2 + q2 + r2)] =

1
2

(
4
9
− 2

5

)
=

1
45

.

Thus the desired ratio is 1 + 1
45 − 2

3 = 16
45 and m + n = 61.

A

D

B

E

F

C
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10. (Answer: 200)

Because the points of S have integer coordinates, they are called lattice points. There are
60 · 59 = 3540 ways to choose a first lattice point and then a distinct second. In order
for their midpoint to be a lattice point, it is necessary and sufficient that corresponding
coordinates have the same parity. There are 22 + 12 = 5 ways for the first coordinates to
have the same parity, including 3 ways in which the coordinates are the same. There are
22 + 22 = 8 ways for the second coordinates to have that same parity, including 4 ways in
which the coordinates are the same. There are 32 +22 = 13 ways for the third coordinates
to have the same parity, including 5 in which the coordinates are the same. It follows
that there are 5 · 8 · 13− 3 · 4 · 5 = 460 ways to choose two distinct lattice points, so that
the midpoint of the resulting segment is also a lattice point. The requested probability is
460
3540 = 23

177 , so m + n = 200.

OR

Because there are 3 ·4 ·5 = 60 points to choose from, there are
(
60
2

)
= 1770 ways to choose

the two points. In order that the midpoint of the segment joining the two chosen points
also be a lattice point, it is necessary and sufficient that corresponding coordinates have
the same parity. Notice that there are

2 · 2 · 3 = 12 points whose coordinates are all even,
1 · 2 · 2 = 4 points whose coordinates are all odd,
1 · 2 · 3 = 6 points whose only odd coordinate is x,
2 · 2 · 3 = 12 points whose only odd coordinate is y,
2 · 2 · 2 = 8 points whose only odd coordinate is z,
2 · 2 · 2 = 8 points whose only even coordinate is x,
1 · 2 · 2 = 4 points whose only even coordinate is y, and
1 · 2 · 3 = 6 points whose only even coordinate is z.

Thus the desired number of segments is

1
2
(12 · 11 + 4 · 3 + 6 · 5 + 12 · 11 + 8 · 7 + 8 · 7 + 4 · 3 + 6 · 5) = 230,

so that the requested probability is 230
1770 = 23

177 .
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11. (Answer: 149)

Suppose that Pi is in row i and column ci. It follows that

x1 = c1, x2 = N + c2, x3 = 2N + c3, x4 = 3N + c4, x5 = 4N + c5

and
y1 = 5c1 − 4, y2 = 5c2 − 3, y3 = 5c3 − 2, y4 = 5c4 − 1, y5 = 5c5.

The Pi have been chosen so that

c1 = 5c2 − 3
N + c2 = 5c1 − 4

2N + c3 = 5c4 − 1
3N + c4 = 5c5

4N + c5 = 5c3 − 2

Use the first two equations to eliminate c1, obtaining 24c2 = N + 19. Thus N = 24k + 5,
where k = c2 − 1. Next use the remaining equations to eliminate c3 and c4, obtaining
124c5 = 89N + 7. Substitute for N to find that 124c5 = 2136k + 452, and hence 31c5 =
534k + 113 = 31(17k + 3) + 7k + 20. In other words, 7k + 20 = 31m for some positive
integer m. Now 7k = 31m − 20 = 7(4m − 2) + 3m − 6. Since 7 must divide 3m − 6,
the minimum value for m is 2, and the smallest possible value of k is therefore 6, which
leads to N = 24 · 6 + 5 = 149. It is not difficult to check that c2 = 7, c1 = 32, c5 = 107,
c4 = 5c5−3N = 88, and c3 = 5c4−1−2N = 141 define an acceptable placement of points
Pi. The numbers associated with the points are x1 = 32, x2 = 156, x3 = 439, x4 = 535,
and x5 = 703.

Note: Modular arithmetic can be used to simplify this solution.

12. (Answer: 005)

Let r be the radius of the inscribed sphere. Because ABCD can be dissected into four
tetrahedra, all of which meet at the incenter, have a height of length r, and have a face
of the large tetrahedron as a base, it follows that r times the surface area of ABCD
equals three times the volume of ABCD. To find the area [ABC] of triangular face
ABC, first calculate AB =

√
52, BC =

√
20, and CA =

√
40. Then apply the Law of

Cosines to find that cos ∠CAB = 9/
√

130. It follows that sin ∠CAB = 7/
√

130, so that
[ABC] = 1

2 ·AB ·AC · sin ∠CAB = 14. The surface area of ABCD is

[ABC] + [ABD] + [ACD] + [BCD] = 14 + 12 + 6 + 4 = 36.

The volume of tetrahedron ABCD is 1
3 · 2 · 1

2 · 4 · 6 = 8. Thus r = 24/36 = 2/3 and
m + n = 5.
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OR

Because the sphere is tangent to the xy-plane, the yz-plane, and the xz-plane, its center is
(r, r, r), where r is the radius of the sphere. An equation for the plane of triangle ABC is
2x+3y +6z = 12, so the sphere is tangent to this plane at (r +2t, r +3t, r +6t), for some
positive number t. Thus 2(r+2t)+3(r+3t)+6(r+6t) = 12 and (2t)2 +(3t)2 +(6t)2 = r2,
from which follow 11r + 49t = 12 and 7t = r, respectively. Combine these equations to
discover that r = 2/3 and m + n = 5.

OR

An equation of the plane of triangle ABC is 2x + 3y + 6z = 12. The distance from the
plane to (r, r, r) is

|2r + 3r + 6r − 12|√
22 + 32 + 62

.

This leads to |11r−12|
7 = r, which is satisfied by r = 3 and r = 2/3. Since (3, 3, 3) is outside

the tetrahedron, r = 2/3 and m + n = 5.
Query: The sphere determined by r = 3 is outside the tetrahedron and tangent to the
planes containing its faces. Can you find the radii of the other three spheres with this
property?

B

A

D

x

22

x+20

22

F

C

13. (Answer: 174)

In the figure, points A, B, C, and D are concyclic, the
degree sizes of arcs AB, BC, and CD are all d, and
AB = BC = CD = 22. Note that AD is the chord
of a 3d-degree arc. Let AD = x. Then AC = x + 20,
because AC is the chord of a 2d-degree arc. In isosceles
trapezoid ABCD, draw the altitude AF from A to BC,
and notice that F divides BC into BF = 11 − x

2 and
CF = 11 + x

2 . Because the right triangles AFC and
AFB share the leg AF , it follows that

(x + 20)2 − (11 +
x

2
)2 = 222 − (11− x

2
)2,

which simplifies to x2 + 18x − 84 = 0. Thus x = −9 +
√

165 and m + n = 174.
OR

Noting that ABCD is a cyclic isosceles trapezoid, apply Ptolemy’s Theorem to obtain
AB · BD = BC · AD + CD · AB, or (x + 20)2 = 22x + 222. Solve the equation to find
that x = −9 +

√
165.

Query: If the restriction d < 120 were removed, then the problem would have an addi-
tional solution. Can you find it?
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14. (Answer: 351)

The first condition implies that at most ten houses get mail in one day, while the second
condition implies that at least six houses get mail. If six houses get mail, they must be
separated from each other by a total of at least five houses that do not get mail. The
other eight houses that do not get mail must be distributed in the seven spaces on the
sides of the six houses that do get mail. This can be done in 7 ways: put two at each
end of the street and distribute the other four in

(
5
4

)
= 5 ways, or put one in each of the

seven spaces and an extra one at one end of the street or the other. If seven houses get
mail, they create eight spaces, six of which must contain at least one house that does not
get mail. The remaining six houses that do not get mail can be distributed among these
eight spaces in 113 ways: six of the eight spaces can be selected to receive a single house
in

(
8
6

)
= 28 ways; two houses can be placed at each end of the street and two intermediate

spaces be selected in
(
6
2

)
= 15 ways; and two houses can be placed at one end of the street

and four spaces selected for a single house in 2
(
7
4

)
= 70 ways. Similar reasoning shows

that there are
(
9
1

)
+1+2

(
8
2

)
= 183 patterns when eight houses get mail, and 2+

(
10
2

)
= 47

patterns when nine houses get mail. When ten houses get mail, there is only one pattern,
and thus the total number of patterns is 7 + 113 + 183 + 47 + 1 = 351.

OR

Consider n-digit strings of zeros and ones, which represent no mail and mail, respectively.
Such a sequence is called acceptable if it contains no occurrences of 11 or 000. Let fn

be the number of acceptable n-digit strings, let an be the number of acceptable n-digit
strings in which 00 follows the leftmost 1, and let bn be the number of acceptable n-digit
strings in which 01 follows the leftmost 1. Notice that fn = an + bn for n ≥ 5. Deleting
the leftmost occurrence of 100 shows that an = fn−3, and deleting 10 from the leftmost
occurrence of 101 shows that bn = fn−2. It follows that fn = fn−2 + fn−3 for n ≥ 5. It
is straightforward to verify the values of f1 = 2, f2 = 3, f3 = 4, and f5 = 7. Then the
recursion can be used to find that f19 = 351.
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B

A

D

F

C

E

G

H

15. (Answer: 085)

It is helpful to consider the cube ABCDEFGH shown
in the figure. The vertices of the cube represent
the faces of the dotted octahedron, and the edges of
the cube represent adjacent octahedral faces. Each
assignment of the numbers 1,2,3,4,5,6,7, and 8 to the
faces of the octahedron corresponds to a permutation
of ABCDEFGH, and thus to an octagonal circuit of
these vertices. The cube has 16 diagonal segments that
join nonadjacent vertices. In effect, the problem asks
one to count octagonal circuits that can be formed by
eight of these diagonals. Six of the diagonals are edges of
tetrahedron ACFH, six are edges of tetrahedron DBEG,
and four are long, joining a vertex of one tetrahedron to
the diagonally opposite point from the other. Notice that
each vertex belongs to exactly one long diagonal. It follows that an octagon cannot
have two successive long diagonals. Also notice that an octagonal path can jump from
one tetrahedron to the other only along one of the long diagonals. it follows that an
octagon must contain either 2 long diagonals separated by 3 tetrahedron edges or 4 long
diagonals alternating with tetrahedron edges. To form an octagon that contains four long
diagonals, choose two opposite edges from tetrahedron ACFH and two opposite edges
from tetrahedron DBEG. For each of the three ways to choose a pair of opposite edges
from tetrahedron ACFH, there are two possible ways to choose a pair of opposite edges
from tetrahedron DBEG. There are 6 distinct octagons of this type and 8 · 2 ways to
describe each of them, making 96 permutations. To form an octagon that contains exactly
two of the long diagonals, choose a three-edge path along tetrahedron ACFH, which can
e done in 4! = 24 ways. Then choose a three-edge path along tetrahedron DBEG which,
because it must start and finish at specified vertices, can be done in only 2 ways. Since
this counting method treats each path as different from its reverse, there are 8 ·24 ·2 = 384
permutations of this type. In all, there are 96 + 384 = 480 permutations that correspond
to octagonal circuits formed exclusively from cube diagonals.
The probability of randomly choosing such a permutation is 480

8! = 1
84 , m + n = 85.

Note: The cube is called the emphdual of the octahedron.
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1. (Answer: 009)
Let the hundreds, tens, and units digits of x be h, t, and u, respectively. Then
x = 100h + 10t + u, y = 100u + 10t + h, and z = |99(h− u)| = 99|h− u|. Since h
and u are between 1 and 9, inclusive, |h− u| must be between 0 and 8, inclusive.
Thus there are 9 possible values for z.

2. (Answer: 294)
Notice that PQR is an equilateral triangle, because PQ = QR = RP = 7

√
2.

This implies that each edge of the cube is 7 units long. Hence the surface area of
the cube is 6(72) = 294.

...................
...................

...................
...................

...................
...................

...................
............

...................
...................

...................
...................

...................
...................

...................
............

...................
...................

...................
...................

...................
...................

...................
............

............
............

............
............

............
............

............
...

............. ............. ............. ............. ............. ............. ............. ............. ............. ............. ............. ............. ............. .............
...........

..
...........

..
...........

..
...........

..
...........

..
...........

..
...........

..
...........

..
...........

..
...........

..
..........................

.............
.............

.............
.............

.............
.............

.............
.............

.............
.............•

P

•
Q

•R

3. (Answer: 111)
Note that 6 = log6 a + log6 b + log6 c = log6 abc. Then 66 = abc = b3, so b = 62

and ac = 64. Because b 6= a and b − a is the square of an integer, the only
possibilities for a are 11, 20, 27, 32, and 35. Of these, only 27 is a divisor of 64.
Thus a + b + c = 27 + 36 + 48 = 111.
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4. (Answer: 803)
The garden can be partitioned into regular hexagons congruent to the blocks, and
the hexagons on the boundary of the garden form a figure like the path, but with
only n− 1 hexagons on a side.
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The figure shows the garden (not including the walk) when n = 10. Note that for
any n > 1, counting the hexagons by columns starting at the left, each column
contains one more hexagon than the column adjacent to it on the left, until the
center column is reached. Since the leftmost column contains n− 1 hexagons and
the longest column is the (n− 2)nd to the right of it, the longest column contains
(n− 1) + (n− 2) = 2n− 3 hexagons. The number of hexagons strictly to the left
of the center vertical line is therefore

(n− 1) + n + (n + 1) + (n + 2) + · · ·+ [(n− 1) + (n− 3)] =
(3n− 5)(n− 2)

2
,

and there are the same number to the right. Since the area of each of the hexagons
is six times the area of an equilateral triangle of side 1, the area of the garden is

[(2n− 3) + (3n− 5)(n− 2)]

[
6
√

3
4

]
.

When n = 202 this is 361803
√

3/2 square units, so the desired remainder is 803.
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OR

For n > 1, note that when there are n hexagons per side of the bounding path,
there is a total of 6(n− 1) hexagons on the path. The number of hexagons in the
interior of the path is

1 + 6 + 12 + 18 + · · ·+ 6(n− 2) = 1 + 3(n− 2)(n− 1),

so when n = 202, the garden can be partitioned into 1 + 3(200)(201) = 120601
hexagons. Since the area of each hexagon is 6

√
3/4, the area of the garden is

361803
√

3/2.

5. (Answer: 042)
Note that

6a

a6
=

2a3a

26n36m

is not an integer if and only if 6n > a or 6m > a, that is, if and only if

6 ·max(n,m) > 2n3m. (?)

When both n ≥ 1 and m ≥ 1, there are no values of m and n that satisfy (?).
When m = 0, (?) reduces to 2n < 6n, which is satisfied only by n = 1, 2, 3, 4.
When n = 0, (?) reduces to 3m < 6m, which is satisfied only by m = 1, 2. Thus
there are six values of a for which a6 not a divisor of 6a, namely, a = 2, 4, 8, 16, 3,
and 9, and their sum is 42.

6. (Answer: 521)

Because
1

n2 − 4
=

1
4

(
1

n− 2
− 1

n + 2

)
, the series telescopes, and it follows that

1000
10000∑
n=3

1
n2 − 4

= 250
(

1
1

+
1
2

+
1
3

+
1
4
− 1

9999
− 1

10000
− 1

10001
− 1

10002

)

= 250 + 125 +
250
3

+
250
4
− 250

9999
− 250

10000
− 250

10001
− 250

10002

= 520 +
5
6
− r,

where the positive number r is less than 1/3. Thus the requested integer is 521.

7. (Answer: 112)
The sum is a multiple of 200 if and only if k(k+1)(2k+1) = 6 ·200N = 24 ·3 ·52N
for some positive integer N . Because 2k+1 is odd and k and k+1 cannot both be



2002 AIME2 SOLUTIONS 5

even, it follows that either k or k+1 is a multiple of 16. Furthermore, the product
is divisible by 3 for all integer values of k. (Why?) Substitute k = 15, 16, 31, 32, . . .,
and check whether k(k + 1)(2k + 1) is divisible by 25 to see that k = 112 is the
smallest positive integer for which k(k + 1)(2k + 1) is a multiple of 1200.

8. (Answer: 049)

The equation
⌊

2002
n

⌋
= k is equivalent to

k ≤ 2002
n

< k + 1, or
2002
k + 1

< n ≤ 2002
k

.

In order that there be no solutions, there can be no integer in this interval, that

is,
2002

k
and

2002
k + 1

must have the same integer part. The length of the interval

must be less than 1, so
2002

k
− 2002

k + 1
< 1

which yields k(k + 1) > 2002, and thus k ≥ 45. For k = 45, 46, 47, 48, 49, 50,
the integer part of 2002/k is 44, 43, 42, 41, 40, 40, respectively. Thus 2002/49 and
2002/50 have the same integer part, so the least positive integer value of k is 49.

9. (Answer: 501)
Let k be the number of elements of S, and let A and B be two empty jars into which
elements of S will be placed to create two disjoint subsets. For each element x in
S, there are three possibilities: place x in A, place x in B, or place x in neither A
nor B. Thus the number of ordered pairs of disjoint subsets (A,B) is 3k. However,
this counts the pairs where A or B is empty. Note that for A to be empty, there
are two possibilities for each element x in S: place x in B, or do not place x in B.
The number of pairs for which A or B is empty is thus 2k + 2k − 1 = 2k+1 − 1.
Since interchanging A and B does not yield a different set of subsets, there are
1
2 (3k − 2k+1 + 1) = 1

2 (3k + 1)− 2k sets. When k = 10, n = 310+1
2 − 210 = 28501,

and the desired remainder is 501.

OR

For each non-empty subset X of S with k elements, k = 1, 2, 3, . . . , 9, there are
210−k − 1 non-empty subsets of S that are disjoint with X . Let N be the total
number of ordered pairs of non-empty disjoint subsets of S. Then

N =
9∑

k=1

(
10
k

)
(210−k − 1) =

9∑

k=1

(
10
k

)
(2k − 1) =

9∑

k=1

(
10
k

)
2k −

9∑

k=1

(
10
k

)
.
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Note that
10∑

k=0

(
10
k

)
= 210,

and, from the Binomial Expansion,

310 = (1 + 2)10 =
10∑

k=0

(
10
k

)
2k.

Thus N =
[
310 − (1 + 210)

]− [
210 − (1 + 1)

]
= 310 − 211 + 1, and the number of

sets of two non-empty disjoint subsets of S is 1
2 (310 − 211 + 1) = 28501.

10. (Answer: 900)

Because x radians is equivalent to
180x

π
degrees, the requested special values of

x satisfy sin x◦ = sin
180x

π

◦
. It follows from properties of the sine function that

either
180x

π
= x + 360j or 180− 180x

π
= x− 360k

for some integers j and k. Thus either x =
360jπ

180− π
or x =

180(2k + 1)π
180 + π

, and the

least positive values of x are
360π

180− π
and

180π

180 + π
, so m + n + p + q = 900.

11. (Answer: 518)
Let the two series be ∞∑

k=0

a · rk and
∞∑

k=0

b · sk.

The given conditions imply that a = 1− r, b = 1− s, and ar = bs. It follows that
r(1 − r) = s(1 − s), that is r − s = r2 − s2. Because the series are not identical,
r 6= s, leaving r = 1− s as the only possibility, and the series may be written as

∞∑

k=0

(1− r) · rk and
∞∑

k=0

r · (1− r)k.

As we may pick either series as the one whose third term is 1/8, set (1−r)r2 = 1/8,
from which we obtain 8r3−8r2+1 = 0. The substitution t = 2r yields t3−2t2+1 =
0, for which 1 is a root. Factoring gives (t − 1)(t2 − t − 1) = 0, so the other two
roots are (1±√5)/2, which implies that r = 1/2 or r = (1±√5)/4. However, if
r were 1/2, the two series would be equal; and if r were (1−√5)/4, then s would
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be (3 +
√

5)/4, but convergence requires that |s| < 1. Thus r = (1 +
√

5)/4, and
−1 < s = (3−√5)/4 < 1. The second term of the series is therefore equal to

r(1− r) =

(
1 +

√
5

4

)(
3−√5

4

)
=
√

5− 1
8

,

and 100m + 10n + p = 518.

12. (Answer: 660)
Let x be the number of attempts and y the number of shots made. The maximum
values of y for x = 1, 2, . . . , 10 are 0, 0, 1, 1, 2, 2, 2, 3, 3, and 4, respectively. Since
y = 4 when x = 10, the minimum values of y when x = 9, 8, 7, 6, 5, 4, 3, 2, 1 are
3, 2, 1, 0, 0, 0, 0, 0, 0, respectively. We can represent the possible sequences of
made and missed shots in the diagram below.

1 2 3 4 5 6 7 8 9 10

Shots attempted

0

1

2

3

4

Shots
made

•
1A •

1
•
1

•
1

•
1

•
1

• • • •

•
1

•
2

•
3

•
4

•
5

• • •

•
2

•
5

•
9

•
14

• •

•
9

•
23

•

•
23

B

...........
...........
...........
...........
...........
...........
...........
...........
...........
..

...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
....

...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
....

...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
.....

...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
.......

The possible sequences of made and attempted shots correspond to sequences
of ordered pairs (x, y), where x is the number of shots attempted and y is the
number of shots made, beginning at (1, 0) and ending at (10, 4). Each sequence
corresponds to a path from A to B that moves right and/or up on the lines in
the diagram. The number of paths from A to any point P on the diagram is the
sum of the number of paths from A to the points directly before P . Each point is
labeled with the number of possible paths from A to that point. Thus, the number
of paths from A to B is 23. Each path represents a sequence of 4 made shots and
6 misses, so the requested probability is

23(.4)4(.6)6 =
243623

510
,

and (p + q + r + s)(a + b + c) = (2 + 3 + 23 + 5)(4 + 6 + 10) = 660.
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13. (Answer: 901)
Draw the line through E that is parallel to AD, and let K be its intersection
with BC. Because CD = 2 and KC : KD = EC : EA = 1 : 3, it follows that
KD = 3/2. Therefore,

QP

AE
=

BP

BE
=

BD

BK
=

5
5 + (3/2)

=
10
13

.

Thus
QP

AC
=

3
4
· 10
13

=
15
26

.

Since triangles PQR and CAB are similar, the ratio of their areas is (15/26)2 =
225/676. Thus m + n = 901.
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•A

•B

•
C•

D

•E
•
P

•Q

•R
•

K

OR

Use mass points. Assign a mass of 15 to C. Since AE = 3 · EC, the mass at
C must be 3 times the mass at A, so the mass at A is 5, and the mass at E is
15 + 5 = 20. Similarly, the mass at B is (2/5) · 15 = 6, so the mass at D is
15 + 6 = 21, and the mass at P is 6 + 20 = 26. Draw −−→

CP and let it intersect AB
at F . The mass at F is 26 − 15 = 11, so PF/CF = 15/26, and the ratio of the
areas is (15/26)2 = 225/676.

Remark: Research mass points to find out more about this powerful method of
solving problems involving geometric ratios.
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14. (Answer: 098)
Let T and B be the points where the circle meets PM and AP , respectively, with
ABP . Triangles POT and PAM are right triangles that share angle MPA, so they
are similar. Let p1 and p2 be their respective perimeters. Then OT/AM = p1/p2.
Because AM = TM , it follows that p1 = p2 − (AM + TM) = 152− 2AM . Thus
19/AM = (152 − 2AM)/152, so that AM = 38 and p1 = 76. It is also true that
OP/PM = p1/p2, so

1
2

=
OP

PM
=

OP

152− (38 + 19 + OP )

It follows that OP = 95/3, and m + n = 98.
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.............
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A
O

P

M

T

B

15. (Answer: 282)
Let r1 and r2 be the radii and A1 and A2 be the centers of C1 and C2, respectively,
and let P = (u, v) belong to both circles. Because the circles have common
external tangents that meet at the origin O, it follows that the first-quadrant
angle formed by the lines y = 0 and y = mx is bisected by the ray through O, A1,
and A2. Therefore, A1 = (x1, kx1) and A2 = (x2, kx2), where k is the tangent of
the angle formed by the positive x-axis and the ray OA1. Notice that r1 = kx1

and r2 = kx2. It follows from the identity tan 2α =
2 tan α

1− tan2 α
that m =

2k

1− k2
.

Now (PA1)2 = (kx1)2, or

(u− x1)2 + (v − kx1)2 = k2x2
1, so

(x1)2 − 2(u + kv)x1 + u2 + v2 = 0.
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In similar fashion, it follows that

(x2)2 − 2(u + kv)x2 + u2 + v2 = 0.

Thus x1 and x2 are the roots of the equation

x2 − 2(u + kv)x + u2 + v2 = 0,

which implies that x1x2 = u2 + v2, and that r1r2 = k2x1x2 = k2(u2 + v2). Thus

k =
√

r1r2

u2 + v2

and

m =
2k

1− k2
=

2
√

r1r2(u2 + v2)
u2 + v2 − r1r2

.

When u = 9, v = 6, and r1r2 = 68, this gives m =
12
√

221
49

, so a + b + c = 282.

Problem Authors
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3. Susan Wildstrom 11. Kent Boklan
4. Leo Schneider 12. Steven Blasberg
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7. Harold Reiter 15. Zuming Feng
8. David Hankin
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1. (Answer: 059)
The probability that a license plate will have a three-letter palindrome is (262)

(263) = 1
26

because there are 26 possibilities for each of the first two letters, and the third
letter must be the same as the first. Similarly, the probability that a license plate
will have a three-digit palindrome is (102)/(103) = 1/10. The probability that a
license plate will have both a three-letter palindrome and a three-digit palindrome
is (1/26)(1/10) = 1/260. Apply the Inclusion-Exclusion Principle to conclude that
the probability that a license plate will have at least one palindrome is

1
26

+
1
10
− 1

260
=

35
260

=
7
52

.

Thus m + n = 59.

2. (Answer: 154)
Let r be the radius of each circle, and let l and w be the dimensions of the rectangle
with l > w. Then 14r = l. Now consider the equilateral triangle whose vertices
are the centers of any three mutually tangent circles. The height of such a triangle
is r

√
3, so w = 2r + 2r

√
3. It follows that

l

w
=

14r

2r(1 +
√

3)
=

7(
√

3− 1)
2

=
√

147− 7
2

,

so p + q = 154.

3. (Answer: 025)
Let Dick’s age and Jane’s age in n years be 10x + y and 10y + x, respectively. At
that time, Dick will be 9(x− y) years older than Jane, and the sum of their ages
will be 11(x + y). Dick’s age must always exceed Jane’s by a multiple of 9; thus
Dick’s current age must be 34, 43, 52, 61, 70, 79, 88, or 97. Suppose that Dick
is 34, so that the sum of their ages is 59. Their age-sum is therefore always odd,
and it is not a multiple of 11 until it reaches 77. This takes n = 1

2 (77 − 59) = 9
years. Every 11 years thereafter, as long as Dick has a two-digit age, their ages
will be reversals of each other; Dick’s ages at those times are 43, 54, 65, 76, 87,
and 98. Similar reasoning applies if Dick’s current age is 43, and their age-sum is
68: the next age-sum that has the same parity and is divisible by 11 is 88, when
Dick is 53 and n = 10. Every 11 years thereafter, until Dick is 97, their ages are
reversals of each other — five examples in all. Similarly, there are four examples
if Dick’s current age is 52, four examples if his current age is 61, three examples
if his current age is 70, two examples if his current age is 79, one example if his
current age is 88, and none if his current age is 97. The total number of ordered
pairs is thus 6 + 5 + 4 + 4 + 3 + 2 + 1 = 25.

OR
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Since Dick must always be older than Jane, in n years Jane may be 26, 27, 28, 29,
34,. . ., 39, 45, . . ., 49, 56, . . ., 59, 67, 68, 69, 78, 79 or 89. Dick’s age will be the
result of reversing the digits of Jane’s age. The total number of ordered pairs is
thus 4 + 6 + 5 + 4 + 3 + 2 + 1 = 25.

4. (Answer: 840)
Because

1
k2 + k

=
1

k(k + 1)
=

1
k
− 1

k + 1
,

the series telescopes, that is,

1/29 = am + am+1 + · · ·+ an−1

=
(

1
m
− 1

m + 1

)
+

(
1

m + 1
− 1

m + 2

)
+ . . . +

(
1

n− 1
− 1

n

)
,

so (1/m) − (1/n) = 1/29. Since neither m nor n is 0, this is equivalent to mn +
29m−29n = 0, from which we obtain (m−29)(n+29) = −292, or (29−m)(29+n) =
292. Since 29 is a prime and 29 + n > 29 − m, it follows that 29 − m = 1 and
29 + n = 292. Thus m = 28, n = 292 − 29, and m + n = 292 − 1 = 30 · 28 = 840.

5. (Answer: 183)
Each pair {Ai, Aj} of the

(
12
2

)
= 66 pairs of vertices generates three squares, one

having diagonal AiAj , and the other two having AiAj as a side. However, each of
the three squares A1A4A7A10, A2A5A8A11, and A3A6A9A12 is counted six times.
The total number of squares is therefore 3 · 66− 15 = 183.

6. (Answer: 012)
Let p = log225 x = 1/ logx 225 and q = log64 y = 1/ logy 64. The given equations

then take the form p + q = 4 and
1
p
− 1

q
= 1, whose solutions are (p1, q1) =

(3 +
√

5, 1 − √
5) and (p2, q2) = (3 − √

5, 1 +
√

5). Thus x1x2 = 225p1225p2 =
225p1+p2 = 2256, y1y2 = 64q1+q2 =
642, and log30(x1y1x2y2) = log30

(
2256642

)
= log30

(
1512212

)
= log30 3012 = 12.

7. (Answer: 428)
Apply the Binomial Expansion to obtain

(102002 + 1)10/7 = 102860 +
10
7
· 103·286 +

10
7 · 3

7

2
· 10−4·286 + . . .

Thus, only the second term affects the requested digits. Since 1/7 = .142857 and
6 is a divisor of 3 · 286, conclude that

10
7
· 103·286 = 1428571 . . . 571.428571,

so the answer is 428.
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8. (Answer: 748)
Suppose a1 = xi and a2 = xi + hi for i = 1, 2, with x2 > x1 > 0 and h1 > h2 ≥ 0,
so

a9 = 34x1 + 21h1 = k = 34x2 + 21h2.

If h2 were greater than zero, then k would not be the smallest integer for which the
equation 34x+21h = k has a non-unique solution, since 34x1 +21(h1−h2) = 34x2

would yield a smaller k. Thus,

34x1 + 21h1 = 34x2, that is, 21h1 = 34(x2 − x1),

so h1 must be a positive multiple of 34, and x2 and x1 must differ by a multiple
of 21. The smallest possible values of h1, h2, x1, x2, and a9 that satisfy these
conditions and those of the problem are thus h1 = 34, h2 = 0, x1 = 1, x2 = 22,
and a9 = 34 · 22 + 21 · 0 = 748. Note that the sequences

1, 35, 36, 71, 107, 178, 285, 463, 748, . . .

22, 22, 44, 66, 110, 176, 286, 462, 748, . . .

both have k = 748 as their ninth term.

OR

Note that a9 = 13a1 +21a2, so the requested value of k is the least positive integer
k such that 13x + 21y = k has more than one solution (x, y) with 0 < x ≤ y and
x and y integers. If k has this property, then there are integers x, y, u and v with
0 < x < u ≤ v < y and

13x + 21y = k = 13u + 21v.

Then 21(y − v) = 13(u − x) which implies that u − x is divisible by 21. Thus
u− x ≥ 21 and v ≥ u ≥ 22. Now

k = 13u + 21v ≥ 13 · 22 + 21 · 22 = 748.

To demonstrate that 13x + 21y = 748 has more than one solution, rewrite the
equation as 13(x+ y)+8y = 57 · 13+7, and conclude that 13 must be a divisor of
(8y− 7). A few trials reveal that y = 9 satisfies this condition. Thus (43, 9), (43−
21, 9 + 13) = (22, 22), and (43− 2 · 21, 9 + 2 · 13) = (1, 35) are solutions. Note that
(22, 22) and (1, 35) yield the previously mentioned sequences, and (43, 9) yields a
sequence that satisfies conditions (2) and (3), but not (1).
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9. (Answer: 757)
Let the pickets be numbered consecutively 1, 2, 3, . . .. Let H, T , and U be the
sets of numbers assigned to the pickets painted by Harold, Tanya, and Ulysses,
respectively. Then

H = {1, 1 + h, 1 + 2h, 1 + 3h, . . .}
T = {2, 2 + t, 2 + 2t, 2 + 3t, . . .}
U = {3, 3 + u, 3 + 2u, 3 + 3u, . . .}.

Each picket will be painted exactly once if and only if H, T , and U partition the
set of positive integers into mutually disjoint subsets. Clearly, h, t and u are each
greater than 1. In fact, h ≥ 3, since if h = 2, then 3 is in H. Also h < 5, because
if h ≥ 5, then 4 cannot be in H; since 4 cannot be in U , 4 would have to be in
T , making T = {2, 4, 6, . . .}, which would make U = {3, 5, 7, . . .}, since 5 is not in
H. But this leaves no possible value for h. Thus h = 3 or h = 4. When h = 3,
H = {1, 4, 7, . . .}. Now 5 cannot be in U because 7 would be too, but 7 is in H. So
5 is in T , and T = {2, 5, 8, . . .}, which means that U = {3, 6, 9, . . .}. When h = 4,
H = {1, 5, 9, . . .}. Since 4 cannot be in U , T = {2, 4, 6, . . .}, so U = {3, 7, 11, . . .}.
The two paintable integers are 333 and 424, whose sum is 757.

10. (Answer: 148)
By the Angle-Bisector Theorem, BD : DC = AB : AC = 12 : 37, and thus the
area of triangle ADC is 37/49 of the area of triangle ABC. By the Angle-Bisector
Theorem, EG : GF = AE : AF = 3 : 10, and thus the area of triangle AGF
is 10/13 of the area of triangle AEF . The area of triangle AEF is 3/12 of the
area of triangle AFB, which is in turn 10/37 of the area of triangle ABC. Since
BC =

√
372 − 122 = 35, the area of triangle ABC is 210. It follows that the area

of quadrilateral DCFG is

(
37
49
− 10

13
· 3
12
· 10
37

)
210 =

1110
7

− 5250
481

= 158
4
7
− 10

440
481

,

so the requested integer is 148.
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11. (Answer: 230)
Place a coordinate system on the cube so that A = (0, 0, 0), B = (12, 0, 0),
C = (12, 12, 0), D = (0, 12, 0), and P = (12, 7, 5). Point P is the first point
where the light hits a face of the cube. Let P2 be the second point at which the
light hits a face, and consider the reflection of the cube in face BCFG. Then P2

is the image of the point at which ray AP next intersects a face of the reflected
cube. Continue this process so that the (k+1)st cube is obtained by reflecting the
kth cube in the face containing Pk for k ≥ 2. Therefore, each intersection of ray
AP and a plane with equation x = 12n, y = 12n, or z = 12n, where n is a positive
integer, corresponds to a point where the light beam hits a face of the cube. Thus
the path will first return to a vertex of the cube when ray AP reaches a point
whose coordinates are all multiples of 12. The points on ray AP have coordinates
of the form (12t, 7t, 5t), where t is nonnegative, and they will all be multiples of
12 if and only if t is a multiple of 12. This first happens when t = 12, which yields
the point (144, 84, 60). The requested distance is the same as the distance from
this point to A, namely, 12

√
122 + 72 + 52 = 12

√
218, so m + n = 230.

12. (Answer: 275)
Calculate

F (F (z)) =

z + i

z − i
+ i

z + i

z − i
− i

=
z + i + iz + 1
z + i− iz − 1

=
1 + i

1− i
· z + 1
z − 1

= i · z + 1
z − 1

and

F (F (F (z))) = F

(
i · z + 1

z − 1

)
=

i · z + 1
z − 1

+ i

i · z + 1
z − 1

− i
=

z + 1 + z − 1
z + 1− (z − 1)

= z,

which shows that zn = zn−3 for all n ≥ 3. In particular, z2002 = z2002−667·3 =

z1 =
1

137 + 2i
1

137

= 1 +
2
1

137

i = 1 + 274i, and a + b = 275.
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13. (Answer: 063)
Let P be the intersection of AD and CE. Since
angles ABF and ACF intercept the same arc,
they are congruent, and therefore triangles ACE
and FBE are similar. Thus EF/12 = 12/27,
yielding EF = 16/3. The area of triangle AFB
is twice that of triangle AEF , and the ratio of
the area of triangle AEF to that of triangle AEP

is 16/3
9 , since the medians of a triangle trisect

each other. Triangle AEP is isosceles, so the altitude to base PE has length√
122 − (9/2)2 = (1/2)

√
242 − 92 = (3/2)

√
82 − 32 = (3/2)

√
55, and the area of

triangle AEP is (27/4)
√

55. Therefore, [AFB] = 2[AFE] = 2(16/27) · [AEP ] =
2(16/27) · (27/4)

√
55 = 8

√
55, and m + n = 63.
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14. (Answer: 030)
Let x1, x2, x3, . . . , xn be the members of S, and let

sj =
x1 + x2 + x3 + · · ·+ xn − xj

n− 1
.

It is given that sj is an integer for any integer j between 1 and n, inclusive. Note
that, for any integers i and j between 1 and n, inclusive,

si − sj =
xj − xi

n− 1
,

which must be an integer. Also, xj = (si − sj)(n− 1) + xi, and when xi = 1, this
implies that each element of S is 1 more than a multiple of n− 1. It follows that
(n − 1)2 + 1 ≤ 2002, implying that n ≤ 45. Since n − 1 is a divisor of 2002 − 1,
conclude that n = 2 or n = 4 or n = 24 or n = 30, so n is at most 30. A thirty-
element set S with the requested property is obtained by setting xj = 29j − 28
for 1 ≤ j ≤ 29 and x30 = 2002.
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15. (Answer: 163)
Place a coordinate system on the figure so that square ABCD is in the xy-plane,
as shown in the diagram. Let E = (x1, y1, 12). Because DE = CE, it follows
that x1 = 6. Because DE = 14, it follows that 142 = 62 + (y1)2 + 122, so that
y1 = 4. Let GK be an altitude of isosceles trapezoid ABFG, and notice that
the x-coordinates of both G and K are equal to 1

2 (AB − GF ) = 3. To find the
y-coordinate of G, let ax + by + cz = d be an equation of the plane determined by
A, D, and E. Substitute the coordinates of these three points to find that 12b = d,
0 = d, and 6a + 4b + 12c = d, respectively, from which it follows that b = d = 0
and a + 2c = 0. Thus G = (3, y2, z2) lies on the plane z = 2x, so z2 = 6. Because
GA = 8, it follows that 82 = 32 + (y2 − 12)2 + 62, so y2 = 12±√19. Thus

EG2 = (6− 3)2 + (4− (12±
√

19))2 + (12− 6)2 = 128± 16
√

19,

and p + q + r = 163.
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E = (6, 4, 12)
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8. Leo Schneider
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1. (Answer: 336)

Call the three integers a, b, and c, and, without loss of generality, assume a ≤
b ≤ c. Then abc = 6(a + b + c), and c = a + b. Thus abc = 12c, and ab = 12, so
(a, b, c) = (1, 12, 13), (2, 6, 8), or (3, 4, 7), and N = 156, 96, or 84. The sum of
the possible values of N is 336.

2. (Answer: 120)

An integer is divisible by 8 if and only if the number formed by the rightmost
three digits is divisible by 8. The greatest integer with the desired property
is formed by choosing 9876543 as the seven leftmost digits and finding the ar-
rangement of 012 that yields the greatest multiple of 8, assuming that such an
arrangement exists. Checking the 6 permutations of 012 yields 120 as the sole
multiple of 8, so N = 9876543120, and its remainder when divided by 1000 is
120.

3. (Answer: 192)

There are three choices for the first letter and two choices for each subsequent
letter, so there are 3 · 2n−1 n-letter good words. Substitute n = 7 to find there
are 3 · 26 = 192 seven-letter good words.

4. (Answer: 028)

Let O and P be the centers of faces DAB and ABC, respectively, of regular
tetrahedron ABCD. Both

−−→
DO and

−−→
CP intersect AB at its midpoint M . Since

MO

MD
=

MP

MC
=

1
3
, triangles MOP and MDC are similar, and OP = (1/3)DC.

Because the tetrahedra are similar, the ratio of their volumes is the cube of the
ratio of a pair of corresponding sides, namely, (1/3)3 = 1/27, so m + n = 28.
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5. (Answer: 216)
Let AB be a diameter of the circular face of the wedge formed by the first cut,
and let AC be the longest chord across the elliptical face of the wedge formed by
the second cut. Then 4ABC is an isosceles right triangle and BC = 12 inches.
If a third cut were made through the point C on the log and perpendicular to the
axis of the cylinder, then a second wedge, congruent to the original, would be
formed, and the two wedges would fit together to form a right circular cylinder
with radius AB/2 = 6 inches and height BC. Thus, the volume of the wedge is
1
2π · 62 · 12 = 216π, and n = 216.

6. (Answer: 112)
Let M be the midpoint of BC, let M ′ be the reflection of M in G, and let Q
and R be the points where BC meets A′C ′ and A′B′, respectively. Note that
since M is on BC, M ′ is on B′C ′. Because a 180◦ rotation maps each line that
does not contain the center of the rotation to a parallel line, BC is parallel to
B′C ′, and 4A′RQ is similar to 4A′B′C ′. Recall that medians of a triangle
trisect each other to obtain

M ′G = MG = (1/3)AM, so A′M = AM ′ = (1/3)AM = (1/3)A′M ′.

Thus the similarity ratio between triangles A′RQ and A′B′C ′ is 1/3, and

[A′RQ] = (1/9)[A′B′C ′] = (1/9)[ABC].

Similarly, the area of each of the two small triangles with vertices at B′ and C ′,
respectively, is 1/9 that of 4ABC. The desired area is therefore

[ABC] + 3(1/9)[ABC] = (4/3)[ABC].

Use Heron’s formula, K =
√

s(s− a)(s− b)(s− c), to find [ABC] =
√

21 · 7 · 6 · 8 =
84. The desired area is then (4/3) · 84 = 112.

.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
...........................................................................................................................................................................................................................................................................................................................................................................................

.............
.............

.............
.............

.............
.............

.............
.............

.............
.............

.............
.............

.............
.............

.............
.........
....
.........
....
.........
....
.........
....
.........
....
.........
....
.........
....
.........
....
.........
....
.........
....
.........
....
.........
....
.........
....
.........
....

.............
.............

.............
.............

.............
.............

.............
.............

.............
.............

.............
.............

.............
.............

.............
.............

.............
..................... ............. ............. ............. ............. ............. ............. ............. ............. ............. ............. ............. ............. ............. ............. ............. ............. ............. ............

.............
.............
.............
.............
.............
.............
.............
.............
.............
.............
.............
.............
.............
.............
.............
.............

•
A

•
C

•B

•A′•C ′

•
B′

•
G

•M

•
M ′

•Q

•R



2003 AIME2 SOLUTIONS 4

7. (Answer: 400)

Let O be the point of intersection of diagonals AC and BD, and E the point
of intersection of AC and the circumcircle of 4ABD. Extend DB to meet the
circumcircle of 4ACD at F . From the Power-of-a-Point Theorem, we have

AO ·OE = BO ·OD and DO ·OF = AO ·OC.

Let AC = 2m and BD = 2n. Because AE is a diameter of the circumcircle
of 4ABD, and DF is a diameter of the circumcircle of 4ACD, the above
equalities can be rewritten as

m(25−m) = n2 and n(50− n) = m2,

or
25m = m2 + n2 and 50n = m2 + n2.

Therefore m = 2n. It follows that 50n = 5n2, so n = 10 and m = 20. Thus
[ABCD] = (1/2)AC ·BD = 2mn = 400.
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Let R1 and R2 be the circumradii of triangles ABD and ACD, respectively.
Because BO is the altitude to the hypotenuse of right 4ABE, AB2 = AO ·AE.
Similarly, in right 4DAF , AB2 = DA2 = DO ·DF , so AO · AE = DO ·DF .
Thus

AO

DO
=

DF

AE
=

R2

R1
= 2.

Also, from right 4ADE, 2 =
AO

DO
=

DO

OE
. Then

25 = 2R1 = AE = AO + OE = 2 ·DO +
1
2
DO =

5
2
DO,

and DO = 10, AO = 20, so [ABCD] = 400.

OR

Let s be the length of a side of the rhombus, and let α = 6 BAC. Then AO =
s cosα, and BO = s sin α, so [ABCD] = 4[ABO] = 2s2 sin α cosα = s2 sin 2α.
Apply the Extended Law of Sines (In any 4ABC with AB = c, BC = a,

CA = b, and circumradius R,
a

sin A
=

b

sin B
=

c

sin C
= 2R) in 4ABD and

4ACD to obtain s = 2R1 sin(90◦ − α) = 2R1 cosα, and s = 2R2 sin α. Thus

tanα =
sin α

cosα
=

R1

R2
=

1
2
. Also, s2 = 4R1R2 cos α sin α = 2R1R2 sin 2α. But

sin 2α = 2 · 1√
5
· 2√

5
=

4
5
, from which [ABCD] = 2R1R2 sin2 2α = 2 · 252 ·25· 1625 =

400.

OR

Let AB = s, AO = m, and BO = n, and use the fact that the product of the
lengths of the sides of a triangle is four times the product of its area and its
circumradius to obtain 4[ABD]R1 = s · s · 2n and 4[ACD]R2 = s · s · 2m. Since

[ABD] = [ACD], conclude that
1
2

=
R1

R2
=

n

m
, and proceed as above.

8. (Answer: 348)

The nth term of an arithmetic sequence has the form an = pn+q, so the product
of corresponding terms of two arithmetic sequences is a quadratic expression,
sn = an2 + bn + c. Letting n = 0, 1, and 2 produces the equations c = 1440,
a + b + c = 1716, and 4a + 2b + c = 1848, whose common solution is a = −72,
b = 348, and c = 1440. Thus the eighth term is s7 = −72·72+348·7+1440 = 348.
Note that sn = −72n2 + 348n + 1440 = −12(2n − 15)(3n + 8) can be used
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to generate pairs of arithmetic sequences with the desired products, such as
{180, 156, 132, . . .} and {8, 11, 14, . . .}.

9. (Answer: 006)

Apply the division algorithm for polynomials to obtain

P (x) = Q(x)(x2 + 1) + x2 − x + 1.

Therefore

4∑

i=1

P (zi) =
4∑

i=1

z2
i −

4∑

i=1

zi + 4 =
( 4∑

i=1

zi

)2

− 2
∑

i<j

zizj −
4∑

i=1

zi + 4.

Use the formulas for sum and product of the roots to obtain
4∑

i=1

P (zi) = 1+2−
1 + 4 = 6.

OR

Since, for each root w of Q(x) = 0, we have w4 − w3 − w2 − 1 = 0, conclude
that w4 − w3 = w2 + 1, and then w6 − w5 = w4 + w2 = w3 + 2w2 + 1. Thus
P (w) = w3 + 2w2 + 1− w3 − w2 − w = w2 − w + 1. Therefore

4∑

i=1

P (zi) =
4∑

i=1

z2
i −

4∑

i=1

zi + 4,

and, as above,
4∑

i=1

P (zi) = 6.

10. (Answer: 156)

Let x represent the smaller of the two integers. Then
√

x +
√

x + 60 =
√

y, and
x + x + 60 + 2

√
x(x + 60) = y. Thus x(x + 60) = z2 for some positive integer

z. It follows that

x2 + 60x = z2,

x2 + 60x + 900 = z2 + 900,

(x + 30)2 − z2 = 900, and
(x + 30 + z)(x + 30− z) = 900.
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Thus (x+30+z) and (x+30−z) are factors of 900 with (x+30+z) > (x+30−z),
and they are both even because their sum and product are even. Note that each
pair of even factors of 900 can be found by doubling factor-pairs of 225, so the
possible values of (x + 30 + z, x + 30 − z) are (450, 2), (150, 6), (90, 10), and
(50, 18). Each of these pairs yields a value for x which is 30 less than half
their sum. These values are 196, 48, 20, and 4. When x = 196 or 4, then√

x +
√

x + 60 is an integer. When x = 48, we obtain
√

48 +
√

108 =
√

300, and
when x = 20, we obtain

√
20 +

√
80 =

√
180. Thus the desired maximum sum

is 48 + 108 = 156.

OR

Let x represent the smaller of the two integers. Then
√

x +
√

x + 60 =
√

y, and
x + x + 60 + 2

√
x(x + 60) = y. Thus x(x + 60) = z2 for some positive integer

z. Let d be the greatest common divisor of x and x + 60. Then x = dm and
x + 60 = dn, where m and n are relatively prime. Because dm · dn = z2, there
are relatively prime positive integers p and q such that m = p2 and n = q2. Now
d(q2 − p2) = 60. Note that p and q cannot both be odd, else q2 − p2 would be
divisible by 8; and they cannot both be even because they are relatively prime.
Therefore p and q are of opposite parity, and q2 − p2 is odd, which implies that
q2 − p2 = 1, 3, 5, or 15. But q2 − p2 cannot be 1, and if q2 − p2 were 15, then
d would be 4, and x and x + 60 would be squares. Thus q2 − p2 = 3 or 5,
and (q + p, q − p) = (3, 1) or (5, 1), and then (q, p) = (2, 1) or (3, 2). This yields
(x+60, x) = (22 ·20, 12 ·20) = (80, 20) or (x+60, x) = (32 ·12, 22 ·12) = (108, 48),
so the requested maximum sum is 108 + 48 = 156.

OR

Let a and b represent the two integers, with a > b. Then a − b = 60, and√
a +

√
b =

√
c, where c is an integer that is not a square. Dividing yields√

a−
√

b = 60/
√

c. Adding these last two equations yields

2
√

a =
√

c +
60√

c
, so

2
√

ac = c + 60.

Therefore
√

ac is an integer, so c is even, as is ac, which implies
√

ac is even.
Hence c is a multiple of 4, so there is a positive non-square integer d such that
c = 4d. Then

a =
(c + 60)2

4c
=

(4d + 60)2

16d
=

(d + 15)2

d
=

d2 + 30d + 225
d

= d +
225
d

+ 30.

Thus d is a non-square divisor of 225, so the possible values of d are 3, 5, 15,
45, and 75. The maximum value of a, which occurs when d = 3 or d = 75, is
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3+75+30 = 108, so the maximum value of b is 108−60 = 48, and the requested
maximum sum is 48 + 108 = 156.

11. (Answer: 578)

The desired area is given by (1/2) · CM ·DM · sin α, where α = 6 CMD. The
length AB =

√
72 + 242 = 25, and, since CM is the median to the hypotenuse

of 4ABC, CM = 25/2. Because DM is both the altitude and median to side
AB in 4ABD, DM = 5

√
11/2 by the Pythagorean Theorem. To compute

sin α, let 6 AMC = β, and note that 6 AMC and 6 CMD are complementary,
so cos β = sin α. Apply the Law of Cosines in 4AMC to obtain

cos β =
( 25

2 )2 + ( 25
2 )2 − 72

2 · 25
2 · 25

2

=
527
625

.

The area of 4CMD is (1/2) ·CM ·DM · sin α =
1
2
· 25

2
· 5
√

11
2

· 527
625

=
527

√
11

40
,

and m + n + p = 527 + 11 + 40 = 578.

........................................................................................................................................................................................
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C

•B
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D

•M

•H

α
β

OR

Let CH be the altitude to hypotenuse AB. Triangles CDM and HDM share
side DM , and because DM ‖ CH, [CDM ] = [HDM ] = (1/2)HM · DM .
Note that DM =

√
AD2 −AM2 = 5

√
11

2 , and that AC2 = AH · AB. Then

AH = 49/25, and HM = (25/2)− (49/25) = 527/50. Thus [CDM ] =
1
2
· 527

50
·

5
√

11
2

=
527
40

√
11.

OR

Denote the vector
−−→
CD by ~d and the vector

−−→
CM by ~m. Then ~m = (12, 7/2, 0),

from which ~d =
(
12 − (7/25)k, 7/2 − (24/25)k, 0

)
, where k = (5

√
11)/2. This

can be simplified to obtain ~d =
(
12 − (7

√
11/10), 7/2 − (24

√
11/10), 0

)
. The

area of 4CDM is therefore (1/2)|~m× ~d | = (527/40)
√

11.
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12. (Answer: 134)

Let t be the number of members of the committee, nk be the number of votes
for candidate k, and let pk be the percentage of votes for candidate k for k =
1, 2, . . . , 27. We have

nk ≥ pk + 1 =
100nk

t
+ 1.

Adding these 27 inequalities yields t ≥ 127. Solving for nk gives nk ≥ t

t− 100
,

and, since nk is an integer, we obtain

nk ≥
⌈

t

t− 100

⌉
,

where the notation dxe denotes the least integer that is greater than or equal
to x. The last inequality is satisfied for all k = 1, 2, . . . , 27 if and only if it is
satisfied by the smallest nk, say n1. Since t ≥ 27n1, we obtain

t ≥ 27
⌈

t

t− 100

⌉
(1)

and our problem reduces to finding the smallest possible integer t ≥ 127 that
satisfies the inequality (1). If t

t−100 > 4, that is, t ≤ 133, then 27
⌈

t
t−100

⌉
≥

27 · 5 = 135 so that the inequality (1) is not satisfied. Thus 134 is the least
possible number of members in the committee. Note that when t = 134, an
election in which 1 candidate receives 30 votes and the remaining 26 candidates
receive 4 votes each satisfies the conditions of the problem.

OR

Let t be the number of members of the committee, and let m be the least number
of votes that any candidate received. It is clear that m 6= 0 and m 6= 1. If m = 2,
then 2 ≥ 1 + 100(2/t), so t ≥ 200. Similarly, if m = 3, then 3 ≥ 1 + 100(3/t),
and t ≥ 150; and if m = 4, then 4 ≥ 1 + 100(4/t), so t ≥ 134. When m ≥ 5,
t ≥ 27 ·5 = 135. Thus t ≥ 134. Verify that t can be 134 by noting that the votes
may be distributed so that 1 candidate receives 30 votes and the remaining 26
candidates receive 4 votes each.

13. (Answer: 683)

If the bug is at the starting vertex after move n, the probability is 1 that it will
move to a non-starting vertex on move n + 1. If the bug is not at the starting
vertex after move n, the probability is 1/2 that it will move back to its starting
vertex on move n+1, and the probability is 1/2 that it will move to another non-
starting starting vertex on move n+1. Let pn be the probability that the bug is
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at the starting vertex after move n. Then pn+1 = 0 ·pn + 1
2 (1−pn) = − 1

2pn + 1
2 .

This implies that pn+1− 1
3 = − 1

2 (pn− 1
3 ). Since p0− 1

3 = 1− 1
3 = 2/3, conclude

that pn − 1
3 = 2

3 · (− 1
2 )n. Therefore

pn =
2
3
·
(
−1

2

)n

+
1
3

=
1 + (−1)n 1

2n−1

3
=

2n−1 + (−1)n

3 · 2n−1
.

Substitute 10 for n to find that p10 = 171/512, and m + n is 683.

OR

A 10-step path can be represented by a 10-letter sequence consisting of only A’s
and B’s, where A represents a move in the clockwise direction and B represents
a move in the counterclockwise direction. Where the path ends depends on the
number of A’s and B’s, not on their arrangement. Let x be the number of A’s,
and let y be the number of B’s. Note that the bug will be home if and only if
x − y is a multiple of 3. After 10 moves, x + y = 10. Then 2x = 10 + 3k for
some integer k, and so x = 5 + 3j for some integer j. Thus the number of A’s
must be 2, 5, or 8, and the desired probability is

(
10
2

)
+

(
10
5

)
+

(
10
8

)

210
=

171
512

.

OR

Let X be the bug’s starting vertex, and let Y and Z be the other two vertices.
Let xk, yk, and zk be the probabilities that the bug is at vertex X, Y , and Z,
respectively, at move k, for k ≥ 0. Then xk+1 = .5yk + .5zk, yk+1 = .5xk + .5zk,
and zk+1 = .5xk + .5yk. This can be written as




xk+1

yk+1

zk+1


 =




0 .5 .5
.5 0 .5
.5 .5 0







xk

yk

zk


 .

Thus 


x10

y10

z10


 =




0 .5 .5
.5 0 .5
.5 .5 0




10 


1
0
0


 ,

and x10 = 171/512.

14. (Answer: 051)
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Let the x-coordinates of C, D, E, and F be c, d, e, and f , respectively. Note
that the y-coordinate of C is not 4, since, if it were, the fact that AB = BC
would imply that A, B, and C are collinear or that c is 0. Therefore F = (f, 4).
Since AF and CD are both parallel and congruent, C = (c, 6) and D = (d, 10),
and then E = (e, 8). Because the y-coordinates of B, C, and D are 2, 6, and
10, respectively, and BC = CD, conclude that b = d. Since AB and DE are
both parallel and congruent, e = 0. Let a denote the side-length of the hexagon.
Then f2+16 = AF 2 = a2 = AB2 = b2+4. Apply the Law of Cosines in 4ABF
to obtain 3a2 = BF 2 = (b− f)2 + 4. Without loss of generality, assume b > 0.
Then f < 0 and b =

√
a2 − 4, f = −√a2 − 16, and b− f =

√
3a2 − 4. Now

√
a2 − 4 +

√
a2 − 16 =

√
3a2 − 4, so

2a2 − 20 + 2
√

(a2 − 4)(a2 − 16) = 3a2 − 4, and

2
√

(a2 − 4)(a2 − 16) = a2 + 16.

Squaring again and simplifying yields a2 = 112/3, so b = 10/
√

3 and f =
−8/

√
3. Hence A = (0, 0), B = (10/

√
3, 2), C = (6

√
3, 6), D = (10/

√
3, 10),

E = (0, 8), F = (−8/
√

3, 4). Thus [ABCDEF ] = [ABDE]+2[AEF ] = b ·AE +
(−f) ·AE = 8(b− f) = 48

√
3, so m + n = 51.

OR

Let α denote the measure of the acute angle formed by AB and the x-axis. Then
the measure of the acute angle formed by AF and the x-axis is 60◦ − α. Note
that a sin α = 2, so

4 = a sin(60◦ − α)

= a

√
3

2
cos α− a · 1

2
sin α

= a

√
3

2
cos α− 1.

Thus a
√

3 cos α = 10, and b = a cos α = 10/
√

3. Then a2 = b2 + 4 = 112/3, and
f2 = a2 − 16 = 64/3. Also, (c− b)2 = a2 − 16 = 64/3, so c = b + 8/

√
3 = 6

√
3;

c − d = 0 − f = 8/
√

3, so d = 10/
√

3; and e − f = c − b = 8/
√

3, so e = 0.
Proceed as above to obtain [ABCDEF ] = 48

√
3.

15. (Answer: 015)

Note that

P (x) = x + 2x2 + 3x3 + · · ·+ 24x24 + 23x25 + 22x26 + · · ·+ 2x46 + x47,

and

xP (x) = x2 + 2x3 + 3x4 + · · · + 24x25 + 23x26 + · · ·+ 2x47 + x48,
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so
(1− x)P (x) = x + x2 + · · ·+ x24 − (x25 + x26 + · · ·+ x47 + x48)

= (1− x24)(x + x2 + · · ·+ x24).

Then, for x 6= 1,

P (x) =
x24 − 1
x− 1

x (1 + x + · · ·+ x23)

= x
(x24 − 1

x− 1

)2

. (∗)

One zero of P (x) is 0, which does not contribute to the requested sum. The
remaining zeros of P (x) are the same as those of (x24−1)2, excluding 1. Because
(x24− 1)2 and x24− 1 have the same distinct zeros, the remaining zeros of P (x)
can be expressed as zk = cis 15k◦ for k = 1, 2, 3, · · · , 23. The squares of the
zeros are therefore of the form cis 30k◦, and the requested sum is

23∑

k=1

| sin 30k◦| = 4
5∑

k=1

| sin 30k◦| = 4
(
2 · (1/2) + 2 · (

√
3/2) + 1

)
= 8 + 4

√
3.

Thus m + n + p = 15.

Note: the expression (∗) can also be obtained using the identity

(1+x+x2+· · ·+xn)2 = 1+2x+3x2+· · ·+(n+1)xn+· · ·+3x2n−2+2x2n−1+x2n.
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1. (Answer: 839)

Note that
((3!)!)!

3!
=

(6!)!
6

=
720!
6

=
720 · 719!

6
= 120 · 719!.

Because 120·719! < 720!, conclude that n must be less than 720, so the maximum
value of n is 719. The requested value of k + n is therefore 120 + 719 = 839.

2. (Answer: 301)

The sum of the areas of the green regions is
[
(22 − 12) + (42 − 32) + (62 − 52) + · · ·+ (1002 − 992)

]
π

= [(2 + 1) + (4 + 3) + (6 + 5) + · · ·+ (100 + 99)] π

=
1
2
· 100 · 101π.

Thus the desired ratio is
1
2
· 100 · 101π

1002π
=

101
200

,

and m + n = 301.

3. (Answer: 484)

Since each element x of S is paired exactly once with every other element in
the set, the number of times x contributes to the sum is the number of other
elements in the set that are smaller than x. For example, the first number,
8, will contribute four times to the sum because the greater elements of the
subsets {8, 5}, {8, 1}, {8, 3}, and {8, 2} are all 8. Since the order of listing the
elements in the set is not significant, it is helpful to first sort the elements of the
set in increasing order. Thus, since S = {1, 2, 3, 5, 8, 13, 21, 34}, the sum of the
numbers on the list is 0(1)+1(2)+2(3)+3(5)+4(8)+5(13)+6(21)+7(34) = 484.

4. (Answer: 012)

Use logarithm properties to obtain log(sinx cosx) = −1, and then sin x cos x =
1/10. Note that

(sinx + cos x)2 = sin2 x + cos2 x + 2 sin x cosx = 1 +
2
10

=
12
10

.

Thus
2 log(sin x + cos x) = log

12
10

= log 12− 1,

so
log(sin x + cos x) =

1
2
(log 12− 1),

and n = 12.
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5. (Answer: 505)

First consider the points in the six parallelepipeds projecting 1 unit outward
from the original parallelepiped. Two of these six parallelepipeds are 1 by 3 by
4, two are 1 by 3 by 5, and two are 1 by 4 by 5. The sum of their volumes is
2(1 ·3 ·4+1 ·3 ·5+1 ·4 ·5) = 94. Next consider the points in the twelve quarter-
cylinders of radius 1 whose heights are the edges of the original parallelepiped.
The sum of their volumes is 4 · 1

4π · 12(3 + 4 + 5) = 12π. Finally, consider the
points in the eight octants of a sphere of radius 1 at the eight vertices of the
original parallelepiped. The sum of their volumes is 8 · 1

8 · 4
3π · 13 = 4π

3 . Because
the volume of the original parallelepiped is 3 · 4 · 5 = 60, the requested volume

is 60 + 94 + 12π + 4π/3 =
462 + 40π

3
, so m + n + p = 462 + 40 + 3 = 505.
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6. (Answer: 348)

The sides of the triangles may be cube edges, face-diagonals of length
√

2, or
space-diagonals of length

√
3. A triangle can consist of two adjacent edges and

a face-diagonal; three face-diagonals; or an edge, a face-diagonal, and a space-
diagonal. The first type of triangle is right with area 1/2, and there are 24 of
them, 4 on each face. The second type of triangle is equilateral with area

√
3/2.

There are 8 of these because each of these triangles is uniquely determined by
the three vertices adjacent to one of the 8 vertices of the cube. The third type
of triangle is right with area

√
2/2. There are 24 of these because there are four

space-diagonals and each determines six triangles, one with each cube vertex
that is not an endpoint of the diagonal. (Note that there is a total of

(
8
3

)
= 56

triangles with the desired vertices, which is consistent with the above results.)
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The desired sum is thus 24(1/2) + 8(
√

3/2) + 24(
√

2/2) = 12 + 4
√

3 + 12
√

2 =
12 +

√
48 +

√
288, and m + n + p = 348.

7. (Answer: 380)

Let AD = CD = a, let BD = b, and let E be the projection of D on AC. It
follows that a2 − 152 = DE2 = b2 − 62, or a2 − b2 = 225 − 36 = 189. Then
(a + b, a − b) = (189, 1), (63, 3), (27, 7), or (21, 9), from which (a, b) = (95, 94),
(33, 30), (17, 10), or (15, 6). The last pair is rejected since b must be greater
than 6. Because each possible triangle has a perimeter of 2a+30, it follows that
s = 190 + 66 + 34 + 3 · 30 = 380.

OR

Let (ak, bk) be the possible values for a and b, and let n be the number of possible

perimeters of 4ACD. Then s =
n∑

k=1

(30+2ak) = 30n+
n∑

k=1

[(ak +bk)+(ak−bk)].

But (ak + bk)(ak − bk) = a2
k − b2

k = 189 = 33 · 7 which has 4 pairs of factors.
Thus n = 4. Therefore the sum of the perimeters of the triangles is 30 · 4 more
than the sum of the divisors of 189, that is, 120+ (1+3+32 +33)(1+7) = 440.
However, this includes the case where D = E, the projection of D on AC, so
s = 440− 60 = 380.

8. (Answer: 129)

Let a, a + d, a + 2d, and
(a + 2d)2

a + d
be the terms of the sequence, with a and d

positive integers. Then (a + 30)(a + d) = (a + 2d)2, which yields 3a(10 − d) =
2d(2d− 15). It follows that either 10− d > 0 and 2d− 15 > 0 or 10− d < 0 and
2d− 15 < 0. In the first case, d is 8 or 9, and the second case has no solutions.
When d = 8, a = 8/3, and when d = 9, a = 18. Thus, the only acceptable
sequence is 18, 27, 36, 48, and the sum is 129.

9. (Answer: 615)

For a balanced four-digit integer, the sum of the leftmost two digits must be at
least 1 and at most 18. Let f(n) be the number of ways to write n as a sum of
two digits where the first is at least 1, and let g(n) be the number of ways to write
n as a sum of two digits. For example, f(3) = 3, since 3 = 1+2 = 2+1 = 3+0,
and g(3) = 4. Then

f(n) =

{
n for1 ≤ n ≤ 9,

19− n for10 ≤ n ≤ 18,
and g(n) =

{
n + 1 for1 ≤ n ≤ 9,

19− n for10 ≤ n ≤ 18.

For any balanced four-digit integer whose leftmost and rightmost digit pairs
both have sum n, the number of possible leftmost digit pairs is f(n) because the
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leftmost digit must be at least 1, and the number of possible rightmost digit pairs
is g(n). Thus there are f(n)·g(n) four-digit balanced integers whose leftmost and
rightmost digit pairs both have sum n. The total number of balanced four-digit
integers is then equal to

18∑
n=1

f(n) · g(n) =
9∑

n=1

n(n + 1) +
18∑

n=10

(19− n)2 =
9∑

n=1

(n2 + n) +
9∑

n=1

n2

= 2
9∑

n=1

n2 +
9∑

n=1

n = 2(12 + 22 + · · ·+ 92) + (1 + 2 + · · ·+ 9)

= 615.

10. (Answer: 083)
Let CP be the altitude to side AB. Extend AM to meet CP at point L,
as shown. Since 6 ACL = 53◦, conclude that 6 MCL = 30◦. Also, 6 LMC =
6 MAC+ 6 ACM = 30◦. Thus4MLC is isosceles with LM = LC and 6 MLC =
120◦. Because L is on the perpendicular bisector of AB, 6 LBA = 6 LAB = 30◦

and 6 MLB = 120◦. It follows that 6 BLC = 120◦. Now consider 4BLM and
4BLC. They share BL, ML = LC, and 6 MLB = 6 CLB = 120◦. Therefore
they are congruent, and 6 LMB = 6 LCB = 53◦. Hence 6 CMB = 6 CML +
6 LMB = 30◦ + 53◦ = 83◦.
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•
P

OR

Without loss of generality, assume that AC = BC = 1. Apply the Law of Sines
in 4AMC to obtain

sin 150◦

1
=

sin 7◦

CM
,

from which CM = 2 sin 7◦. Apply the Law of Cosines in 4BMC to obtain
MB2 = 4 sin2 7◦ + 1 − 2 · 2 sin 7◦ · cos 83◦ = 4 sin2 7◦ + 1 − 4 sin2 7◦ = 1. Thus
CB = MB, and 6 CMB = 83◦.



2003 AIME SOLUTIONS 6

11. (Answer: 092)

Because cos(90◦ − x) = sin x and sin(90◦ − x) = cos x, it suffices to consider x
in the interval 0◦ < x ≤ 45◦. For such x,

cos2 x ≥ sin x cos x ≥ sin2 x,

so the three numbers are not the lengths of the sides of a triangle if and only if

cos2 x ≥ sin2 x + sin x cosx,

which is equivalent to cos 2x ≥ 1
2 sin 2x, or tan 2x ≤ 2. Because the tangent

function is increasing in the interval 0◦ ≤ x ≤ 45◦, this inequality is equivalent
to x ≤ 1

2 (arctan 2)◦. It follows that

p =
1
2 (arctan 2)◦

45◦
=

(arctan 2)◦

90◦
,

so m + n = 92.

12. (Answer: 777)

Let 6 A = 6 C = α, AD = x, and BC = y. Apply the Law of Cosines in triangles
ABD and CDB to obtain

BD2 = x2 + 1802 − 2 · 180x cos α = y2 + 1802 − 2 · 180y cos α.

Because x 6= y, this yields

cosα =
x2 − y2

2 · 180(x− y)
=

x + y

360
=

280
360

=
7
9
.

Thus b1000 cos Ac = 777.
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•
A

•
B

•C

•D

α

α

180

180

........

.........
....

.................................

OR

Assume without loss of generality that AD is the greater of AD and BC. Then
there is a point P on AD with AP = BC. Because 4BAP ∼= 4DCB, conclude
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that BP = BD, and altitude BH of isosceles 4BPD bisects PD. Now cos A =
AH/180, and because AH = AP + (PD/2) = AD − (PD/2),

AH =
AP + AD

2
=

BC + AD

2
=

640− 2 · 180
2

= 140.

Thus cos A = 140/180 = 7/9, and b1000 cos Ac = 777.

13. (Answer: 155)

Since 2003 < 2047 = 211 − 1, the integers in question have at most 11 digits in
base 2. Since the base-2 representation of a positive integer must begin with 1,
the number of (d+1)-digit numbers with exactly (k +1) 1’s is

(
d
k

)
. The number

of 1’s exceeds the number of 0’s if and only if k + 1 > (d + 1)/2, or k ≥ d/2.
Thus the number of integers whose base-2 representation consists of at most 11
digits and that have more 1’s than 0’s is the sum of the entries in rows 0 through
10 in Pascal’s Triangle that are on or to the right of the vertical symmetry line.
The sum of all entries in these rows is 1+2+4+ · · ·+1024 = 2047, and the sum

of the center elements is
5∑

i=0

(
2i

i

)
= 1+2+6+20+70+252 = 351, so the sum

of the entries on or to the right of the line is (2047 + 351)/2 = 1199. The 44
integers less than 2048 and greater than 2003 all have at least six 1’s, because
they are all greater than 1984, which is 11111000000 in base 2, so they have
all been included in the total. Thus the required number is 1199 − 44 = 1155,
whose remainder upon division by 1000 is 155.

14. (Answer: 127)

To find the smallest n, it is sufficient to consider the case in which the string
251 occurs immediately after the decimal point. To show this, suppose that in
the decimal representation of m/n, the string 251 does not occur immediately
after the decimal point. Then m/n = .A251 . . ., where A represents a block of k
digits, k ≥ 1. This implies that 10km/n−A = .251 . . ., but 10km/n−A, which
is between 0 and 1, can then be expressed in the form a/b, where a and b are
relatively prime positive integers and b ≤ n. Now

251
1000

≤ m

n
<

252
1000

.

It follows that 251n ≤ 1000m < 252n = 251n + n. The remainder when 1000m
is divided by 251 must therefore be less than n, so it is sensible to investigate
multiples of 251 that are close to and less than a multiple of 1000. When
m = 1, n = 3 yields 3 · 251 = 753 as the multiple of 251 that is closest to and
less than 1000; but the remainder is greater than 3. When m = 2, n = 7 yields
3 ·251+4 ·251 = 1757 as the multiple of 251 that is closest to and less than 2000;
but the remainder is greater than 7. More generally, (4m − 1)251 is less than
1000m when m ≤ 62, and the remainder is 1000m−(4m−1)251 = 251−4m. The
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remainder is less than n when 251− 4m < 4m− 1, that is, when m > 31. Thus
the minimum value of m is 32, and the minimum value of n is 4 · 32− 1 = 127.

15. (Answer: 289)

Let AB = c, BC = a, and CA = b. Since a > c, F is on BC. Let ` be the line
passing through A and parallel to DF , and let ` meet BD, BE, and BC at D′,
E′, and F ′ respectively. Since AF ′ is parallel to DF ,

m

n
=

DE

EF
=

D′E′

E′F ′
.

In4ABF ′, BD′ is both an altitude and an angle-bisector, so4ABF ′ is isosceles
with BF ′ = BA = c. Hence AD′ = D′F ′, and

AE′

E′F ′
=

AD′ + D′E′

E′F ′
=

D′F ′ + D′E′

E′F ′
=

E′F ′ + 2D′E′

E′F ′
= 1 +

2m

n
.

Extend BM through M to N so that BM = MN , and draw AN and CN .
Quadrilateral ABCN is a parallelogram because diagonals AC and BN bisect
each other. Hence AN = BC = a and triangles AE′N and F ′E′B are similar.
Therefore

1 +
2m

n
=

AE′

E′F ′
=

AN

F ′B
=

a

c
,

and
m

n
=

a− c

2c
=

507− 360
720

=
49
240

,

so m + n = 289.

...............
...............
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...............
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.........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................
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...............................................................................
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.............
.............
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.............

.............
.............

.............
.............

.............
.............

.............
.............
.............
.............
.............
.............
.............
.............
.............

M
•A

•B

•C

•
N

•
D

.E
•F•D′

•E
′ •F

′

OR

Let AB = c, BC = a, and CA = b. Let D′ and D′′ be the points where the
lines parallel to line DF and containing A and C, respectively, intersect

−−→
BD,
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and let E′ and F ′, be the points where
−−→
AD′ meets BM and BC, respectively.

Let G be the point on BM so that lines FG and AC are parallel. Note that

c

a
=

AD

DC
=

DD′

DD′′ =
FF ′

FC
=

BF −BF ′

BC −BF
=

BF − c

a−BF
,

which yields BF =
2ac

a + c
.

Also,
GF

MC
=

BF

BC
, so GF =

b

2
· BF

a
=

b

2
· 2c

a + c
=

bc

a + c
.

But
c

a
=

AD

DC
=

AD

b−AD
yields AD =

bc

a + c
.

Therefore AD = GF , which implies that ADFG is a parallelogram, so AG is
parallel to DF . Thus G = E′, and then

DE

EF
=

DM

GF
=

AM −AD

AD
=

1
2 (AD + CD)−AD

AD
=

1
2 (CD −AD)

AD
=

1
2

(
CD

AD
−1

)
,

so
DE

EF
=

1
2

(
a

c
− 1

)
=

a− c

2c
.
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.....................................................................................................................
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• B

•
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•
D

•
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•D′
•

G

•
D′′
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•
E′

• F

•
F ′
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1. (Answer: 592)

Without loss of generality, let the radius of the circle be 2. The radii to the
endpoints of the chord, along with the chord, form an isosceles triangle with
vertex angle 120◦. The area of the larger of the two regions is thus 2/3 that
of the circle plus the area of the isosceles triangle, and the area of the smaller
of the two regions is thus 1/3 that of the circle minus the area of the isosceles

triangle. The requested ratio is therefore
2
3 · 4π +

√
3

1
3 · 4π −√3

=
8π + 3

√
3

4π − 3
√

3
, so abcdef =

8 · 3 · 3 · 4 · 3 · 3 = 2592, and the requested remainder is 592.

2. (Answer: 441)

In order for Terry and Mary to get the same color combination, they must select
all red candies or all blue candies, or they must each select one of each color.

The probability of getting all red candies is

(
10
2

)(
8
2

)
(
20
2

)(
18
2

) =
10 · 9 · 8 · 7

20 · 19 · 18 · 17
. The

probability of getting all blue candies is the same. The probability that they

each select one of each color is
102 · 92

(
20
2

)(
18
2

) =
102 · 92 · 4

20 · 19 · 18 · 17
. Thus the probability

of getting the same combination is

2 · 10 · 9 · 8 · 7
20 · 19 · 18 · 17

+
102 · 92 · 4

20 · 19 · 18 · 17
=

10 · 9 · 8 · (14 + 45)
20 · 19 · 18 · 17

=
2 · 59
19 · 17

=
118
323

,

and m + n = 441.

3. (Answer: 384)

Let the dimensions of the block be p cm by q cm by r cm. The invisible cubes
form a rectangular solid whose dimensions are p − 1, q − 1, and r − 1. Thus
(p− 1)(q − 1)(r − 1) = 231. There are only five ways to write 231 as a product
of three positive integers:

231 = 3 · 7 · 11 = 1 · 3 · 77 = 1 · 7 · 33 = 1 · 11 · 21 = 1 · 1 · 231

The corresponding blocks are 4× 8× 12, 2× 4× 78, 2× 8× 34, 2× 12× 22, and
2× 2× 232. Their volumes are 384, 624, 544, 528, and 928, respectively. Thus
the smallest possible value of N is 384.

4. (Answer: 927)

There are 99 numbers with the desired property that are less than 100. Three-
digit numbers with the property must have decimal representations of the form
aaa, aab, aba, or abb, where a and b are digits with a ≥ 1 and a 6= b. There are
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9 of the first type and 9 · 9 = 81 of each of the other three. Four-digit numbers
with the property must have decimal representations of the form aaaa, aaab,
aaba, aabb, abaa, abab, abba, or abbb. There are 9 of the first type and 81 of
each of the other seven. Thus there are a total of 99+9+3 ·81+9+7 ·81 = 927
numbers with the desired property.

OR

Count the number of positive integers less than 10,000 that contain at least 3
distinct digits. There are 9 · 9 · 8 such 3-digit integers. The number of 4-digit
integers that contain exactly 3 distinct digits is

(
4
2

) ·9 ·9 ·8 because there are
(
4
2

)
choices for the positions of the two digits that are the same, 9 choices for the
digit that appears in the first place, and 9 and 8 choices for the two other digits,
respectively. The number of 4-digit integers that contain exactly 4 distinct digits
is 9·9·8·7. Thus there are 9·9·8+6·9·9·8+9·9·8·7 = 14·9·9·8 = 9072 positive
integers less than 10,000 that contain at least 3 distinct digits, and there are
9999− 9072 = 927 integers with the desired property.

5. (Answer: 766)

Choose a unit of time so that the job is scheduled to be completed in 4 of these
units. The first quarter was completed in 1 time unit. For the second quarter
of the work, there were only 9/10 as many workers as in the first quarter, so
it was completed in 10/9 units. For the third quarter, there were only 8/10 as
many workers as in the first quarter, so it was completed in 5/4 units. This
leaves 4− (1+10/9+5/4) = 23/36 units to complete the final quarter. To finish
the job on schedule, the number of workers that are needed is at least 36/23
of the number of workers needed in the first quarter, or (36/23)1000 which is
between 1565 and 1566. There are 800 workers at the end of the third quarter,
so a minimum of 1566− 800 = 766 additional workers must be hired.

6. (Answer: 408)

Let the first monkey take 8x bananas from the pile, keeping 6x and giving x
to each of the others. Let the second monkey take 8y bananas from the pile,
keeping 2y and giving 3y to each of the others. Let the third monkey take
24z bananas from the pile, keeping 2z and giving 11z to each of the others.
The total number of bananas is 8x + 8y + 24z. The given ratios imply that
6x + 3y + 11z = 3(x + 3y + 2z) and x + 2y + 11z = 2(x + 3y + 2z). Simplify
these equations to obtain 3x + 5z = 6y and 7z = x + 4y. Eliminate x to obtain
9y = 13z. Then y = 13n and z = 9n, where n is a positive integer. Substitute
to find that x = 11n. Thus, the least possible values for x, y and z are 11, 13
and 9, respectively, and the least possible total is 8 · 11 + 8 · 13 + 24 · 9 = 408.
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7. (Answer: 293)

Let B′C ′ and CD intersect at H. Note that B′E = BE = 17. Apply the
Pythagorean Theorem to 4EAB′ to obtain AB′ = 15. Because 6 C ′ and
6 C ′B′E are right angles, 4B′AE ∼ 4HDB′ ∼ 4HC ′F , so the lengths of
the sides of each triangle are in the ratio 8 : 15 : 17. Now C ′F = CF = 3
implies that FH = (17/8)3 = 51/8 and DH = 25 − (3 + 51/8) = 125/8. Then
B′D = (8/15)(125/8) = 25/3. Thus AD = 70/3, and the perimeter of ABCD
is

2 · 25 + 2 · 70
3

=
290
3

,

so m + n = 290 + 3 = 293.
OR

Notice first that B′E = BE = 17. Apply the Pythagorean Theorem to 4EAB′

to obtain AB′ = 15. Draw FG parallel to CB, with G on AB. Notice that
GE = 17 − 3 = 14. Because points on the crease EF are equidistant from B
and B′, it follows that EF is perpendicular to BB′, and hence that triangles

EGF and B′AB are similar. In particular,
FG

BA
=

GE

AB′ . This yields FG = 70/3,

and the perimeter of ABCD is therefore 290/3.

8. (Answer: 054)

A positive integer N is a divisor of 20042004 if and only if N = 2i3j167k with
0 ≤ i ≤ 4008, 0 ≤ j ≤ 2004, and 0 ≤ k ≤ 2004. Such a number has exactly 2004
positive integer divisors if and only if (i + 1)(j + 1)(k + 1) = 2004. Thus the
number of values of N meeting the required conditions is equal to the number of
ordered triples of positive integers whose product is 2004. Each of the unordered
triples {1002, 2, 1}, {668, 3, 1}, {501, 4, 1}, {334, 6, 1}, {334, 3, 2}, {167, 12, 1},
{167, 6, 2}, and {167, 4, 3} can be ordered in 6 possible ways, and the triples
{2004, 1, 1} and {501, 2, 2} can each be ordered in 3 possible ways, so the total
is 8 · 6 + 2 · 3 = 54.

OR

Begin as above. Then, to find the number of ordered triples of positive integers
whose product is 2004, represent the triples as (2a1 ·3b1 ·167c1 , 2a2 ·3b2 ·167c2 , 2a3 ·
3b3 · 167c3), where a1 + a2 + a3 = 2, b1 + b2 + b3 = 1, and c1 + c2 + c3 = 1,
and the ai’s, bi’s, and ci’s are nonnegative integers. The number of solutions
of a1 + a2 + a3 = 2 is

(
4
2

)
because each solution corresponds to an arrangement

of two objects and two dividers. Similarly, the number of solutions of both
b1 + b2 + b3 = 1 and c1 + c2 + c3 = 1 is

(
3
1

)
, so the total number of triples is(

4
2

)(
3
1

)(
3
1

)
= 6 · 3 · 3 = 54.
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9. (Answer: 973)

The terms in the sequence are 1, r, r2, r(2r− 1), (2r− 1)2, (2r− 1)(3r− 2), (3r−
2)2, . . . . Assuming that the pattern continues, the ninth term is (4r−3)2 and the
tenth term is (4r−3)(5r−4). Thus (4r−3)2 +(4r−3)(5r−4) = 646. This leads
to (36r + 125)(r − 5) = 0. Because the terms are positive, r = 5. Substitute
to find that an = (2n − 1)2 when n is odd, and that an = (2n − 3)(2n + 1)
when n is even. The least odd-numbered term greater than 1000 is therefore
a17 = 332 = 1089, and a16 = 29 · 33 = 957 < 1000. The desired value of n + an

is 957 + 16 = 973.

The pattern referred to above is

a2n = [(n− 1)r − (n− 2)][nr − (n− 1)],

a2n+1 = [nr − (n− 1)]2.

This pattern has been verified for the first few positive integral values of n. The
above equations imply that

a2n+2 = 2[nr − (n− 1)]2 − [(n− 1)r − (n− 2)][nr − (n− 1)]
= [nr − (n− 1)][2nr − 2(n− 1)− (n− 1)r + (n− 2)]
= [nr − (n− 1)][(n + 1)r − n], and

a2n+3 =
[nr − (n− 1)]2[(n + 1)r − n]2

[nr − (n− 1)]2

= [(n + 1)r − n]2.

The above argument, along with the fact that the pattern holds for n = 1 and
n = 2, implies that it holds for all positive integers n.

10. (Answer: 913)

An element of S has the form 2a+2b, where 0 ≤ a ≤ 39, 0 ≤ b ≤ 39, and a 6= b, so
S has

(
40
2

)
= 780 elements. Without loss of generality, assume a < b. Note that

9 divides 2a + 2b = 2a(2b−a + 1) if and only if 9 divides 2b−a + 1, that is, when
2b−a ≡ 8 (mod 9). Because 21, 22, 23, 24, 25, 26, and 27 ≡ 2, 4, 8, 7, 5, 1, and 2
(mod 9), respectively, conclude that 2b−a ≡ 8 (mod 9) when b− a = 6k − 3 for
positive integers k. But b − a = 6k − 3 implies that 0 ≤ a ≤ 39 − (6k − 3), so
there are 40− (6k− 3) = 43− 6k ordered pairs (a, b) that satisfy b− a = 6k− 3.
Because 6k − 3 ≤ 39, conclude that 1 ≤ k ≤ 7. The number of multiples of 9 in

S is therefore
7∑

k=1

(43 − 6k) = 7 · 43 − 6 · 7 · 8/2 = 7(43 − 24) = 133. Thus the

probability that an element of S is divisible by 9 is 133/780, so p + q = 913.

OR
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There are
(
40
2

)
= 780 such numbers, which can be viewed as strings of length 40

containing 38 0’s and two 1’s. Express these strings in base-8 by partitioning
them into 13 groups of 3 starting from the right and one group of 1, and then
expressing each 3-digit binary group as a digit between 0 and 7. Because 9 =
118, a divisibility test similar to the one for 11 in base 10 can be used. Let
(adad−1 . . . a0)b represent a (d + 1)-digit number in base b. Then

(adad−1 . . . a0)b =
d∑

k=0

akbk

≡
d∑

k=0

ak(−1)k (mod b + 1).

Thus a base-8 number is divisible by 9 if and only if the sum of the digits in the
even-numbered positions differs from the sum of the digits in the odd-numbered
positions by a multiple of 9. Because the given base-8 string has at most two
nonzero digits, and its greatest digit is at most 1102 or 6, the two sums must
differ by 0. There are two cases. If the first (leftmost) digit in the base-2 string
is 1, then the other 1 must be in an odd-numbered group of 3 that has the
form 001. There are seven such numbers. In the second case, if the first digit
in the base-2 string is 0, one of the 1’s must be in an even-numbered group
of 3, the other must be in an odd-numbered group, and they must be in the
same relative position within each group, that is, both 100, both 010, or both
001. There are 7 · 6 · 3 = 126 such numbers. Thus the required probability is
(7 + 126)/780 = 133/780.

11. (Answer: 625)
Use the Pythagorean Theorem to conclude that the distance from the vertex of
the cone to a point on the circumference of the base is

√(
200

√
7
)2

+ 6002 = 200

√(√
7
)2

+ 32 = 800.

Cut the cone along the line through the vertex of the cone and the starting
point of the fly, and flatten the resulting figure into a sector of a circle with
radius 800. Because the circumference of this circle is 1600π and the length of
the sector’s arc is 1200π, the measure of the sector’s central angle is 270◦. The
angle determined by the radius of the sector on which the fly starts and the
radius on which the fly stops is 135◦. Use the Law of Cosines to conclude that
the least distance the fly could have crawled between the start and end positions
is

√(
375

√
2
)2

+ 1252 − 2 · 375
√

2 · 125 · cos 135◦

= 125

√(
3
√

2
)2

+ 1 + 2 · 3
√

2 ·
(√

2/2
)
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which can be simplified to 125
√

25 = 625.

12. (Answer: 134)

Let E be the midpoint of AB, F be the midpoint of CD, x be the radius of the
inner circle, and G be the center of that circle. Then GE⊥AB. Because the
point of tangency of the circles centered at A and G is on AG, AG = x + 3.
Use the Pythagorean Theorem in 4AEG to obtain GE =

√
x2 + 6x. Similarly,

find that FG =
√

x2 + 4x. Because the height of the trapezoid is
√

24, conclude
that

√
x2 + 6x +

√
x2 + 4x =

√
24, so√

x2 + 6x =
√

24−
√

x2 + 4x,

x2 + 6x = 24 + x2 + 4x− 2
√

24
√

x2 + 4x, and√
24(x2 + 4x) = 12− x.

This yields 23x2 + 120x− 144 = 0, whose positive root is x =
−60 + 48

√
3

23
.

Thus k + m + n + p = 60 + 48 + 3 + 23 = 134.

13. (Answer: 484)

Let AD intersect CE at F . Extend BA through A to R so that BR ∼= CE,
and extend BC through C to P so that BP ∼= AD. Then create parallelogram
PBRQ by drawing lines through D and E parallel to AB and BC, respectively,
with Q the intersection of the two lines. Apply the Law of Cosines to triangle
ABC to obtain AC = 7. Now

RA

AB
=

EF

FC
=

DE

AC
=

15
7

, so
RB

AB
=

22
7

.

Similarly,
PB

CB
=

22
7

. Thus parallelogram ABCF is similar to parallelogram

RBPQ. Let K = [ABCF ]. Then [RBPQ] = (22/7)2K. Also,

[EBD] = [RBPQ]− 1
2

([BCER] + [ABPD] + [DFEQ])

= [RBPQ]− 1
2

([RBPQ] + [ABCF ])

=
1
2

([RBPQ]− [ABCF ]) .

Thus
[ABC]
[EBD]

=
1
2K

1
2

[
( 22

7 )2K −K
] =

1
484
49 − 1

=
49
435

,
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and m + n = 484.

OR

Apply the Law of Cosines to triangle ABC to obtain AC = 7. Let AD inter-
sect CE at F . Then ABCF is a parallelogram, which implies that [ABC] =
[BCF ] = [CFA] = [FAB]. Let ED/AC = r = 15/7. Since AC ‖ DE, conclude
EF/FC = FD/AF = r. Hence

[EBD]
[ABC]

=
[BFE]
[ABC]

+
[EFD]
[ABC]

+
[DFB]
[ABC]

=
[BFE]
[BCF ]

+
[EFD]
[CFA]

+
[DFB]
[FAB]

= r + r2 + r = r2 + 2r = 435/49,

implying that m/n = 49/435 and m + n = 484.

OR

Apply the Law of Cosines to triangle ABC to obtain AC = 7. Let AD and CE
intersect at F . Then ABCF is a parallelogram, which implies that 4ABC ∼=
4CFA. Note that triangles AFC and DFE are similar. Let the altitudes from
B and F to AC each have length h. Then the length of the altitude from F to
ED is 15h/7. Thus

[ABC]
[EBD]

=
1
2 · 7h

1
2 · 15(h + h + 15

7 h)
=

7 · 7
15 · 29

=
49
435

,

so m + n = 484.

14. (Answer: 108)

To simplify, replace all the 7’s with 1’s, that is, divide all the numbers in the
sum by 7. The desired values of n are the same as the values of n for which +
signs can be inserted in a string of n 1’s to obtain a sum of 1000. The result
will be a sum of x 1’s, y 11’s, and z 111’s, where x, y, and z are nonnegative
integers, x + 11y + 111z = 1000, and x + 2y + 3z = n. Subtract to find that
9y + 108z = 1000 − n, so n = 1000 − 9(y + 12z). There cannot be more than
1000 1’s in a string whose sum is 1000, and the least number of 1’s occurs when
the string consists of nine 111’s and one 1. Therefore 28 ≤ n ≤ 1000, and so
0 ≤ y + 12z ≤ 108. Thus the number of values of n is the number of possible
integer values of y + 12z between 0 and 108, inclusive, subject to the condition
that

11y + 111z ≤ 1000. (1)

Note that (1) is equivalent to 11y ≤ 990 − 110z + 10 − z, and therefore to
y ≤ 90− 10z + (10− z)/11. Then use the fact that 0 ≤ z ≤ 9 to conclude that
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(1) is equivalent to y ≤ 90− 10z, and therefore to y + 12z ≤ 90 + 2z. The fact
that y is nonnegative means that y + 12z ≥ 12z. Thus an ordered pair (y, z) of
integers satisfies

12z ≤ y + 12z ≤ 90 + 2z (2)

if and only if it satisfies (1) and y ≥ 0. Hence when z = 0, y + 12z can have
any integer value between 0 and 90, inclusive; when z = 7, y + 12z can have
any integer value between 84 and 104, inclusive; and when z = 8, y + 12z
can have any integer value between 96 and 106, inclusive. But y + 12z > 106
only if 90 + 2z > 106, that is, when z = 9; and when z = 9, (2) implies that
y + 12z = 108. Thus for nonnegative integers y and z, y + 12z can have any
integer value between 0 and 108 except for 107, so there are 108 possible values
for n.

OR

To simplify, replace all the 7’s with 1’s, that is, divide all the numbers in the
sum by 7. The desired values of n are the same as the values of n for which +
signs can be inserted in a string of n 1’s to obtain a sum of 1000. Because the
sum is congruent to n modulo 9 and 1000 ≡ 1 (mod 9), it follows that n ≡ 1
(mod 9). Also, n ≤ 1000. There are b1000/9c + 1 = 112 positive integers that
satisfy both conditions, namely, 1, 10, 19, 28, 37, 46, . . . , 1000. For n = 1, 10, or
19, the greatest sum that is less than or equal to 1000 is 6 · 111+1 = 677. Thus
n ≥ 28, so there are at most 112−3 = 109 possible values of n, and these values
are contained in S = {28, 37, 46, . . . , 1000}. It will be shown that all elements
of S except 37 are possible.

First note that 28 is possible because 9·111+1·1 = 1000, while 37 is not possible
because when n = 37, the greatest sum that is at most 1000 is 8·111+6·11+1·1 =
955. All other elements of S are possible because if any element n of S between
46 and 991 is possible, then (n+9) must be too. To see this, consider two cases,
the case where the sum has no 11’s and the case where the sum has at least one
11.

If the sum has no 11’s, it must have at least one 1. If it has exactly one 1, there
must be nine 111’s and n = 28. Thus, for n ≥ 46, the sum has more than one
1, so it must have at least 1000− 8 · 111 = 112 1’s, and, for n < 1000, at least
one 111. To show that if n is possible, then (n + 9) is possible, replace a 111
with 1 + 1 + 1, replace eleven (1 + 1)’s with eleven 11’s, and include nine new
1’s as +1’s. The sum remains 1000.

If the sum has at least one 11, replace an 11 with 1 + 1, and include nine new
1’s as +1’s.

Now note that 46 is possible because 8 · 111 + 10 · 11 + 2 · 1 = 1000, and so all
elements of S except 37 are possible. Thus there are 108 possible values for n.
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15. (Answer: 593)

Number the squares from left to right, starting with 0 for the leftmost square,
and ending with 1023 for the rightmost square. The 942nd square is thus initially
numbered 941. Represent the position of a square after f folds as an ordered
triple (p, h, f), where p is the position of the square starting from the left,
starting with 0 as the leftmost position, h is the number of paper levels below
the square, and f is the number of folds that have been made. For example,
the ordered triple that initially describes square number 941 is (941, 0, 0). The
first 0 indicates that at the start there are no squares under this one, and the
second 0 indicates that no folds have been made.

Note that the function F , defined below, describes the position of a square after
(f + 1) folds:

F (p, h, f) =





(p, h, f + 1) for 0 ≤ p ≤ 210−f−1 − 1
(210−f − 1− p, 2f + (2f − 1− h), f + 1)

for 210−f−1 ≤ p ≤ 210−f − 1

The top line in the definition indicates that squares on the left half of the strip
do not change their position or height as a result of a fold. The second line
indicates that, as a result of a fold, the position of a square on the right half
of the strip is reflected about the center line of the strip, and that the stack of
squares in that position is inverted and placed on the top of the stack that was
already in that position’s reflection.

Because of the powers of 2 in the definition of F , evaluating F can be made easier
if the position and height are expressed in base two. In particular, after f folds,
the strip has length 210−f , so the positions 0 through 210−f − 1 are represented
by all possible binary strings of 10 − f digits. In this representation, 0 ≤ p ≤
210−f−1 − 1 if and only if the leading digit is 0, and 210−f−1 ≤ p ≤ 210−f − 1
if and only if the leading digit is 1. In the former case, the new position, now
represented by the string of length 10−f−1, is obtained by deleting the leading
0. In the latter case, the new position 210−f−1−p is obtained by truncating the
leading 1 and for the remaining digits, changing each 0 to a 1 and each 1 to a 0.
Likewise, in this latter case, the new height is 2f + (2f − 1− h). When f ≥ 1,
the new height is obtained in the case 210−f−1 ≤ p ≤ 210−f − 1 by taking the
f -digit binary string representing the height, changing each 1 to a 0 and each 0
to a 1, and then appending a 1 on the left. In the case 0 ≤ p ≤ 210−f−1− 1, the
new (f + 1)-digit string representing the new height is obtained by appending a
0 to the left of the string.

With these conditions, square number 941 is initially described by
(1110101101, 0, 0). In the display below, an arrow is used to denote an applica-
tion of F . For the first fold

(1110101101, 0, 0) → (001010010, 1, 1),
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indicating that after the first fold, square 941 is in position 0010100102 = 82,
and there is one layer under this square. Continue to obtain (001010010, 1, 1) →
(01010010, 01, 2) → (1010010, 001, 3) → (101101, 1110, 4) → (10010, 10001, 5)→
(1101, 101110, 6) → (010, 1010001, 7) → (10, 01010001, 8) → (1, 110101110, 9) →
(0, 1001010001, 10). After 10 folds, the number of layers under square 941 is
10010100012 = 593.

OR

If a square is to the left of the center after n folds, its positions counting from the
left and the bottom do not change after (n + 1) folds. Otherwise, its positions
counting from the right and bottom after n folds become its positions counting
from the left and top after (n + 1) folds. Also, after n folds the sum of the
positions of each square counting from the left and right is 210−n + 1, and the
sum of the positions counting from the bottom and top is 2n + 1. The position
of the 942nd square can be described in the table below.

Folds Position Position Position Position
Counting Counting Counting Counting
From Left From Right From Bottom From Top

0 942 83 1 1
1 83 430 2 1
2 83 174 2 3
3 83 46 2 7
4 46 19 15 2
5 19 14 18 15
6 14 3 47 18
7 3 6 82 47
8 3 2 82 175
9 2 1 431 82
10 1 1 594 431

Thus there are 593 squares below the final position of the 942nd square.

Problem Authors
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1. (Answer: 217)

Let the digits of n, read from left to right, be a, a−1, a−2, and a−3, respectively,
where a is an integer between 3 and 9, inclusive. Then n = 1000a+100(a−1)+
10(a−2)+a−3 = 1111a−123 = 37(30a−4)+(a+25), where 0 ≤ a+25 < 37.
Thus the requested sum is

9∑
a=3

(a + 25) =

(
9∑

a=3

a

)
+ 175 = 42 + 175 = 217.

OR

There are seven such four-digit integers, the smallest of which is 3210, whose
remainder when divided by 37 is 28. The seven integers form an arithmetic
sequence with common difference 1111, whose remainder when divided by 37 is
1, so the sum of the remainders is 28+29+30+31+32+33+34 = 7 ·31 = 217.

2. (Answer: 201)

Let the smallest elements of A and B be (n + 1) and (k + 1), respectively. Then

2m = (n + 1) + (n + 2) + · · ·+ (n + m) = mn +
1
2
·m(m + 1), and

m = (k + 1) + (k + 2) + · · ·+ (k + 2m) = 2km +
1
2
· 2m(2m + 1).

The second equation implies that k + m = 0. Substitute this into |k + 2m −
(n + m)| = 99 to obtain n = ±99. Now simplify the first equation to obtain
2 = n + (m + 1)/2, and substitute n = ±99. This yields m = −195 or m = 201.
Because m > 0, m = 201.

OR

The mean of the elements in A is 2, and the mean of the elements in B is
1/2. Because the mean of each of these sets equals its median, and the median
of A is an integer, m is odd. Thus A = {2 − m−1

2 , . . . , 2, . . . , 2 + m−1
2 }, and

B = {−m + 1, . . . , 0, 1, . . . , m}. Therefore |2 + m−1
2 − m| = 99, which yields

| 3−m
2 | = 99, so |3−m| = 198. Because m > 0, m = 201.
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3. (Answer: 241)

The total number of diagonals and edges is
(
26
2

)
= 325, and there are 12 · 2 =

24 face diagonals, so P has 325 − 60 − 24 = 241 space diagonals. One such
polyhedron can be obtained by gluing two dodecahedral pyramids onto the 12-
sided faces of a dodecahedral prism.

Note that one can determine that there are 60 edges as follows. The 24 triangles
contribute 3 · 24 = 72 edges, and the 12 quadrilaterals contribute 4 · 12 = 48
edges. Because each edge is in two faces, there are 1

2 (72 + 48) = 60 edges.

4. (Answer: 086)

Let PQ be a line segment in set S that is not a side of the square, and let M be
the midpoint of PQ. Let A be the vertex of the square that is on both the side
that contains P and the side that contains Q. Because AM is the median to
the hypotenuse of right 4PAQ, AM = (1/2) · PQ = (1/2) · 2 = 1. Thus every
midpoint is 1 unit from a vertex of the square, and the set of all the midpoints
forms four quarter-circles of radius 1 and with centers at the vertices of the
square. The area of the region bounded by the four arcs is 4− 4 · (π/4) = 4−π,
so 100k = 100(4− 3.14) = 86.

OR

Place a coordinate system so that the vertices of the square are at (0, 0), (2, 0),
(2, 2), and (0, 2). When the segment’s vertices are on the sides that contain
(0, 0), its endpoints’ coordinates can be represented as (a, 0) and (0, b). Let the
coordinates of the midpoint of the segment be (x, y). Then (x, y) = (a/2, b/2)
and a2 + b2 = 4. Thus x2 +y2 = (a/2)2 +(b/2)2 = 1, and the midpoints of these
segments form a quarter-circle with radius 1 centered at the origin. The set of
all the midpoints forms four quarter-circles, and the area of the region bounded
by the four arcs is 4− 4 · (π/4) = 4− π, so 100k = 100(4− 3.14) = 86.

5. (Answer: 849)

Let Beta’s scores be a out of b on day one and c out of d on day two, so that
0 < a/b < 8/15, 0 < c/d < 7/10, and b + d = 500. Then (15/8)a < b and
(10/7)c < d, so (15/8)a + (10/7)c < b + d = 500, and 21a + 16c < 5600. Beta’s
two-day success ratio is greatest when a + c is greatest. Let M = a + c and
subtract 16M from both sides of the last inequality to obtain 5a < 5600−16M .
Because a > 0, conclude that 5600− 16M > 0, and M < 350. When M = 349,
5a < 16, so a ≤ 3. If a = 3, then b ≥ 6, but then d ≤ 494 and c = 346 so
c/d ≥ 346/494 > 7/10. Notice that when a = 2 and b = 4, then a/b < 8/15 and
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c/d = 347/496 < 7/10. Thus Beta’s maximum possible two-day success ratio is
349/500, so m + n = 849.

OR

Let M be the total number of points scored by Beta in the two days. Notice
first that M < 350, because 350 is 70% of 500, and Beta’s success ratio is less
than 70% on each day of the competition. Notice next that M = 349 is possible,
because Beta could score 1 point out of 2 attempted on the first day, and 348 out
of 498 attempted on the second day. Thus m = 349, n = 500, and m+n = 849.

Note that Beta’s two-day success ratio can be greater than Alpha’s while Beta’s
success ratio is less on each day. This is an example of Simpson’s Paradox.

6. (Answer: 882)

To find the number of snakelike numbers that have four different digits, distin-
guish two cases, depending on whether or not 0 is among the chosen digits. For
the case where 0 is not among the chosen digits, first consider only the digits 1,
2, 3, and 4. There are exactly 5 snakelike numbers with these digits: 1423, 1324,
2314, 2413, and 3412. There are

(
9
4

)
= 126 ways to choose four non-zero digits

and five ways to arrange each such set for a total of 630 numbers. In the other
case, there are

(
9
3

)
= 84 ways to choose three digits to go with 0, and three ways

to arrange each set of four digits, because the snakelike numbers with the digits
0, 1, 2, and 3 would correspond to the list above, but with the first two entries
deleted. There are 84 · 3 = 252 such numbers. Thus there are 630 + 252 = 882
four-digit snakelike numbers with distinct digits.

7. (Answer: 588)

Each of the x2-terms in the expansion of the product is obtained by multiplying
the x-terms from two of the 15 factors of the product. The coefficient of the
x2-term is therefore the sum of the products of each pair of numbers in the set
{−1, 2,−3, . . . , 14,−15}. Note that, in general,

(a1 + a2 + · · ·+ an)2 = a2
1 + a2

2 + · · ·+ a2
n + 2 ·


 ∑

1≤i<j≤n

aiaj


 .
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Thus

C =
∑

1≤i<j≤15

(−1)ii(−1)jj =
1
2




(
15∑

k=1

(−1)kk

)2

−
15∑

k=1

k2




=
1
2

(
(−8)2 − 15(15 + 1)(2 · 15 + 1)

6

)
= −588.

Hence |C| = 588.

OR

Note that

f(x) = (1− x)(1 + 2x)(1− 3x) . . . (1− 15x)

= 1 + (−1 + 2− 3 + · · · − 15)x + Cx2 + · · ·
= 1− 8x + Cx2 + · · · .

Thus f(−x) = 1 + 8x + Cx2 − · · · .
But f(−x) = (1 + x)(1− 2x)(1 + 3x) . . . (1 + 15x), so

f(x)f(−x) = (1− x2)(1− 4x2)(1− 9x2) . . . (1− 225x2)

= 1− (12 + 22 + 32 + · · ·+ 152)x2 + · · · .

Also f(x)f(−x) = (1−8x+Cx2+· · · )(1+8x+Cx2−· · · ) = 1+(2C−64)x2+· · · .
Thus 2C − 64 = −(12 + 22 + 33 + · · ·+ 152), and, as above, |C| = 588.
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8. (Answer: 199)

Let C be the circle determined by P1, P2, and P3. Because the path turns
counterclockwise at an angle of less than 180◦ at P2 and P3, P1 and P4 must
be on the same side of line P2P3. Note that 4P1P2P3

∼= 4P4P3P2, and so
6 P2P1P3

∼= 6 P3P4P2. Thus P4 is on C. Similarly, because P2, P3, and P4 are
on C, P5 must be too, and, in general, P1, P2, . . . , Pn are all on C. The fact that
the minor arcs P1P2, P2P3, . . . , and PnP1 are congruent implies that P1, P2, . . . ,
and Pn are equally spaced on C.

Thus any regular n-pointed star can be constructed by choosing n equally spaced
points on a circle, and numbering them consecutively from 0 to n−1. For positive
integers d < n, the path consisting of line segments whose vertices are numbered
0, d, 2d, . . . , (n − 1)d, 0 modulo n will be a regular n-pointed star if and only if
2 ≤ d ≤ n−2 and d is relatively prime to n. This is because if d = 1 or d = n−1,
the resulting path will be a polygon; and if d is not relatively prime to n, not
every vertex will be included in the path. Also, for any choice of d that yields a
regular n-pointed star, any two such stars will be similar because a dilation of
one of the stars about the center of its circle will yield the other.

Because 1000 = 23 · 53, numbers that are relatively prime to 1000 are those
that are multiples of neither 2 nor 5. There are 1000/2 = 500 multiples of
2 that are less than or equal to 1000; there are 1000/5 = 200 multiples of 5
that are less than or equal to 1000; and there are 1000/10 = 100 numbers less
than or equal to 1000 that are multiples of both 2 and 5. Hence there are
1000− (500 + 200− 100) = 400 numbers that are less than 1000 and relatively
prime to 1000, and 398 of them are between 2 and 998, inclusive. Because
d = k yields the same path as d = n − k (and also because one of these two
paths turns clockwise at each vertex), there are 398/2 = 199 non-similar regular
1000-pointed stars.

9. (Answer: 035)

Let s1 be the line segment drawn in 4ABC, and let s2 be the line segment
drawn in rectangle DEFG. To obtain a triangle and a trapezoid, line segment
s2 must pass through exactly one vertex of rectangle DEFG. Hence V2 is a
trapezoid with a right angle, and U2 is a right triangle. Therefore line segment
s1 is parallel to one of the legs of 4ABC and, for all placements of s1, U1 is
similar to 4ABC. It follows that there are two possibilities for triangle U2: one
in which the sides are 6, 9/2, and 15/2; and the other in which the sides are 7,
21/4, and 35/4. Were s1 parallel to the side of length 4, trapezoids V1 and V2

could not be similar, because the corresponding acute angles in V1 and V2 would
not be congruent; but when s1 is parallel to the side of length 3, the angles of
trapezoid V1 are congruent to the corresponding angles of V2, so it is possible to
place segment s1 so that V1 is similar to V2. In the case when the triangle U2 has
sides 6, 9/2, and 15/2, the bases of trapezoid V2 are 7 and 7 − (9/2) = 5/2, so
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its bases, and therefore the bases of V1, are in the ratio 5 : 14. Then the area of
triangle U1 is (5/14)2 · (1/2) · 3 · 4 = 75/98. In the case when the triangle U2 has
sides 7, 21/4, and 35/4, the bases of trapezoid V2 are 6 and 6 − (21/4) = 3/4,
so its bases, and the bases of V1, are in the ratio 1 : 8. The area of triangle U1

is then (1/8)2 · (1/2) · 3 · 4 = 3/32. The minimum value of the area of U1 is thus
3/32, and m + n = 35.
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10. (Answer: 817)

In order for the circle to lie completely within the rectangle, the center of the
circle must lie in a rectangle that is (15 − 2) by (36 − 2) or 13 by 34. The
requested probability is equal to the probability that the distance from the
circle’s center to the diagonal AC is greater than 1, which equals the probability
that the distance from a randomly selected point in the 13-by-34 rectangle to
each of the sides of 4ABC and 4CDA is greater than 1. Let AB = 36 and
BC = 15. Draw the three line segments that are one unit respectively from
each of the sides of 4ABC and whose endpoints are on the sides. Let E, F ,
and G be the three points of intersection nearest to A, B, and C, respectively,
of the three line segments. Let P be the intersection of

−−→
EG and BC, and let

G′ and P ′ be the projections of G and P on BC and AC, respectively. Then
FG = BC − CP − PG′ − 1. Notice that 4PP ′C ∼ 4ABC and PP ′ = 1, so
CP = AC/AB. Similarly, 4GG′P ∼ 4ABC and GG′ = 1, so PG′ = CB/AB.
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Thus
FG = BC − AC

AB
− CB

AB
− 1.

Apply the Pythagorean Theorem to 4ABC to obtain AC = 39. Substitute
these lengths to find that FG = 25/2. Notice that 4EFG ∼ 4ABC, and their
similarity ratio is (25/2)/15 = 5/6, so [EFG] = (25/36)[ABC]. The requested
probability is therefore

2 · 25
36 · 1

2 · 15 · 36
13 · 34

=
375
442

,

so m + n = 817.
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OR

Define E, F , and G as in the previous solution. Each of these three points
is equidistant from two sides of 4ABC, and they are therefore on the angle-
bisectors of angles A, B, and C, respectively. These angle-bisectors are also
angle-bisectors of 4EFG because its sides are parallel to those of 4ABC. Thus
4ABC and 4EFG have the same incenter, and the inradius of 4EFG is one
less than that of4ABC. In general, the inradius of a triangle is the area divided
by one-half the perimeter, so the inradius of 4ABC is 6. The similarity ratio of
4EFG to4ABC is the same as the ratio of their inradii, namely 5/6. Continue
as in the previous solution.

OR

Define E, F , G, and G′ as in the previous solutions. Notice that CG bi-
sects 6 ACB and that cos 6 ACB = 5/13, and so, by the Half-Angle Formula,
cos 6 GCG′ = 3/

√
13. Thus, for some x, CG′ = 3x and CG = x

√
13. Apply

the Pythagorean Theorem in 4CG′G to conclude that (x
√

13)2− (3x)2 = 1, so
x = 1/2. Then CG′ = 3x = 3/2, and FG = 15 − 1 − 3/2 = 25/2. Continue as
in the first solution.
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11. (Answer: 512)

The lateral surface area of a cone with radius R and slant height S can be found
by cutting the cone along a slant height and then unrolling it to form a sector
of a circle. The sector’s arc has length 2πR and its radius is S, so its area, and
the cone’s lateral surface area, is πS2 · 2πR

2πS = πRS. Let r, h, and s represent
the radius, height, and slant height of the smaller cone formed by the cut. Then

k =
r2h

36− r2h
=

rs

9 + 15− rs
, so

1
k

=
36
r2h

− 1 =
24
rs
− 1.

Thus 3s = 2rh. Because r : h : s = 3 : 4 : 5, let (r, h, s) = (3x, 4x, 5x), and
substitute to find that x = 5/8, and then that (r, h, s) = (15/8, 20/8, 25/8). The

ratio of the volume of C to that of the large cone is therefore
(

15/8
3

)3

= 125
512 ,

so the ratio of the volumes of C and F is 125/(512 − 125) = 125/387. Thus
m + n = 125 + 512− 125 = 512.

12. (Answer: 014)

Because blog2(
1
x )c = 2k for nonnegative integers k, conclude that 2k ≤ log2(

1
x ) <

2k + 1, so

22k ≤ 1
x

< 22k+1, and
1

22k+1
< x ≤ 1

22k
.

Similarly, for nonnegative integers k,

1
52k+1

< y ≤ 1
52k

.

The graph consists of the intersection of two sets of rectangles. The rectangles
in one set have vertical sides of length 1 and horizontal sides of lengths (1 −
1
2 ), ( 1

4 − 1
8 ), ( 1

16 − 1
32 ), . . . , and the rectangles in the other set have horizontal

sides of length 1 and vertical sides of lengths (1− 1
5 ), ( 1

25− 1
125 ), ( 1

625− 1
3125 ), . . . .

The intersection of the two sets of rectangles is also a set of rectangles whose
total area is
[(

1− 1
2

)
+

(
1
4
− 1

8

)
+ · · ·

]
·
[(

1− 1
5

)
+

(
1
25
− 1

125

)
+ · · ·

]
=

2
3
· 5
6

=
5
9
,

so m + n = 14.
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13. (Answer: 482)

Note that for x 6= 1,

P (x) =
(

x18 − 1
x− 1

)2

− x17 so

(x− 1)2P (x) = (x18 − 1)2 − x17(x− 1)2

= x36 − 2x18 + 1− x19 + 2x18 − x17

= x36 − x19 − x17 + 1

= x19(x17 − 1)− (x17 − 1)

= (x19 − 1)(x17 − 1), and so

P (x) =
(x19 − 1)(x17 − 1)

(x− 1)2
.

Thus the zeros of P (x) are the 34 complex numbers other than 1 which satisfy
x17 = 1 or x19 = 1. It follows that α1 = 1/19, α2 = 1/17, α3 = 2/19, α4 = 2/17,
and α5 = 3/19, so α1 + α2 + α3 + α4 + α5 = 159/323, and m + n = 482.

14. (Answer: 813)

Suppose that the rope is attached to the ground at point A, last touches the
tower at point P , and attaches to the unicorn at point Q. Let S and T be on
the ground directly below P and Q, respectively. Let O be on the axis of the
tower, and let R be directly below Q so that the plane of 4OPR is horizontal.
Then OP is a radius of the tower, so OP = 8, and, because Q is 4 feet from the
tower, R is too, so OR = 12. Also, 6 OPR is a right angle, so PR = 4

√
5. If the

tower wall were spread flat in the plane of P , Q, S, and T , then right triangles
PQR and AQT would be similar. Because

PQ

PR
=

AQ

AT
=

20√
202 − 42

=
5√

52 − 12
=

5
2
√

6
,

where AQ is the rope’s length between A and Q and AT is the length of the

projection of the rope onto the ground, PQ =
5

2
√

6
· 4
√

5 =
5
√

30
3

. Then the

length of rope touching the tower is 20− 5
√

30
3

=
60−√750

3
. Thus a + b + c =

60 + 750 + 3 = 813.
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15. (Answer: 511)

For i = 1, 2, . . ., let Si denote the set of positive integers x such that d(x) = i.
Then, for example, S1 = {1}, S2 = {10}, S3 = {9, 100}, and S4 = {8, 90, 99, 1000}.
This can be illustrated in a tree diagram, as shown.

1 10

100

9

103
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90

8

104
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89

80

7
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..............................................................................................
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..............................................................................................
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..............................................................................................

If each vertex in this tree after the first column had two branches, then the 20th
column would have 218 vertices; but some vertices have only one branch, namely,
the vertex that corresponds to 2 and vertices that correspond to numbers with
last digit 1. The vertex that corresponds to 2 is in the 10th column. This
causes there to be 29 fewer vertices in the 20th column than there would be if
each vertex in the tree had two branches. Note that vertices that correspond
to numbers with last digit 1 occur 9 columns after vertices that correspond to
numbers with last digit 0, except for 10. Thus there will be one 1 in column 12,
two 1’s in column 13, and in general, 2k−12 1’s in column k, for k = 12, 13, . . . , 19.
For each of these eight columns, this causes there to be 27 fewer vertices in the
20th column than there would be if each vertex in the tree had two branches.
Thus m is the number of elements in S20, that is, the number of vertices in
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column 20, namely,

218 − 29 − 8 · 27 = 218 − 29 − 210 = 29(29 − 1− 2) = 29 · 509,

and the sum of the distinct prime factors of m is 2 + 509 = 511.

Problem Authors
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3. Harold Reiter 11. Zuming Feng
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7. Elgin Johnston 15. Zuming Feng
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1. (Answer: 013)

The conditions of the problem imply that
(

n

6

)
= 6

(
n

3

)
, so

n!
6!(n− 6)!

= 6 ·
n!

3!(n− 3)!
. Then

(n− 3)!
(n− 6)!

= 6!, so (n− 3)(n− 4)(n− 5) = 720 = 10 · 9 · 8. Thus

n = 13 is a solution, and because (n− 3)(n− 4)(n− 5) is increasing for n ≥ 5,
conclude that 13 is the only solution for n ≥ 5.

2. (Answer: 079)

The probability that the first bag contains one of each of the three types of rolls
is
(9/9)(6/8)(3/7) = 9/28. The probability that the second bag will then contain
one of each is (6/6)(4/5)(2/4) = 2/5. If the first two bags have a complete selec-
tion, then the last bag must too. Thus the probability that all three breakfasts
have a complete selection is (9/28)(2/5) = 9/70, and m + n = 9 + 70 = 79.

3. (Answer: 802)

Let a be the first term and r the ratio of the original series, and let S = 2005.

Then
a

1− r
= S and

a2

1− r2
= 10S. Factor to obtain 10S =

(
a

1− r

)(
a

1 + r

)
=

S · a

1 + r
. Then 10 =

a

1 + r
and S =

a

1− r
imply that S(1− r) = 10(1 + r), so

r =
S − 10
S + 10

= 1995/2015 = 399/403, and m + n = 802.

4. (Answer: 435)

Note that 1010 = 210510, so it has 11 · 11 = 121 divisors. Similarly, 157 = 37 · 57,
so it has 8 · 8 = 64 divisors, and 1811 = 211322, so it has 12 · 23 = 276 divisors.
There are 8 divisors of both 1010 and 157, namely those numbers that are divisors
of 57; there are 11 divisors of both 1010 and 1811, namely those numbers that
are divisors of 210; and there are 8 divisors of both 157 and 1811, namely those
numbers that are divisors of 37. There is only one divisor of all three. Therefore,
the Inclusion-Exclusion Principle implies that the number of divisors of at least
one of the numbers is (121 + 64 + 276)− (8 + 11 + 8) + 1 = 435.

5. (Answer: 054)

Let x = loga b. Because logb a = 1/ loga b, the given equation can be written as
x + (6/x) = 5, and because x 6= 0, this is equivalent to x2 − 5x + 6 = 0, whose
solutions are 2 and 3. If 2 = x = loga b, then a2 = b. Now 442 = 1936 and
452 = 2025, so there are 44 − 1 = 43 ordered pairs (a, b) such that a2 = b and
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a and b satisfy the given conditions. If 3 = x = loga b, then a3 = b. Because
123 = 1728 and 133 = 2197, there are 12− 1 = 11 ordered pairs (a, b) such that
a3 = b and a and b satisfy the given conditions. Thus there are 43 + 11 = 54 of
the requested ordered pairs.

6. (Answer: 392)

Note that, after the restacking, all the cards from pile B occupy even-numbered
positions and their order is reversed. Similarly, all the cards from pile A will be
placed in odd-numbered positions, and their order is also reversed. A card in
position i for 1 ≤ i ≤ n will be moved to position 2(n− i) + 1 in the restacking,
and, for n < i ≤ 2n, the card will be moved to position 2(2n− i)+2. For a card
to remain in the 131st position, it must be in pile A. Then 131 = 2(n−131)+1,
and 2n = 392. Note that the stack is magical because cards number 131 and
262 retain their original positions.

7. (Answer: 125)

Let y = 16
√

5. Then

x =
4

(y8 + 1)(y4 + 1)(y2 + 1)(y + 1)
=

4(y − 1)
(y8 + 1)(y4 + 1)(y2 + 1)(y + 1)(y − 1)

=
4(y − 1)
y16 − 1

=
4(y − 1)
5− 1

= y − 1.

Thus (x + 1)48 = y48 = 53 = 125.

8. (Answer: 405)

The radius of C3 is 14. Let P1, P2, and P3 be the centers of C1, C2, and C3,
respectively. Draw perpendiculars from P1, P2, and P3 to the external tangent
of C1 and C2 intersecting it at X, Y , and Z, respectively, so that P1X, P2Y ,
P3Z are parallel, with P1X = 4 and P2Y = 10. From P1, draw a line parallel
to XY intersecting P3Z and P2Y at Q and R, respectively. Note that P1XY R
is a rectangle and that right triangles P1P2R and P1P3Q are similar. Then
P3Z = P3Q + QZ = (10/14) · 6 + 4 = 58/7. Because Z is the midpoint of
the chord, the chord’s length is 2

√
142 − (58/7)2 = 8

√
390/7, and m + n + p =

8 + 390 + 7 = 405.
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9. (Answer: 250)

Note that

(sin t + i cos t)n =
[
cos

(π

2
− t

)
+ i sin

(π

2
− t

)]n

= cos n
(π

2
− t

)
+ i sin n

(π

2
− t

)

= cos
(nπ

2
− nt

)
+ i sin

(nπ

2
− nt

)
,

and that sin nt + i cosnt = cos
(π

2
− nt

)
+ i sin

(π

2
− nt

)
. Thus the given con-

dition is equivalent to

cos
(nπ

2
− nt

)
= cos

(π

2
− nt

)
and sin

(nπ

2
− nt

)
= sin

(π

2
− nt

)
.

In general, cos α = cos β and sin α = sin β if and only if α− β = 2πk. Thus

nπ

2
− nt− π

2
+ nt = 2πk,

which yields n = 4k + 1. Because 1 ≤ n ≤ 1000, conclude that 0 ≤ k ≤ 249, so
there are 250 values of n that satisfy the given conditions.

OR

Observe that

(sin t + i cos t)n = [i(cos t− i sin t)]n = in(cosnt− i sin nt), and that
sin nt + i cosnt = i(cos nt− i sin nt).

Thus the given equation is equivalent to in(cosnt− i sinnt) = i(cos nt− i sin nt).
This is true for all real t when in = i. Thus n must be 1 more than a multiple
of 4, so there are 250 values of n that satisfy the given conditions.

10. (Answer: 011)

Without loss of generality, let the edges of O have length 1. Note that O can be
formed by adjoining two square pyramids at their bases. Consider an altitude
from a vertex of one of these pyramids to the square base. This altitude is
also a leg of a right triangle whose other leg joins the center of the square and
a vertex of the square, and whose hypotenuse is an edge of O. The length

of the altitude is therefore
√

12 − (√
2/2

)2
=
√

2/2, and so the volume of O
is 2 · (1/3)(12)(

√
2/2) =

√
2/3. To find the volume of C, consider a triangle,

one of whose vertices P is a vertex of O not on the square and whose other
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two vertices, Q and R, are midpoints of opposite sides of the square. The line
segment that joins the centers of the faces containing PQ and PR, respectively,
is a diagonal of a face of C. Because these centers are two-thirds of the way from
P to Q and from P to R, respectively, the length of the face diagonal joining
them is two-thirds of QR. But QR = 1, so the length of each of the edges of C is
(2/3)/

√
2 =

√
2/3. Hence the volume of C is (

√
2/3)3 = 2

√
2/27. The requested

ratio is thus (
√

2/3)/(2
√

2/27) = 9/2, so m + n = 11.

OR

The six vertices of O are equidistant from its center, and the diagonals that
join the three pairs of opposite vertices are mutually perpendicular. Without
loss of generality, let the length of each of these three diagonals be 2. It is
possible to place a coordinate system so that the coordinates of the vertices of
O are (1, 0, 0), (−1, 0, 0), (0, 1, 0), (0,−1, 0), (0, 0, 1), and (0, 0,−1). Because O
is composed of two square pyramids, its volume is 2(1/3)(

√
2)2 · 1 = 4/3. The

vertices of C are the centroids of the faces of O, so the coordinates of the vertices
of C are (±1/3,±1/3,±1/3). Thus the length of each of the edges of C is 2/3,
and the volume of C is 8/27. The ratio of the volumes is (4/3)/(8/27) = 9/2, so
m + n = 11.

11. (Answer: 889)

For 1 ≤ k ≤ m − 1, we have ak+1ak = akak−1 − 3. Let bk = akak−1 for
1 ≤ k ≤ m. Then b1 = a1a0 = 72 · 37 = 3 · 8 · 3 · 37 = 3 · 888 and bk+1 = bk − 3.
Hence b889 = 0 and bk > 0 for 1 ≤ k ≤ 888. Thus a889 = 0 and m = 889.

12. (Answer: 307)

Let G be the midpoint of AB, let α = m6 EOG, and let β = m6 FOG. Then
OG = 450, EG = 450 tan α, FG = 450 tan β, and α + β = 45◦. Therefore
450(tan α+tan β) = 400, so tan α+tan β = 8/9. Notice that tan β = tan(45◦−
α) =

1− tan α

1 + tan α
. Hence tan α +

1− tanα

1 + tan α
=

8
9
. Simplify to obtain 9 tan2 α −

8 tan α + 1 = 0, and conclude that {tanα, tanβ} = {(4 ± √
7)/9}. Because

BF > AE, conclude that EG > FG, and so α > β. Then tan α = (4 +
√

7)/9
and tan β = (4−√7)/9. Thus

BF = BG− FG = 450− 450 tan β = 450

(
1− 4−√7

9

)
= 450

(
5 +

√
7

9

)

= 250 + 50
√

7,
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so p + q + r = 307.

OR

Draw AO and BO. Then m6 OAB = 45◦ = m 6 EOF , and m6 OEF = m6 OAB+
m6 AOE = 45◦ + m6 AOE = m 6 AOF . Therefore 4AFO ∼ 4BOE, so
AO

AF
=

BE

BO
. Let BF = x. Then AF = 900− x and BE = 400 + x. Thus

450
√

2
900− x

=
400 + x

450
√

2
, which yields

2 · 4502 = 360000 + 500x− x2, and then

x2 − 500x + 45000 = 0.

Use the Quadratic Formula to obtain x = 250 ± 50
√

7. Recall that BF > AE,
and so x > (900−400)/2 = 250. Then BF = x = 250+50

√
7, and p+q+r = 307.

13. (Answer: 418)

Let S(x) = P (x)− x− 3. Because S(17) = −10 and S(24) = −10,

S(x) = −10 + (x− 17)(x− 24)Q(x)

for some polynomial Q(x) with integer coefficients. If n is an integer such that
P (n) = n+3, then S(n) = 0, and (n− 17)(n− 24)Q(n) = 10. Thus the integers
n − 17 and n − 24 are divisors of 10 that differ by 7. The only such pairs are
(2,−5) and (5,−2). This yields {n1, n2} = {19, 22}, hence n1 · n2 = 418. An
example of a polynomial that satisfies the conditions of the problem is P (x) =
x− 7− (x− 17)(x− 24).
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14. (Answer: 463)

Let m 6 BAE = α = m 6 CAD, and let β = m6 EAD. Then

BD

DC
=

[ABD]
[ADC]

=
(1/2)AB ·AD sinBAD

(1/2)AD ·AC sinCAD
=

AB

AC
· sin(α + β)

sin α
.

Similarly,
BE

EC
=

AB

AC
· sinBAE

sin CAE
=

AB

AC
· sin α

sin(α + β)
,

and so
BE

EC
=

AB2 ·DC

AC2 ·BD
.

Substituting the given values yields BE/EC = (132 · 6)/(142 · 9) = 169/294.
Therefore BE = (15 · 169)/(169 + 294) = (3 · 5 · 132)/463. Because none of 3, 5,
and 13 divides 463, q = 463.
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15. (Answer: 169)

Complete the square to obtain (x+5)2+(y−12)2 = 256 and (x−5)2+(y−12)2 =
16 for ω1 and ω2, respectively. Hence ω1 is centered at F1(−5, 12) with radius
16, and ω2 is centered at F2(5, 12) with radius 4. Let P be the center of the
third circle, and let r be its radius. Then PF1 = 16 − r and PF2 = 4 + r.
Thus P is on the ellipse with foci F1, F2 and PF1 + PF2 = 20. Therefore the
coordinates of P satisfy

x2

100
+

(y − 12)2

75
= 1,

which is equivalent to 3x2 + 4y2 − 96y + 576 = 300. Because P is on the line
with equation y = ax, conclude that the x-coordinate of P satisifies

(3 + 4a2)x2 − 96ax + 276 = 0.

In order for P to exist, the discriminant of the above quadratic equation must
be nonnegative, that is, (−96a)2 − 4 · 276 · (4a2 + 3) ≥ 0. Thus a2 ≥ 69/100, so
m2 = 69/100, and p + q = 169.

Note that a attains its minimum when the line with equation y = ax is tangent
to the ellipse.
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1. (Answer: 942)

Let r be the radius of each of the six congruent circles, and let A and B be the
centers of two adjacent circles. Join the centers of adjacent circles to form a
regular hexagon with side 2r. Let O be the center of C. Draw the radii of C that
contain A and B. Triangle ABO is equilateral, so OA = OB = 2r. Because
each of the two radii contains the point where the smaller circle is tangent to C,
the radius of C is 3r, and K = π

(
(3r)2 − 6r2

)
= 3πr2. The radius of C is 30, so

r = 10, K = 300π, and bKc = 942.

2. (Answer: 012)

Suppose that the nth term of the sequence Sk is 2005. Then 1+(n−1)k = 2005
so k(n−1) = 2004 = 22 ·3 ·167. The ordered pairs (k, n−1) of positive integers
that satisfy the last equation are (1, 2004), (2, 1002), (3, 668), (4, 501), (6, 334),
(12, 167), (167, 12), (334, 6), (501, 4), (668, 3), (1002, 2), and (2004, 1). Thus the
requested number of values is 12. Note that the number of divisors of 22 · 3 · 167
can also be found to be (2 + 1)(1 + 1)(1 + 1) = 12 by using the formula for the
number of divisors.

3. (Answer: 109)

There are two types of integers n that have three proper divisors. If n = pq,
where p and q are distinct primes, then the three proper divisors of n are 1, p,
and q; and if n = p3, where p is a prime, then the three proper divisors of n
are 1, p, and p2. Because there are 15 prime numbers less than 50, there are(
15
2

)
= 105 integers of the first type. There are 4 integers of the second type

because 2, 3, 5, and 7 are the only primes with squares less than 50. Thus there
are 105 + 4 = 109 integers that meet the given conditions.

4. (Answer: 294)

Let the square formation have s rows and s columns, and let the rectangular
formation have x columns and (x + 7) rows. Then x(x + 7) = s2 + 5, so
x2 +7x−(s2 +5) = 0. Because x is a positive integer, x =

(−7 +
√

4s2 + 69
)
/2,

and there must be a positive integer k for which k2 = 4s2 + 69. Then 69 =
k2− 4s2 = (k +2s)(k− 2s). Therefore (k +2s, k− 2s) = (69, 1) or (23, 3). Thus
(k, s) = (35, 17) or (13, 5), and the maximum number of members this band can
have is 172 + 5 = 294.

5. (Answer: 630)

First consider the orientation of the coins. Label each coin U or D depending
upon whether it is face up or face down, respectively. Then for each arrangement
of the coins, there is a corresponding string consisting of a total of eight U ’s
and D’s that is formed by listing each coin’s label starting from the bottom
of the stack. An arrangement in which no two adjacent coins are face to face
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corresponds to such a string that does not contain UD. Thus the first U in
the string must have no D’s after it. The first U may appear in any of eight
positions or not at all, for a total of nine allowable strings. For each of these
nine strings, there are

(
8
4

)
ways to pick the positions for the four gold coins, and

the positions of the silver coins are then determined. Thus there are 9 ·(8
4

)
= 630

arrangements that satisfy Robert’s rules of order.

6. (Answer: 045)

The given equation is equivalent to x4 − 4x3 + 6x2 − 4x + 1 = 2006, that is,
(x− 1)4 = 2006. Thus (x− 1)2 = ±√2006, and x− 1 = ± 4

√
2006 or ±i 4

√
2006.

Therefore the four solutions to the given equation are 1± 4
√

2006 and 1±i 4
√

2006.
Then P = (1 + i 4

√
2006)(1− i 4

√
2006) = 1 +

√
2006, so bP c = 45.

7. (Answer: 150)

Draw lines containing D and C that are perpendicular to AB at E and F ,
respectively. Then AE = 5, DE = 5

√
3, BF = 4, and CF = 4

√
3. Now

draw a line containing C that is perpendicular to DE at G. Because EFCG
is a rectangle, GE = CF = 4

√
3, so DG = DE − GE =

√
3. Apply the

Pythagorean Theorem to 4DGC to find that
√

141 = GC = EF . Then AB =
AE + EF + FB = 9 +

√
141, and p + q = 150.
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•
A

•
B

•C
•D

•
E

•
F

•
G

•P

10

12

8

OR

Let P be the intersection of
−−→
AD and

−−→
BC, and let AD = a, AB = b, BC = c,

CD = d, DP = x, and PC = y. Then 4ABP is equilateral, and x+a = y+c =
b. Apply the Law of Cosines to 4DCP to obtain x2 + y2 − xy = d2, and then
substitute to get (b− a)2 + (b− c)2 − (b− a)(b− c) = d2. Expand and simplify
to get

a2 + b2 + c2 = d2 + ab + bc + ac.

For the given quadrilateral, this yields 102 + b2 + 82 = 122 + 10b + 8b + 80, and
then b2 − 18b− 60 = 0, whose positive solution is 9 +

√
141. Thus p + q = 150.
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8. (Answer: 113)

Let y = 2111x. The given equation is equivalent to (1/4)y3 + 4y = 2y2 + 1,
which can be simplified to y3 − 8y2 + 16y − 4 = 0. Since the roots of the given
equation are real, the roots of the last equation must be positive. Let the roots
of the given equation be x1, x2, and x3, and let the roots of the equation in y
be y1, y2, and y3. Then x1 + x2 + x3 = (1/111)(log2 y1 + log2 y2 + log2 y3) =
(1/111) log2(y1y2y3) = (1/111) log2 4 = 2/111, and m + n = 113.

Note: It can be verified that y3− 8y2 + 16y− 4 = 0 has three positive roots by
sketching a graph.

9. (Answer: 074)

A cube can be oriented in 24 ways because each of the six faces can be on top
and each of the top face’s four edges can be at the front. There are eight corner
cubes in the large cube. For the corner cubes, six orientations will expose three
orange faces. This is because there are two sets of three orange faces that can
be exposed. For each such set, each of the three orange faces can appear in a
given position, and the positions of the other two are then determined. Thus the
probability that all corner cubes expose three orange faces is (6/24)8 = (1/4)8.
For cubes at the center of an edge, there are 10 orientations that expose two
orange faces. This is because there are five sets of two orange faces that share
an edge, and each such set can appear in two orientations. The probability that
all 12 of these edge cubes expose two orange faces is (10/24)12 = (5/12)12. A
cube that is in the center of a face can have any of the four orange faces outward
in four orientations, and thus there is a probability of (16/24)6 = (2/3)6 that
each center cube exposes an orange face. Thus the probability that the entire
surface of the larger cube is orange is

(
1
4

)8

·
(

5
12

)12

·
(

2
3

)6

=
512

234 · 318
,

and a + b + c + p + q + r = 12 + 34 + 18 + 5 + 2 + 3 = 74.

OR

The large cube contains eight corner unit cubes, twelve unit cubes at the center
of an edge, and six unit cubes at the center of a face. All visible faces of a unit
cube are orange if and only if the shared edge of its two unpainted faces, except
perhaps for an endpoint, is in the interior of the large cube. The number of
edges interior to the large cube is three for a corner cube, five for a cube at
the center of an edge, and eight for a cube at the center of a face. Thus the
probability that the entire surface of the large cube is orange is

(
3
12

)8

·
(

5
12

)12

·
(

8
12

)6

=
512

234 · 318
,

and, as above, a + b + c + p + q + r = 74.
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10. (Answer: 047)

Let l be the line containing the median to side BC. Then l must contain the
midpoint of BC, which is ((12 + 23)/2, (19 + 20)/2) = (35/2, 39/2). Since l has
the form y = −5x + b, substitute to find that b = 107. Thus the coordinates
of A are (p,−5p + 107). Now compute p using the fact that the area of the
triangle with coordinates (0, 0), (x1, y1), and (x2, y2) is the absolute value of

(1/2)
∣∣∣∣
x1 y1

x2 y2

∣∣∣∣ . To use this formula, translate the point (12, 19) to the origin,

and, to preserve area, translate points A and C to A′ = (p−12,−5p+107−19) =
(p− 12,−5p + 88) and C ′ = (23− 12, 20− 19) = (11, 1), respectively. Apply the
above formula to obtain (1/2)|(p− 12) · 1− (−5p + 88) · 11| = 70, which yields
|56p− 980| = 140. Thus p = 15 or p = 20, and the corresponding values of q are
32 and 7, respectively. The largest possible value of p + q is 47.

OR

Let M be the midpoint of BC. The coordinates of M are (35/2, 39/2). An
equation of line AM is y = −5x+107, so the coordinates of A can be represented
as (p,−5p + 107). Line BC has equation x = 11y − 197 or, equivalently, x −
11y+197 = 0, so the distance from A to line BC is

|p− 11(−5p + 107) + 197|√
12 + 112

=

|56p− 980|√
122

. The length of BC is
√

12 + 112, so 70 = [4ABC] =
1
2

√
122 ·

|56p− 980|√
122

. Solve to obtain p = 20 or p = 15, so p+q = p−5p+107 = −4p+107.

Thus p + q = 27 or 47, and the maximum value of p + q is 47.

11. (Answer: 544)
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• O

A

B C

D
Any semicircle that is contained in a square can be translated to yield a semi-
circle that is inside the square and tangent to two adjacent sides of the square.
Name the square ABCD, and, without loss of generality, consider semicircles
tangent to AB and BC. The center O of any such semicircle is equidistant from
AB and BC and therefore must lie on diagonal BD. Let S be the circle deter-
mined by the semicircle. The placement of O that yields the largest semicircle
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is the point at which the intersection of S with the square region is a semicircle.
This is because if O were placed closer to B, the radius of S would be smaller;
and if O were placed farther from B, the intersection of S and the square region
would be an arc of less than 180◦, and so no semicircle centered at O would fit
in the square. Because BD is a symmetry line for the desired semicircle and the
square, BD is the perpendicular bisector of the diameter joining the endpoints
of the semicircle.

Let the radius of the largest semicircle be r. Then the distance from O to AD
is r/

√
2. The sum of the distances from O to AD and BC is 8, so the diameter

of the largest semicircle that fits in the square is 2r =
2 · 8

1 + 1√
2

= 16(2−
√

2) =

32−
√

512. Thus m + n = 32 + 512 = 544.

OR

Consider a related problem: find the least possible side-length of a square that
contains a semicircle for which the diameter is fixed. Let the orientation of
the square with respect to the semicircle be such that the sides of the square
and the diameter of the semicircle determine angles of θ and (π/2 − θ), with
0 ≤ θ ≤ π/2. Without loss of generality, assume the radius of the semicircle
is 1. The opposite sides of the square are parallel, and, in general, if a pair
of parallel lines touch a semicircle, then one will be tangent to its arc and one
will contain an endpoint of the diameter. The diagram shows two perpendicular
pairs of parallel lines with all four lines touching the semicircle. The distance
between the lines in each pair is as small as possible because each line of the pair
touches the semicircle. Thus the greater of these two distances is the minimal
side-length of a square in this orientation that contains the semicircle. Because
the distances between the pairs of parallel lines are 1 + cos θ and 1 + sin θ, the
minimal side-length of a square in this orientation that contains the semicircle
is max{1 + cos θ, 1 + sin θ}. For θ between 0 and π/2, this length is minimum
when θ = π/4, so the minimum length for any orientation of the square is
1 +

√
2/2 = (2 +

√
2)/2. To find the maximum value of d, solve the proportion

d

2
=

8
(2 +

√
2)/2

to obtain d = 32/(2 +
√

2) = 16(2 −√2) = 32 −√512. Thus

m + m = 544.
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12. (Answer: 025)

If d is a divisor of n, then so is n
d . Thus the number of divisors of n must be

even unless, for some d, d = n
d , that is, n = d2. Hence τ(n) is odd if and only

if n is a square. Therefore, as n increases, S(n) changes parity only when n is
a square. Thus S(n) is odd for 12 ≤ n ≤ 22 − 1, even for 22 ≤ n ≤ 32 − 1, odd
for 32 ≤ n ≤ 42 − 1, and so on. Consequently

a = (22 − 1− 12 + 1) + (42 − 1− 32 + 1) + (62 − 1− 52 + 1) + · · ·+ (442 − 1− 432 + 1)

= (22 − 12) + (42 − 32) + (62 − 52) + · · ·+ (442 − 432)
= (2 + 1)(2− 1) + (4 + 3)(4− 3) + (6 + 5)(6− 5) + · · ·+ (44 + 43)(44− 43)
= 1 + 2 + 3 + · · ·+ 44 = 44 · 45/2 = 990.

Then b = 2005− 990 = 1015, so |a− b| = 25.
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13. (Answer: 083)

Let P (a, b) be the number of permissible paths from (0, 0) to (a, b), and define
P (0, 0) = 1. If a = 0 or b = 0, then P (a, b) = 1. If a > 0 and b > 0, then the
particle can reach (a, b) from any of the points (a−1, b), (a−1, b−1), (a, b−1).
Also, if the particle is at (a − 1, b) and next moves to (a, b), then the particle
must have entered the row containing these points on a diagonal path, not a
vertical one, because otherwise one of the moves to the right towards (a, b)
would make a right angle. Thus the number of ways to travel to (a − 1, b) in
such a way that the path continuing to (a, b) is permissible is

P (0, b− 1) + P (1, b− 1) + · · ·+ P (a− 2, b− 1).

A similar statement holds for paths the particle can take to (a, b−1) that result
in a permissible path to (a, b). Thus,

P (a, b) =

(
a−2∑

i=0

P (i, b− 1)

)
+ P (a− 1, b− 1) +




b−2∑

j=0

P (a− 1, j)


 .

This is simply the sum of the number of permissible paths from the origin to
points on the top or right side of the rectangle with vertices (0, 0), (a−1, 0), (a−
1, b − 1), (0, b − 1). With this realization, calculate the number of permissible
paths to each lattice point as shown in the grid below, to find that there are 83
permissible paths.

1 1 1 1 1 1

1

1

1

1

1

1 2 3 4 5

2 3 5 8 12

3 5 9 15 24

4 8 15 27 46

5 12 24 46 83

OR

Label each vertex with an ordered triple whose first component represents the
number of paths that end at that vertex with a diagonal step, whose second
component represents the number of paths that end at that vertex with a step
to the right, and whose third component represents the number of paths that
end at that vertex with a step up. Begin by labeling the vertices with the triples
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(0, 0, 1), (0, 1, 0), and (1, 0, 0) as shown. For the other vertices, the first com-
ponent at a vertex is the sum of the three components at the vertex diagonally
below it and to the left, the second component at a vertex is the sum of the first
two components at the vertex directly to its left, and the third component at a
vertex is the sum of the first and third components at the vertex directly below
it. Use these relationships to complete the labeling of the grid. The requested
number of paths is the sum of the components in the upper right vertex, that
is, 27 + 28 + 28 = 83.

(0, 1, 0) (0, 1, 0) (0, 1, 0) (0, 1, 0) (0, 1, 0)

(0, 0, 1)

(0, 0, 1)

(0, 0, 1)

(0, 0, 1)

(0, 0, 1)

(1, 0, 0) (1, 1, 0) (1, 2, 0) (1, 3, 0) (1, 4, 0)

(1, 0, 1) (1, 1, 1) (2, 2, 1) (3, 4, 1) (4, 7, 1)

(1, 0, 2) (2, 1, 2) (3, 3, 3) (5, 6, 4) (8, 11, 5)

(1, 0, 3) (3, 1, 4) (5, 4, 6) (9, 9, 9) (15, 18, 13)

(1, 0, 4) (4, 1, 7) (8, 5, 11) (15, 13, 18) (27, 28, 28)
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14. (Answer: 936)
Because AC and BD intersect, A and C must be on opposite sides of the
square, as must B and D. Name the vertices of the square P , Q, R, and
S so that A is on PQ, B is on QR, C is on RS, and D is on SP . Let h
and v represent the horizontal and vertical change, respectively, from P to Q.
Then A′, the projection of A onto RS, has coordinates (0 + v, 12 − h). Let M
be the midpoint of AC. Then M has coordinates (4, 6) and MA = MA′, so
42 + 62 = (v − 4)2 + (h− 6)2. Similarly, D′, the projection of D onto QR, has
coordinates (−4 + h, 7 + v), N , the midpoint of BD, has coordinates (3, 8), and
ND = ND′, so 72 + 12 = (h − 7)2 + (v − 1)2. The two equations imply that
12h + 8v = h2 + v2 = 14h + 2v, and so h = 3v. Then 12h + 8v = h2 + v2 yields
36v+8v = (3v)2 +v2, so v = 44/10. Thus K = h2 +v2 = 10v2 = 10(442/102) =
1936/10, so 10K = 1936, and the requested remainder is 936.
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C

•D

•
A′

•D′

•M

•
N

x

y

OR

Let m be the slope of the side of the square containing B. The line containing
this side has equation y − 9 = m(x− 10) or mx− y + (9− 10m) = 0. Similarly,
the line containing the side containing C has equation y = (−1/m)(x − 8) or
x + my − 8 = 0. Because the distance from D to the first line is equal to the
distance from A to the second line,

|−4m− 7 + 9− 10m|√
m2 + 1

=
|12m− 8|√

m2 + 1
.

Solve to obtain m = 5/13 or m = −3. For the square obtained with the first
slope, some of the points are on extended sides of the square. This is because A
and C are on opposite sides of the line with slope 5/13 that contains B. Thus

m = −3. Then K =
(12m− 8)2

m2 + 1
= 442/10, so 10K = 1936, and the requested

remainder is 936.

Query: For four arbitrary points A,B, C,D in the plane, what are the necessary
and sufficient conditions that a unique square S exists?
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15. (Answer: 038)

Let M be the midpoint of AB, and let S and N be the points where median
CM meets the incircle, with S between C and N . Let AC and AB touch the
incircle at R and T , respectively. Assume, without loss of generality, that T
is between A and M . Then AR = AT . Use the Power-of-a-Point Theorem to
conclude that

MT 2 = MN ·MS and CR2 = CS · CN.

Because CS = SN = MN , conclude that CR = MT , and

AC = AR + CR = AT + MT = AM =
1
2
AB = 10.

Let s = (1/2)(AB + BC + CA). Then AT = s−BC, and

MT = MA−AT =
1
2
AB − s + BC =

BC −AC

2
=

BC − 10
2

.

But MT 2 = MN ·MS = (2/9)CM2, so
BC − 10

2
= CM ·

√
2

3
. Hence

CM =
3

2
√

2
· (BC − 10).

Apply the Law of Cosines to triangles AMC and ABC to obtain

102 + 102 − CM2

2 · 10 · 10
= cos A =

102 + 202 −BC2

2 · 10 · 20
.

Then BC2 = 100 + 2 · CM2, so BC2 = 100 + (9/4)(BC − 10)2. The solutions
of this equation are 26 and 10, but BC > AB − AC = 10. It follows that
BC = 26, and then that CM = 12

√
2. The length of the altitude from A

in isosceles 4AMC is therefore 2
√

7. Thus [ABC] = 2[AMC] = 24
√

14, and
m + n = 38.
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1. (Answer: 046)
Because 6 B, 6 C, 6 E, and 6 F are congruent, the degree-measure

of each of them is
720− 2 · 90

4
= 135. Lines BF and CE divide

the hexagonal region into two right triangles and a rectangle. Let
AB = x. Then BF = x

√
2. Thus

2116(
√

2 + 1) = [ABCDEF ] = 2 · 1
2x2 + x · x√2 = x2(1 +

√
2),

so x2 = 2116, and x = 46.
...........
...........
...........
...........
...........
...........
...........
...........
...........
..........
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...........
...........
...........
...........
...........
...........
...........
...........
..........

•
A

•
B

•C

•D•E

•F

2. (Answer: 893)
The Triangle Inequality yields

log n < log 75 + log 12 = log 900, and
log n > log 75− log 12 = log(25/4).

Therefore 25/4 < n < 900, and so 7 ≤ n ≤ 899. Hence there are 899−7+1 = 893 possible
values of n.

3. (Answer: 049)
Of the first 100 positive odd integers, 1, 3, 5, . . . , 199,

33 of them, namely 3, 9, 15, . . . , 195 = 3(2 · 33− 1), are divisible by 3;
11 of them, namely 9, 27, 45, . . . , 189 = 9(2 · 11− 1), are divisible by 9;
4 of them, namely 27, 81, 135, 189 = 27(2 · 4− 1), are divisible by 27; and
1 of them, namely 81, is divisible by 81.

Therefore k = 33 + 11 + 4 + 1 = 49.

OR

Note that
P =

200!
2 · 4 · · · · · 200

=
200!

2100 · 100!
.

The number of factors of 3 in the numerator is

b200/3c+ b200/32c+ b200/33c+ b200/34c = 66 + 22 + 7 + 2 = 97,

and the number of factors of 3 in the denominator is

b100/3c+ b100/32c+ b100/33c+ b100/34c = 33 + 11 + 3 + 1 = 48.

Therefore k = 97− 48 = 49.
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4. (Answer: 462)
Because a6 is less than each of the other 11 numbers, a6 = 1. Choose any five numbers of
the remaining 11 to fill the first five positions. Their order is then uniquely determined.
The order of the remaining six numbers which fill the last six positions is also uniquely
determined. Thus the number of such permutations is the number of choices for the first
five numbers, which is

(
11
5

)
= 462.

5. (Answer: 029)
Let p(a, b) denote the probability of obtaining a on the first die and b on the second. Then
the probability of obtaining a sum of 7 is

p(1, 6) + p(2, 5) + p(3, 4) + p(4, 3) + p(5, 2) + p(6, 1).

Let the probability of obtaining face F be (1/6) + x. Then the probability of obtaining
the face opposite face F is (1/6)− x. Therefore

47
288

= 4
(

1
6

)2

+ 2
(

1
6

+ x

)(
1
6
− x

)

=
4
36

+ 2
(

1
36
− x2

)

=
1
6
− 2x2.

Then 2x2 = 1/288, and so x = 1/24. The probability of obtaining face F is therefore
(1/6) + (1/24) = 5/24, and m + n = 29.

6. (Answer: 012)
Let CF = x. Then, because 4ADF ∼= 4ABE, it follows that DF = BE = 1 − x, and
CE = x. Hence 2x2 = EF 2 = AE2 = (1 − x)2 + 1, and so x =

√
3 − 1. Let P and Q be

the vertices of the smaller square that are on AE and AB, respectively. Then

AB − PQ

PQ
=

AB −BQ

PQ
=

AQ

PQ
=

AB

BE
, so

AB

PQ
= 1 +

AB

BE
, and

1
PQ

=
1

AB
+

1
BE

.

Thus
1

PQ
= 1 +

1
1− (

√
3− 1)

= 1 +
1

2−√3
= 1 + 2 +

√
3 = 3 +

√
3. Consequently

PQ =
1

3 +
√

3
=

3−√3
6

, and a + b + c = 12.
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OR

Let BOPQ be the smaller square, where Q is between A and
B, and let BQ = y. Then QP = y, and AQ = y tan 75◦. Thus

1 = AB = AQ + QB = y tan 75◦ + y, so y =
1

1 + tan 75◦
. But

tan 75◦ = tan(45◦ + 30◦) =
1 + (1/

√
3)

1− (1/
√

3)
= 2 +

√
3. Therefore

y =
1

3 +
√

3
=

3−√3
6

.
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Place a coordinate system so that A is the origin, and the coordinates of B, C, and D
are (1, 0), (1, 1), and (0, 1), respectively. Let BE = p. Then, as in the first solution,
p = 1− (

√
3− 1) = 2−√3. Hence line AE has slope 2−√3 and contains the origin. Thus

line AE has equation y = (2 −√3)x. Let q be the length of a side of the smaller square.
Then one vertex of that square has coordinates (1 − q, q) and is on line AE. Therefore
q = (2−√3)(1− q), which yields q = (3−√3)/6.

7. (Answer: 738)
Count the number of such ordered pairs with a < b. If a is a one-digit number, then b’s
digits are 9, 9, and 10 − a. There are 9 choices for a in this case. In the case where a is
a two-digit number, represent the digits of a as t and u. Then b’s digits are 9, 9 − t, and
10− u. Because t 6= 0 and t 6= 9, there are 8 choices for t and 9 choices for u, and so there
are 72 choices for a. In the case where a is a three-digit number, represent the digits of a
as h, t, and u. Then b’s digits are 9− h, 9− t, and 10− u. Because h = 1, 2, 3, or 4, there
are 4 · 8 · 9 = 288 choices for a.

Thus the number of pairs with a < b is 9 + 72 + 288 = 369. Because each such pair can be
reversed to give another allowable pair with b < a, there are 2 · 369 = 738 pairs.

OR

Count the number of forbidden pairs, that is, pairs in which a or b has a zero digit. If a
or b has units digit 0, then both do, and the given equation reduces to r + s = 100, where
a = 10r and b = 10s. Thus, in this case, there are 99 forbidden pairs.

In the case where neither a nor b has units digit 0, then exactly one of them must be of
the form h0u, where neither h nor u is 0. There are 9 · 9 = 81 such values of a and 81 such
values for b for a total of 162 forbidden pairs in this case. Therefore the total number of
forbidden pairs is 99 + 162 = 261, and there are 999− 261 = 738 of the requested pairs.
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8. (Answer: 336)
Because any permutation of the vertices of a large triangle can be obtained by rotation or
reflection, the coloring of the large triangle is determined by which set of three colors is
used for the corner triangles and the color that is used for the center triangle. If the three
corner triangles are the same color, there are six possible sets of colors for them. If exactly
two of the corner triangles are the same color, there are 6 · 5 = 30 possible sets of colors.
If the three corner triangles are different colors, there are

(
6
3

)
= 20 possible sets of colors.

Therefore there are 6 + 30 + 20 = 56 sets of colors for the corner triangles. Because there
are six choices for the color of the center triangle, there are 6 · 56 = 336 distinguishable
triangles.

9. (Answer: 027)
Let O1, O2, and O3 be the centers of C1, C2, and C3, respectively, let A and B be the
points where t1 is tangent to C1 and C2, respectively, and let D and E be the points
where t2 is tangent to C2 and C3, respectively. Radii O1A and O2B are perpendicular
to line AB. Let P be the intersection of AB and O1O2. Then 4O1AP ∼ 4O2BP
with similarity ratio 1 : 2. Therefore O1P = 4 and O2P = 8, so PB =

√
82 − 22 =

2
√

15. The slope of line t1 is equal to tan 6 BPO2 = 1/
√

15, so line t1 has equation
y = (1/

√
15)(x − 4). Similarly, let Q be the intersection of DE and O2O3, and conclude

that O2Q = 4 and O3Q = 8, and then that DQ =
√

42 − 22 = 2
√

3. The slope of
line t2 is equal to tan 6 DQO3 = − tan 6 DQO2 = −1/

√
3, so line t2 has equation y =

(−1/
√

3)(x− 16). Now (1/
√

15)(x− 4) = (−1/
√

3)(x− 16) implies x− 4 = −√5(x− 16),

so x =
16
√

5 + 4√
5 + 1

= 19− 3
√

5, and p + q + r = 27.

10. (Answer: 831)
Each team has to play six games in all. Team A and team B each has 5 more games to
play, and they do not play against each other, for a total of 25 · 25 possible outcomes. For
team A to finish with more points, it has to win at least as many games as team B does.
The number of outcomes in which the two teams win the same number of games is

(
5
0

)2

+
(

5
1

)2

+
(

5
2

)2

+
(

5
3

)2

+
(

5
4

)2

+
(

5
5

)2

= 252.

Of the remaining 1024− 252 = 772 outcomes, A wins more than B in half of them. Thus

the requested probability is
252 + (772/2)

1024
=

319
512

, and m + n = 831.

OR
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Team A and team B each has 5 more games to play. For 1 ≤ k ≤ 5, the kth game for
team A and the kth game for team B will change the difference between the scores of team
A and team B by +1, 0, or −1, and a change of 0 is twice as likely as each of the other
changes. Hence consider the coefficients of the generating function g(x) = (x−1 + 2 + x)5,
and find the sum of all the coefficients of terms of the form xk, where k ≥ 0. Note that

g(x) =
(1 + 2x + x2)5

x5
=

(1 + x)10

x5
.

Thus the sum is

(
10
5

)
+

(
10
6

)
+ · · ·+

(
10
10

)
=

1
2

(
10∑

i=0

(
10
i

)
+

(
10
5

))
=

1
2

(
210 +

(
10
5

))
= 638,

so the requested probability is 638/45 = 319/512, and m + n = 831.

11. (Answer: 834)
Because ak+3 − ak+2 = ak+1 + ak for all positive integers k, conclude that

n∑

k=1

(ak+3 − ak+2) =
n∑

k=1

(ak+1 + ak) .

Let Sn =
n∑

k=1

ak. Notice that
n∑

k=1

(ak+3 − ak+2) telescopes to an+3 − a3, and that

n∑

k=1

(ak+1 + ak) = (Sn − a1 + an+1) + Sn. Therefore an+3 − a3 = Sn − a1 + an+1 + Sn, so

Sn = (1/2)(an+3 − an+1) = (1/2)(an+2 + an), and in particular S28 = (1/2)(a30 + a28).
Thus the last three digits of the sum are the same as those of (1/2)(3361 + 0307), namely
834, and the requested remainder is 834.

12. (Answer: 865)
Notice that 6 GCB ∼= 6 GAB and 6 CAG ∼= 6 CBG because each pair of angles intercepts
the same arc. Also 6 CAG ∼= 6 AFD because AE ‖ DF . Thus 4AFD ∼ 4CBG, and
[CBG] = t2[AFD], where t is the similarity ratio. Because m6 ADF = 120◦, [AFD] =
(1/2)AD ·DF · sin 120◦ = 143

√
3/4. The length of each side of 4ABC is 2

√
3. The Law of

Cosines implies that AF 2 = 132 + 112− 2 · 13 · 11(−1/2) = 433, so AF =
√

433. Therefore

t =
BC

AF
=

2
√

3√
433

, so

[CBG] = t2 · [AFD] =

(
2
√

3√
433

)2

· 143
√

3
4

=
429

√
3

433
,

and p + q + r = 865.
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OR

Let α = m6 DAF , and let β = m 6 EAF . Then m6 BCG = α and m 6 CBG = β. Note
that [BGC] = (1/2)BC · CG sin α, and apply the Law of Sines in 4BGC to conclude

that
BC

sin 120◦
=

CG

sin β
. Then [BGC] =

1
2
· BC · BC sin β

sin 120◦
sin α =

BC2 sin α sin β√
3

. Use

the Law of Cosines in 4AEF to conclude that AF =
√

433, and use the Law of Sines

to conclude that
√

433
sin 120◦

=
13

sin β
, so sin β =

13
√

3
2
√

433
. The Law of Sines implies that

sin α = sin 6 AFE =
11
√

3
2
√

433
. Thus

[BGC] =

(
2
√

3
)2

(
11
√

3
2
√

433

)(
13
√

3
2
√

433

)
√

3
=

429
√

3
433

.

13. (Answer: 015)
Recall that the sum of the first m positive odd integers is m2. Thus if N is equal to the sum
of the (k + 1)th through mth positive odd integers, then N = m2 − k2 = (m− k)(m + k).
Let a = m − k, and let b = m + k. Note that a ≤ b, and a and b have the same parity.
Thus N is either odd or a multiple of 4. Conversely, if N = ab, where a and b are positive
integers with the same parity and a ≤ b, then N = m2 − k2, where m = (b + a)/2 and
k = (b− a)/2, and it follows that N is the sum of the (k + 1)th through mth odd integers.
Thus there is a one-to-one correspondence between the sets of consecutive positive odd
integers whose sum is N and the ordered pairs (a, b) of positive integers such that a and b
are of the same parity, ab = N , and a ≤ b.

First consider the case where N is odd. All the divisors of N have the same parity because
they are all odd. Since five pairs of positive integers have product N , N must have either
9 or 10 divisors. N must therefore have the form p8, p9, p2q2, or pq4, where p and q are
distinct odd primes. But N cannot have the form p8 or p9, because that would imply that
N ≥ 38 > 1000. If N has the form p2q2, then pq ≤ 31 because N < 1000, and there are
two possible values of N , namely 32 · 52 and 32 · 72. If N has the form pq4, then N must
be 5 · 34, 7 · 34, or 11 · 34.

In the case where N is even, N = ab, where a = 2a′ and b = 2b′ for positive integers a′ and
b′. In this case, N has five pairs of divisors of the same parity if and only if N/4 has 9 or
10 divisors. Count the number of positive integers less than 250 that are of the previously
mentioned forms, except that now p or q can be 2. There are no integers less than 250
that are of the form p8 or p9; there are four such integers of the form p2q2, namely, 22 · 32,
22 · 52, 22 · 72, and 32 · 52; and there are six such integers of the form pq4, namely, 3 · 24,
5 · 24, 7 · 24, 11 · 24, 13 · 24, and 2 · 34.

Thus there are a total of 2 + 3 + 4 + 6 = 15 possible values for N .
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14. (Answer: 063)
Each of the 10n integers from 0 to 10n − 1, inclusive, can be written as an n-digit string,
using leading 0’s as necessary. Imagine these strings written one beneath the other to form
a table of digits with n columns and 10n rows. Each column contains an equal number of
digits of each type, so there are (1/10) · 10n digits of each type in each column, and there
are (n/10) · 10n = n · 10n−1 digits of each type in the table. Therefore

Sn = 1 +
(

1
1

+
1
2

+
1
3

+
1
4

+
1
5

+
1
6

+
1
7

+
1
8

+
1
9

)
n · 10n−1.

The sum Sn is not an integer when n = 1, 2, or 3, and when n ≥ 4,

(
1
1

+
1
2

+
1
4

+
1
5

+
1
8

)
n · 10n−1 and

(
1
3

+
1
6

)
n · 10n−1 =

1
2
n · 10n−1

are integers. Thus Sn is an integer when

(
1
7

+
1
9

)
n · 10n−1 =

16n

63
· 10n−1

is an integer. Because 16 · 10n−1 and 63 are relatively prime, the smallest value of n for
which Sn is an integer is 63.

15. (Answer: 009)
The radicals on the right side of the first equation are reminiscent of the Pythagorean
Theorem. Each radical represents the length of a leg of a right triangle whose other leg
has length 1/4, and whose hypotenuse has length y or z. Adjoin these two triangles
along the leg of length 1/4 to create 4XY Z with x = Y Z, y = ZX, and z = XY , and
with altitude to side Y Z of length 1/4. Because of similar considerations in the other two
equations, let the lengths of the altitudes to sides XZ and XY be 1/5 and 1/6, respectively.
In the 4XY Z thus created, the lengths x, y, and z of the sides satisfy the given equations,
provided the altitudes of 4XY Z are inside the triangle, that is, provided 4XY Z is acute.

In general, a triangle the lengths of whose sides are a, b, and c is acute if and only if
a2 + b2 > c2, where a ≤ b ≤ c. Denote the area of the triangle by K and the lengths
of the altitudes to the sides of lengths a, b, and c by ha, hb, and hc, respectively. Then
K = 1

2aha = 1
2bhb = 1

2chc, so the condition a2+b2 > c2 is equivalent to (1/ha)2+(1/hb)2 >
(1/hc)2, where 1/ha ≤ 1/hb ≤ 1/hc. Thus 4XY Z is acute because 42 + 52 > 62.

Let K be the area of 4XY Z. Then x = 8K, y = 10K, and z = 12K, so x + y + z = 30K.
Apply Heron’s Formula to obtain K2 = 15K · 7K · 5K · 3K. Because K > 0, conclude that
K = 1/(15

√
7). Then x + y + z = 30K = 2/

√
7, so m + n = 9.
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2006 AIME SOLUTIONS 2

1. (Answer: 084)
Because AB2 + BC2 = AC2 and AC2 + CD2 = DA2, it follows that DA2 = AB2 +
BC2 + CD2 = 182 + 212 + 142 = 961, so DA = 31. Then the perimeter of ABCD is
18 + 21 + 14 + 31 = 84.

2. (Answer: 901)
The least possible value of S is 1 + 2 + 3 + · · · + 90 = 4095, and the greatest possible
value is 11 + 12 + 13 + · · · + 100 = 4995. Furthermore, every integer between 4096 and
4994, inclusive, is a possible value of S. To see this, let A be a 90-element subset the sum
of whose elements is S, and let k be the smallest element of A such that k + 1 is not an
element of A. Because S ≤ 4994, conclude that k 6= 100. Therefore, for every 90-element
subset with sum S, where S ≤ 4994, a 90-element subset with sum S + 1 can be obtained
by replacing k by k + 1. Thus there are 4995− 4095 + 1 = 901 possible values of S.

3. (Answer: 725)
The desired integer has at least two digits. Let d be its leftmost digit, and let n be the
integer that results when d is deleted. Then for some positive integer p, 10p·d+n = 29n, and
so 10p ·d = 28n. Therefore 7 is a divisor of d, and because 1 ≤ d ≤ 9, it follows that d = 7.

Hence 10p = 4n, so n =
10p

4
=

100 · 10p−2

4
= 25 · 10p−2. Thus every positive integer with

the desired property must be of the form 7·10p+25·10p−2 = 10p−2(7·102+25) = 725·10p−2

for some p ≥ 2. The smallest such integer is 725.

OR

The directions for the AIME imply that the desired integer has at most three digits.
Because it also has at least two digits, it is of the form abd or cd, where a, b, c, and d are
digits, and a and c are positive. Thus bd · 29 = abd or d · 29 = cd. Note that no values of
c and d satisfy d · 29 = cd, and that d must be 0 or 5. Thus b0 · 29 = ab0 or b5 · 29 = ab5.
But b0 · 29 = ab0 implies b · 29 = ab, which is not satisfied by any values of a and b. Now
b5 · 29 = ab5 implies that b5 < 1000/29 < 35, and so b = 1 or b = 2. Because 15 · 29 = 435
and 25 · 29 = 725, conclude that the desired integer is 725.

4. (Answer: 124)
Let P = 1! 2! 3! 4! · · · 99! 100! . Then N is equal to the number of factors of 5 in P . For any
positive integer k, the number of factors of 5 is the same for (5k)!, (5k + 1)!, (5k + 2)!,
(5k + 3)!, and (5k + 4)!. The number of factors of 5 in (5k)! is 1 more than the number of
factors of 5 in (5k−1)! if 5k is not a multiple of 25; and the number of factors of 5 in (5k)!
is 2 more than the number of factors of 5 in (5k− 1)! if 5k is a multiple of 25 but not 125.
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Thus

N = 4·0+5(1+2+3+4+6+7+8+9+10+12+13+14+15+16+18+19+20+21+22)+24.

This sum is equal to

5 ·
(

22 · 23
2

− (5 + 11 + 17)
)

+ 24 = 1124,

so the required remainder is 124.

OR

Let P = 1! 2! 3! 4! · · · 99! 100! . Then N is equal to the number of factors of 5 in P . When
the factorials in P are expanded, 5 appears 96 times (in 5!, 6!, . . . , 100!), 10 appears 91
times, and, in general, n appears 101−n times. Every appearance of a multiple of 5 yields
a factor of 5, and every appearance of a multiple of 25 yields an additional factor of 5. The
number of multiples of 5 is 96+91+86+ · · ·+1 = 970, and the number of multiples of 25
is 76 + 51 + 26 + 1 = 154, so P ends in 970 + 154 = 1124 zeros. The required remainder is
124.

5. (Answer: 936)
Expand (a

√
2 + b

√
3 + c

√
5)2 to obtain 2a2 + 3b2 + 5c2 + 2ab

√
6 + 2ac

√
10 + 2bc

√
15, and

conclude that 2a2 + 3b2 + 5c2 = 2006, 2ab = 104, 2ac = 468, and 2bc = 144. Therefore
ab = 52 = 22 · 13, ac = 234 = 2 · 32 · 13, and bc = 72 = 23 · 32. Then a2b2c2 = ab · ac · bc =
26 · 34 · 132, and abc = 23 · 32 · 13 = 936.

Note that a =
abc

bc
=

23 · 32 · 13
23 · 32

= 13 and similarly that b = 4 and c = 18. These values

yield 2a2 + 3b2 + 5c2 = 2006, as required.

6. (Answer: 360)
For any digit x, let x′ denote the digit 9 − x. If 0.abc is an element of S, then 0.a′b′c′ is
also in S, is not equal to 0.abc, and

0.abc + 0.a′b′c′ = 0.999 = 1.

It follows that S can be partitioned into pairs so that the elements of each pair add to 1.
Because S has 10 · 9 · 8 = 720 elements, the sum of the elements of S is 1

2 · 720 = 360.

OR
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Recall that 0.abc = abc/999, so the requested sum is 1/999 times the sum of all numbers of
the form abc. To find the sum of their units digits, notice that each of the digits 0 through
9 appears 720/10 = 72 times, and conclude that their sum is 72(0+1+2+ · · ·+9) = 72 ·45.
Similarly, the sum of the tens digits and the sum of the hundreds digits are both equal to
72 · 45. The requested sum is therefore 72 · 45(100 + 10 + 1)/999 = 360.

7. (Answer: 408)
Without loss of generality, choose a unit of length
equal to the distance between two adjacent parallel
lines. Let x be the distance from the vertex of the
angle to the closest of the parallel lines that intersect
the angle. Denote the areas of the regions bounded
by the parallel lines and the angle by K0,K1, K2, . . . ,
as shown. Then for m > 0 and n > 0,

Km

K0
=

K0 + K1 + K2 + · · ·+ Km

K0
− K0 + K1 + K2 + · · ·+ Km−1

K0

=
(

x + m

x

)2

−
(

x + m− 1
x

)2

=
2x + 2m− 1

x2
, so

Km

Kn
=

Km/K0

Kn/K0
=

2x + 2m− 1
2x + 2n− 1

.

Thus the ratio of the area of region C to the area of region B is
K4

K2
=

2x + 7
2x + 3

, and so

2x + 7
2x + 3

=
11
5

. Solve this equation to obtain x = 1/6. Also, the ratio of the area of region

D to the area of region A is
K6

K0
=

2x + 11
x2

. Substitute 1/6 for x to find that the requested

ratio is 408.

................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

.........
.........
.................

K0
K1 K2 K3

8. (Answer: 089)
Draw the diagonals of rhombus T . Let Z be their
point of intersection, and let X and Y be the shared
vertices of rhombuses P and T , with Y on AB. Let
Y Z = x and XY = z. Consequently

√
2006 = [P] =

FX · Y Z = zx, so z =
√

2006/x. Thus

K =
1
2
(2 · Y Z)(2 ·XZ) =

1
2
(2x)

(
2
√

z2 − x2
)

= 2x

√
2006
x2

− x2 =
√

8024− 4x4.

There are
⌊√

8023
⌋

= 89 positive values of x that yield a positive square for the radicand,
so there are 89 possible values for K.

.................................................................................................................................................................................................
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...........
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............
...........
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...........

...........
...........

...........
...........

...........................................................................................................................................................................................

......................................................................................................................................................................................
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........
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•Y

•
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OR
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Define X, Y , and Z as in the first solution, and let W be the shared vertex of rhombuses
Q and T , W 6= Y , let α = m 6 AY X, let β = m6 XY W , and let z be the length of the
sides of the rhombuses. Then β + 2α = 180◦, and the area of each of the four rhombuses
is z2 sin α =

√
2006. Therefore

K = z2 sinβ = z2 sin 2α = 2z2 sinα cos α = 2
√

2006 cos α.

Thus 1 ≤ K < 2
√

2006 =
√

8024, so 1 ≤ K ≤ 89, and there are 89 possible values for K.

9. (Answer: 046)
Note that

log a1 + log a2 + · · ·+ log a12 = log(a1a2 · · · a12) = log
(
a · ar · · · · · ar11

)
= log

(
a12r66

)
,

where the base of the logarithms is 8. Therefore a12r66 = 82006 = 23·2006, so a2r11 = 21003.
Because a and r are positive integers, each must be a factor of 21003. Thus a = 2x and
r = 2y for nonnegative integers x and y. Hence 2x + 11y = 1003, and each ordered pair
(a, r) corresponds to exactly one ordered pair (x, y) that satisfies this equation. Because
2x is even and 1003 is odd, y must be odd, so y has the form 2k− 1, where k is a positive
integer. Then 1003 = 2x+11y = 2x+22k−11, so x = 507−11k. Therefore 507−11k ≥ 0,
and so 1 ≤ k ≤ b507/11c = 46. Thus there are 46 possible ordered pairs (a, r).

10. (Answer: 065)
Such a line is unique. This is because when a line with equa-
tion y = 3x + d intersects R, then as d decreases, the area
of the part of R above the line is strictly increasing and the
area of the part of R below the line is strictly decreasing. The
symmetry point of the two circles that touch at A(1, 1/2) is
A, and so any line passing through A divides their region into
two regions of equal area. Similarly, any line passing through

B(3/2, 2) divides the region consisting of the two circular regions that touch at B into two
regions of equal area. Of the remaining four circles, two of them are on either side of line
AB. Thus line AB divides R into two regions of equal area. Because the slope of line AB
is 3, line AB is line `, and it has equation y − (1/2) = 3(x − 1) or 6x = 2y + 5. Then
a2 + b2 + c2 = 36 + 4 + 25 = 65.

.....................
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11. (Answer: 458)
Let S(n) be the number of permissible towers that can be constructed from n cubes, one
each with edge-length k for 1 ≤ k ≤ n. Observe that S(1) = 1 and S(2) = 2. For n ≥ 2, a
tower of n + 1 cubes can be constructed from any tower of n cubes by inserting the cube
with edge-length n + 1 in one of three positions: on the bottom, on top of the cube with
edge-length n, or on top of the cube with edge-length n − 1. Thus, from each tower of n
cubes, three different towers of n + 1 cubes can be constructed. Also, different towers of
n cubes lead to different towers of n + 1 cubes, and each tower of n + 1 cubes becomes a
permissible tower of n cubes when the cube with edge-length n + 1 is removed. Hence, for
n ≥ 2, S(n + 1) = 3S(n). Because S(2) = 2, it follows that S(n) = 2 · 3n−2 for n ≥ 2.
Hence T = S(8) = 2 · 36 = 1458, and the requested remainder is 458.

12. (Answer: 906)
The given equation implies that

cos3 3x + cos3 5x = (2 cos 4x cos x)3

= (cos(4x + x) + cos(4x− x))3

= (cos 5x + cos 3x)3.

Let y = cos 3x and z = cos 5x. Then y3 + z3 = (y + z)3. Expand and simplify to obtain
0 = 3yz(y + z). Thus y = 0 or z = 0 or y + z = 0, that is, cos 3x = 0 or cos 5x = 0 or
cos 5x+cos 3x = 0. The solutions to the first equation are of the form x = 30+60j, where
j is an integer; the second equation has solutions of the form x = 18 + 36k, where k is
an integer. The third equation is equivalent to cos 4x cosx = 0, so its solutions are of the
form x = 22 1

2 + 45m and x = 90 + 180n, where m and n are integers. The solutions in the
interval 100 < x < 200 are 150, 126, 162, 198, 112 1

2 , and 157 1
2 , and their sum is 906.

13. (Answer: 899)
Note that Sn is defined as the sum of the greatest powers of 2 that divide the 2n−1

consecutive even numbers 2, 4, 6, . . . , 2n. Of these, 2n−2 are divisible by 2 but not 4, 2n−3

are divisible by 4 but not 8, . . . , 20 are divisible by 2n−1 but not 2n, and the only number
not accounted for is 2n. Thus

Sn = 2 · 2n−2 + 22 · 2n−3 + · · ·+ 2n−1 · 20 + 2n = (n + 1)2n−1.

In order for Sn = 2n−1(n+1) to be a perfect square, n must be odd, because if n were even,
then the prime factorization of Sn would have an odd number of factors of 2. Because n
is odd, n + 1 must be a square, and because n + 1 is even, n + 1 must be the square of
an even integer. The greatest n < 1000 that is 1 less than the square of an even integer is
302 − 1 = 899.
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14. (Answer: 183)
The feet of the unbroken tripod are the vertices of an equilateral triangle ABC, and the
foot of the perpendicular from the top to the plane of this triangle is at the center of the
triangle. By the Pythagorean Theorem, the distance from the center to each vertex of the
triangle is 3. Place a coordinate system so that the coordinates of the top T are (0, 0, 4) and
the coordinates of A, B, and C are (3, 0, 0), (−3/2, 3

√
3/2, 0), and (−3/2, −3

√
3/2, 0),

respectively. Let the break point A′ be on TA. Then TA′ : A′A = 4 : 1. Thus the
coordinates of A′ are

4
5
(3, 0, 0) +

1
5
(0, 0, 4) = (12/5, 0, 4/5).

Note that the coordinates of M , the midpoint of BC, are (−3/2, 0, 0). The perpendicular
from T to the plane of 4A′BC will intersect this plane at a point on MA′. This segment
lies in the xz-plane and has equation 8x−39z+12 = 0 in this plane. Then h is the distance
from T to line MA′, and is equal to

| 8 · 0− 39 · 4 + 12|√
82 + (−39)2

=
144√
1585

,

so bm +
√

nc = 144 + 39 = 183.

OR

Place a coordinate system as in the first solution. Note
that 4A′MT is in the xz-plane. In this plane, circum-
scribe a rectangle around 4A′MT with its sides parallel
to the axes. Then
[A′MT ] = 4(3.9) − 1

2 (4)(1.5) − 1
2 (3.2)(2.4) − 1

2 (3.9)(0.8)
= 7.2.

Thus h =
2[A′MT ]

A′M
=

14.4√
15.85

=
144√
1585

, so bm +
√

nc = 144 + 39 = 183.
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OR

The feet of the unbroken tripod are the vertices of an equilateral triangle ABC, and the
foot of the perpendicular from the vertex to the plane of this triangle is at the center of
the triangle. Let T be the top of the tripod, let O be the center of 4ABC, let A′ be the
break point on TA, and let M be the midpoint of BC. Apply the Pythagorean Theorem
to 4TOA to conclude that OA = 3. Therefore 4ABC has sides of length 3

√
3. Notice

that A′, M , and T are all equidistant from B and C, so the plane determined by 4TA′M
is perpendicular to BC, and so h is the length of the altitude from T in 4TA′M . Because

1
2
A′M · h = [TA′M ] =

1
2
A′T · TM sin 6 A′TM,

it follows that

h =
A′T · TM sin 6 A′TM

A′M
.

The length of A′T is 4, and TM =
√

TB2 −BM2 =
√

25− (27/4) =
√

73/2. To find A′M ,
note that A′M2 = A′C2 − CM2, and that A′C2 = A′T 2 + TC2 − 2A′T · TC cos 6 A′TC.

But cos 6 A′TC = cos 6 ATC =
52 + 52 − (3

√
3)2

2 · 5 · 5 =
23
50

,

so A′C2 = 42 + 52 − 2 · 4 · 5 · (23/50) = 113/5, and A′M =

√
113
5
− 27

4
=

√
317
20

.

Now cos 6 A′TM =
16 + 73/4− 317/20

2 · 4 · √73/2
=

23
5
√

73
,

so sin2 6 A′TM = 1− 232

25 · 73
, and sin 6 A′TM =

36
5
√

73
. Thus

h =
4 ·

√
73
2 · 36

5
√

73√
317
20

=
144√
1585

,

so bm +
√

nc = 144 + 39 = 183.
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15. (Answer: 027)
The condition |xk| = |xk−1 + 3| is equivalent to x2

k = (xk−1 + 3)2. Thus

n+1∑

k=1

x2
k =

n+1∑

k=1

(xk−1 + 3)2 =
n∑

k=0

(xk + 3)2 =

(
n∑

k=0

x2
k

)
+

(
6

n∑

k=0

xk

)
+ 9(n + 1), so

x2
n+1 =

n+1∑

k=1

x2
k −

n∑

k=0

x2
k =

(
6

n∑

k=0

xk

)
+ 9(n + 1), and

n∑

k=0

xk =
1
6

[
x2

n+1 − 9(n + 1)
]
.

Therefore

∣∣∣∣∣
2006∑

k=1

xk

∣∣∣∣∣ =
1
6

∣∣x2
2007 − 18063

∣∣ . Notice that xk is a multiple of 3 for all k, and that

xk and k have the same parity. The requested sum will be a minimum when |x2
2007−18063|

is a minimum, that is, when x2007 is the multiple of 3 whose square is as close as possible
to 18063. Check odd multiples of 3, and find that 1292 < 16900, 1412 > 19600, and
1352 = 18225. The requested minimum is therefore 1

6 |1352 − 18063| = 27, provided there
exists a sequence that satisfies the given conditions and for which x2007 = 135. An example
of such a sequence is

xk =

{ 3k for k ≤ 45,
−138 for k > 45 and k even,
135 for k > 45 and k odd.
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1. (Answer: 372)

If a sequence contains no more than one 0, there are 7·6·5·4·3 = 2520 sequences
formed from the characters A, I, M, E, 2, 0, and 7. If a sequence contains two 0’s,
the 0’s can be placed in

(
5
2

)
= 10 ways, the remaining characters can be chosen

in
(
6
3

)
= 20 ways, and those remaining characters can be arranged in 3! = 6

ways, for a total of 10 · 20 · 6 = 1200 sequences. Thus N = 2520 + 1200 = 3720,
and N

10 = 372.

2. (Answer: 200)

For any such ordered triple (a, b, c), because a is a factor of b + c, a is also a

factor of 100. Thus a is an element of {1, 2, 4, 5, 10, 20, 25}, and
b

a
and

c

a
are

positive integers for which
b

a
+

c

a
=

100
a
− 1 (Note that if a = 50 or 100, then

at least one of b and c is zero). Because
b

a
and

c

a
are positive integers, there are

(for each choice of a)
100
a
− 2 pairs

b

a
and

c

a
. Thus there are

100
1

+
100
2

+
100
4

+
100
5

+
100
10

+
100
20

+
100
25

−2 ·7 = 214−14 = 200 such triples.

3. (Answer: 578)

Extend AE past A and DF past D to meet at G. Note that ∠ADG = 90◦ −
∠CDF = ∠DCF = ∠BAE and ∠DAG = 90◦ − ∠BAE = ∠ABE. Thus
4AGD ∼= 4BEA. Therefore EG = FG = 17, and because ∠EGF is a right
angle, EF 2 = 2 · 172 = 578.

BA

E

CD

F

G



2007 AIME 2 SOLUTIONS 3

4. (Answer: 450)

The fact that 60 workers produce 240 widgets and 300 whoosits in two hours
implies that 100 workers produce 400 widgets and 500 whoosits in two hours,
or 200 widgets and 250 whoosits in one hour. Let a be the time required for
a worker to produce a widget, and let b be the time required for a worker to
produce a whoosit. Then 300a + 200b = 200a + 250b, which is equivalent to
b = 2a. In three hours, 50 workers produce 300 widgets and 375 whoosits, so
150a + mb = 300a + 375b and 150a + 2ma = 300a + 750a. Solving the last
equation yields m = 450.

5. (Answer: 888)

The graph passes through the points (0, 9), (247
9 , 8), (495

9 , 7), . . . , (198 2
9 , 1), (223, 0),

where each decrease of 1 unit in y results in an increase of 24 7
9 units in x. There-

fore the region can be divided into rectangles with dimensions 8 × 24, 7 × 25,
6× 25, 5× 25, 4× 24, 3× 25, 2× 25, and 1× 25, for a total of 888 squares.

OR

Consider the rectangle with vertices (0, 0), (0, 9), (223, 0), and (223, 9). There
are 2007 1 by 1 squares within this rectangle. The diagonal from (0, 0) to (223, 9)
crosses exactly one of these squares between x = n and x = n+1 for most of the
223 possible values of n. There are exactly 8 values of n for which the diagonal
crosses one of the horizontal lines y = m(1 ≤ m ≤ 8), and for these values the
diagonal crosses two squares. The diagonal never passes through any corners,
because 9 and 223 are relatively prime and 9 · 223 = 2007. Thus, out of the
2007 squares, 223 + 8 of them are crossed by the diagonal, leaving 1776 squares
untouched. Half of these, or 888 of them, lie below the diagonal.

6. (Answer: 640)

Let a1a2a3 · · · ak be the decimal representation of a parity-monotonic integer.
It is not difficult to check that for each fixed ai+1, there are four choices for
ai; for example, if ai+1 = 8 or 9, then ai ∈ {1, 3, 5, 7}; if ai+1 = 4 or 5, then
ai ∈ {1, 3, 6, 8}, and so on. There are 10 choices for the digit ak, and 4 choices for
each of the remaining digits. Hence there are 4k−1 · 10 k-digit parity-monotonic
integers, and the number of four-digit parity-monotonic integers is 43 ·10 = 640.

7. (Answer: 553)

Because k ≤ 3
√

ni < k +1, it follows that k3 ≤ ni < (k +1)3 = k3 +3k2 +3k +1.
Because k is a divisor of ni, there are 3k + 4 possible values for ni, namely
k3, k3 + k, . . . , k3 + 3k2 + 3k. Hence 3k + 4 = 70 and k = 22. The desired

maximum is
k3 + 3k2 + 3k

k
= k2 + 3k + 3 = 553.
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8. (Answer: 896)

Let h be the number of 4 unit line segments and v be the number of 5 unit line
segments. Then 4h+5v = 2007. Each pair of adjacent 4 unit line segments and
each pair of adjacent 5 unit line segments determine one basic rectangle. Thus
the number of basic rectangles determined is B = (h − 1)(v − 1). To simplify
the work, make the substitutions x = h− 1 and y = v − 1. The problem is now
to maximize B = xy subject to 4x + 5y = 1998, where x, y are integers. Solve
the second equation for y to obtain

y =
1998

5
− 4

5
x,

and substitute into B = xy to obtain

B = x

(
1998

5
− 4

5
x

)
.

The graph of this equation is a parabola with x intercepts 0 and 999/2. The
vertex of the parabola is halfway between the intercepts, at x = 999/4. This
is the point at which B assumes its maximum. However, this corresponds to a
nonintegral value of x (and hence h). From 4x + 5y = 1998 both x and y are
integers if and only if x ≡ 2 (mod 5). The nearest such integer to 999/4 = 249.75
is x = 252. Then y = 198, and this gives the maximal value for B for which
both x and y are integers. This maximal value for B is 252 · 198 = 49896, and
the requested remainder is 896.

9. (Answer: 259)

Let G and H be the points where the inscribed circle of triangle BEF is tangent
to BE and BF , respectively. Let x = EP , y = BG, and z = FH. Then by
equal tangents, EG = x, BH = y, and FP = z. Note that y + z = BF =
BC − CF = 364, and x + y =

√
632 + 842 =

√
212(32 + 42) = 105. Also

note that 4BEF ∼= 4DFE, so FQ = x. Thus PQ = FP − FQ = z − x =
(y + z)− (x + y) = 364− 105 = 259.

OR

Let x, y, and z be defined as in the first solution, and let O be the foot of the
perpendicular from E to BF . Applying the Pythagorean Theorem to triangle
EOF yields EF =

√
EO2 + FO2 =

√
632 + (448− 2 · 84)2 =

√
72(92 + 402) =

7 · 41 = 287. Thus z + x = EF = 287, and x + y = 105 and y + z = 364, as
shown in the first solution. Adding these three equations together and dividing
by 2 yields x + y + z = 378. Thus x = 378− 364 = 14, y = 378− 287 = 91, and
z = 378− 105 = 273. Therefore PQ = z − x = 273− 14 = 259.
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10. (Answer: 710)

There are 26 subsets of S, and for 0 ≤ k ≤ 6, there are
(
6
k

)
subsets with k

elements, so the probability that A has k elements is
(
6
k

)
/26. If A has k elements,

there are 2k subsets of S contained in A and 26−k subsets contained in S−A. One
of these, the empty set, is contained in both A and S−A, so the probability that

B is contained in either A or S−A is
2k + 26−k − 1

26
. The requested probability

is therefore

6∑

k=0

(
6
k

)

26
· 2k + 26−k − 1

26
=

1
212

( 6∑

k=0

2k

(
6
k

)
+

6∑

k=0

26−k

(
6
k

)
−

6∑

k=0

(
6
k

))

=
1

212

(
2

6∑

k=0

2k

(
6
k

)
−

6∑

k=0

(
6
k

))
=

1
212

(
2 · 36 − 26

)
=

36 − 25

211
=

697
211

.

Thus m + n + r = 697 + 2 + 11 = 710.

OR

Let S = {1, 2, 3, 4, 5, 6}. With S1 = A and S2 = B, let M be the 6×2 matrix in
which mij = 1 if i ∈ Sj and 0 otherwise. There are 212 such matrices. Observe
that B ⊆ A precisely when each row of M is 11, 10, or 00. There are 36 such
matrices. Similarly, B ⊆ S − A precisely when each row of M is 01, 00, or 10,
and again there are 36 such matrices. The intersection of these two types of
matrices are those in which each row is 00 or 10, and there are 26 such matrices.
The requested probability is therefore

36 + 36 − 26

212
=

2 · 36 − 26

212
=

36 − 25

211
=

697
211

, as before.

11. (Answer: 179)

Let the larger tube roll until it is tangent to the smaller tube as shown in the
diagram. At that point, the centers of the tubes are a horizontal distance d
apart, where d is one leg of a right triangle with hypotenuse 72 + 24 = 96 and
other leg 72− 24 = 48. It follows that the triangle is a 30 - 60 - 90 triangle with
a 30◦ angle at the center of the smaller tube, d is equal to 48

√
3, and the larger

tube rests on a point of its circumference 60◦ from the point of its circumference
where it is tangent to the smaller tube.
When the larger tube finishes rolling over the smaller tube, it is tangent to
the smaller tube on the other side of the smaller tube. Its center has moved a
horizontal distance of 2d = 96

√
3. It has rolled over an arc of 180◦ − 2(30◦) =

120◦ of the smaller tube, and thus it has rolled over an arc of one-third of 120◦,
or 40◦ of the larger tube. The point of its circumference where the larger tube
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rests after rolling over the smaller tube is 60◦+40◦+60◦ = 160◦ from the point
where it rested before rolling over the smaller tube. Thus the larger tube has
rolled over an arc of 160◦ while moving horizontally a distance of 96

√
3. When

the larger tube completes one revolution, it has rolled horizontally by rolling
through 360◦ − 160◦ = 200◦ of arc and moving a distance of 96

√
3. Therefore

the total horizontal distance covered is 200
360 · 72 · 2π +96

√
3 = 80π +96

√
3. Thus

a + b + c = 80 + 96 + 3 = 179.

d

60
40

60

60

12. (Answer: 091)

The sequence is geometric, so there exist numbers a and r such that xn = arn.
It follows that

308 =
7∑

n=0

log3(xn) =
7∑

n=0

log3(arn) =
7∑

n=0

[log3(a) + n log3(r)] =

8 log3(a) +
( 7∑

n=0

n

)
log3(r) = 8 log3(a) + 28 log3(r).

Thus 2 log3(a) + 7 log3(r) = 77. Furthermore,

log3

( 7∑
n=0

xn

)
= log3

( 7∑
n=0

arn

)
= log3

(
a · r8 − 1

r − 1

)
= log3

(
ar7 · 1− 1

r8

1− 1
r

)
=

log3(a) + 7 log3(r) + log3

(
1− 1

r8

1− 1
r

)
,

which is between 56 and 57.
Because the terms are all integral powers of 3, it follows that a and r must be
powers of 3. Also, the sequence is increasing, so r is at least 3. Therefore

1 =
1− 1

r

1− 1
r

<
1− 1

r8

1− 1
r

<
1

1− 1
3

=
3
2

< 3, and 0 < log3

(
1− 1

r8

1− 1
r

)
< 1.

Also note that since a and r are powers of 3, log3(a) + 7 log3(r) is an integer
and therefore must equal 56. Thus log3(a) + 7 log3(r) = 56. The two equations
log3(a)+7 log3(r) = 56 and 2 log3(a)+7 log3(r) = 77 have the solution log3(a) =
21 and log3(r) = 5.
It follows that log3(x14) = log3(ar14) = log3(a) + 14 log3(r) = 21 + 14 · 5 = 91.
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13. (Answer: 640)

Number the rows from bottom to top, with the bottom row numbered 0 and
the top row numbered 10. Let the entries in row 0, from left to right, be
x0, x1, . . . , x10, where each xk is 0 or 1. In row k (the kth row from the bottom)
label the squares from left to right by 0, 1, . . . , 10− k. It can then be shown by
induction that the number in row k and square j, 0 ≤ j ≤ 10− k, is

(
k

0

)
xj+0 +

(
k

1

)
xj+1 + · · ·+

(
k

k

)
xj+k =

k∑

i=0

(
k

i

)
xj+i.

Thus the entry in the top square (in row 10) is

10∑

i=0

(
10
i

)
xi.

It is easy to check that
(
10
k

)
is a multiple of 3 for 2 ≤ k ≤ 8. Thus

10∑

i=0

(
10
i

)
xi ≡ x0 +

(
10
1

)
x1 +

(
10
9

)
x9 + x10 ≡ x0 + x1 + x9 + x10 (mod 3).

For this last expression to be a multiple of 3, either x0 = x1 = x9 = x10 = 0
or three of these four numbers are 1 and the fourth is 0. Thus there are five
choices of x0, x1, x9, x10 that make the sum a multiple of 3. Furthermore, each
of x2, x3, x4, . . . , x8 can be either 0 or 1, so these 7 values can be assigned in 27

ways. Thus there are 5 · 27 = 640 initial distributions that result in the number
in the top square being a multiple of 3.

14. (Answer: 676)

If the leading term of f(x) is axm, then the leading term of f(x)f(2x2) =
axm · a(2x2)m = 2ma2x3m, and the leading term of f(2x3 + x) = 2max3m.
Hence 2ma2 = 2ma, and a = 1. Because f(0) = 1, the product of all the roots
of f(x) is ±1. If f(λ) = 0, then f(2λ3 + λ) = 0. Assume that there exists a
root λ with |λ| 6= 1. Then there must be such a root λ1 with |λ1| > 1. Then
|2λ3 + λ| ≥ 2|λ|3 − |λ| > 2|λ| − |λ| = |λ|. But then f(x) would have infinitely
many roots, given by λk+1 = 2λ3

k + λk, for k ≥ 1. Therefore |λ| = 1 for all
of the roots of the polynomial. Thus λλ = 1, and (2λ3 + λ)(2λ3 + λ) = 1.
Solving these equations simultaneously for λ = a + bi yields a = 0, b2 = 1,
and so λ2 = −1. Because the polynomial has real coefficients, the polynomial
must have the form f(x) = (1 + x2)n for some integer n ≥ 1. The condition
f(2) + f(3) = 125 implies n = 2, giving f(5) = 676.
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15. (Answer: 389)

Let OA, OB , and OC be the centers of ωA, ωB , and ωC , respectively. Then
OAOB ‖ AB, OBOC ‖ BC, and OCOA ‖ CA. Also, the lines AOA, BOB , and
COC are concurrent at I, the incenter of triangle ABC, and therefore there is a
dilation D centered at I that sends triangle OAOBOC to triangle ABC. Let R
and r be the circumradius and inradius of triangle ABC, respectively, and let
R1 and r1 be the circumradius and inradius of triangle OAOBOC , respectively.

Then
R

r
=

R1

r1
. By Heron’s formula,

[ABC] =

√
(13 + 14 + 15)(13 + 14− 15)(14 + 15− 13)(15 + 13− 14)

4

=
r(13 + 14 + 15)

2
=

13 · 14 · 15
4R

,

implying that r = 4 and R = 65
8 . Let x be the radius of ω. Because I is the

center of D, r1 = r − x. Let S be the center of ω. Then S is equidistant from
OA, OB , and OC , that is, S is the circumcenter of triangle OAOBOC . Thus
R1 = SOA = 2x. Therefore

2x

4− x
=

2x

r − x
=

R1

r1
=

R

r
=

65
32

.

Solving the last equation gives x =
260
129

, and m + n = 389.
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1. (Answer: 083)

Because 24 = 3 · 23, a square is divisible by 24 if and only if it is divisible by
32 · 24 = 144. Furthermore, a perfect square N2 less than 106 is a multiple of
144 if and only if N is a multiple of 12 less than 103. Because 996 is the largest
multiple of 12 less than 103, there are 996

12 = 83 such positive integers less than
103 and 83 positive perfect squares which are multiples of 24.

2. (Answer: 052)

Let t be Al’s travel time. Then t− 2 is Bob’s time, and t− 4 is Cy’s time, and
t ≥ 4. If Cy is in the middle, then 10(t− 2)− 8(t− 4) = 8(t− 4)− 6t, which has
no solution. If Bob is in the middle, then 10(t− 2)− 8(t− 4) = 6t− 10(t− 2),
which has solution t = 4/3. But t ≥ 4, so this is impossible. If Al is in the
middle, then 6t− 8(t− 4) = 10(t− 2)− 6t, which has solution t = 26/3. In this
case, Al is 52 feet from the start and is 44/3 feet from both Bob and Cy. Thus
the required distance is 52.

3. (Answer: 015)

The complex number z = 9 + bi, so z2 = (81− b2) + 18bi and
z3 = (729− 27b2) + (243b− b3)i. These two numbers have the same imaginary
part, so 243b− b3 = 18b. Because b is not zero, 243− b2 = 18, and b = 15.

4. (Answer: 105)

All four positions will be collinear if and only if the difference in the number

of revolutions made by each pair of planets is an integer multiple of
1
2
. When

the outermost planet has made r revolutions, the middle and innermost planets

will have made
140r

84
=

5
3
r and

140r

60
=

7
3
r revolutions, respectively. Thus it

is necessary and sufficient that
2
3
r =

1
2
k for some integer k, so the smallest

positive solution for r is
3
4
. Hence n =

3
4
· 140 = 105.

5. (Answer: 539)

Note that a temperature T converts back to T if and only if T +9 converts back
to T +9. Thus it is only necessary to examine nine consecutive temperatures. It
is easy to show that 32 converts back to 32, 33 and 34 both convert back to 34, 35
and 36 both convert back to 36, 37 and 38 both convert back to 37, and 39 and
40 both convert back to 39. Hence out of every nine consecutive temperatures
starting with 32, five are converted correctly and four are not. For 32 ≤ T < 32+
9 ·107 = 995. There are 107 ·5 = 535 temperatures that are converted correctly.
The remaining six temperatures 995, 996, . . . , 1000 behave like 32, 33, . . . , 37, so
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four of the remaining six temperatures are converted correctly. Thus there is a
total of 535 + 4 = 539 temperatures.

OR

Because one Fahrenheit degree is 5/9 of a Celsius degree, every integer Celsius
temperature is the conversion of either one or two Fahrenheit temperatures (nine
Fahrenheit temperatures are being converted to only five Celsius temperatures)
and converts back to one of those temperatures. The Fahrenheit temperatures 32
and 1000 convert to 0 and 538, respectively, which convert back to 32 and 1000.
Therefore there are 539 Fahrenheit temperatures with the required property,
corresponding to the integer Celsius temperatures from 0 to 538.

6. (Answer: 169)

The set of move sequences can be partitioned into two subsets, namely the set
of move sequences that contain 26, and the set of move sequences that do not
contain 26. If a move sequence does not contain 26, then it must contain the
subsequence 24, 27. To count the number of such sequences, note that there
are six ways for the frog to get to 24 (five ways that go through 13, and one
way that does not go through 13), and there are four ways for the frog to get
from 27 to 39, since any of 27, 30, 33, 36 can be the second to last element of
a move sequence. Thus there are 24 move sequences that do not contain 26. If
a move sequence contains 26, then it either contains 13 or it does not. If such
a move sequence does not contain 13, then it must contain the subsequence 12,
15, and in this case, there is one way for the frog to get from 0 to 12, and there
are 4 ways for it to get from 15 to 26. If a move sequence contains 13 and 26,
then there are five ways for the frog to get from 0 to 13, and there are are five
ways for it to get from 13 to 26. Thus there are 1 · 4 + 5 · 5 = 29 ways for the
frog to get from 0 to 26, and there are five ways for the frog to get from 26 to
39, for a total of 145 move sequences that contain 26. Thus there are a total of
24 + 145 = 169 move sequences for the frog.

OR

There are five sequences from 0 to 13, five from 13 to 26, and five from 26 to
39. There are four sequences from 0 to 26 not containing 13 and four sequences
from 13 to 39 not containing 26. Finally, there are four sequences from 0 to 39
containing neither 13 nor 26. Thus there are 5 ·5 ·5+2 ·4 ·5+4 = 169 sequences
in all.



2007 AIME SOLUTIONS 4

7. (Answer: 477)

First note that

dxe − bxc =

{
1, if x is not an integer
0, if x is an integer

.

Thus for any positive integer k,

dlog√2 ke − blog√2 kc =

{
1, if k not an integer power of

√
2

0, if k an integer power of
√

2
.

The integers k, 1 ≤ k ≤ 1000, that are integer powers of
√

2 are described by
k = 2j , 0 ≤ j ≤ 9. Thus

1000∑

k=1

k(dlog√2 ke − blog√2 kc) =
1000∑

k=1

k −
9∑

j=0

2j =
1000 · 1001

2
− 1023 = 499477.

The requested remainder is 477.

8. (Answer: 030)

Because P (x) has three roots, if Q1(x) = x2 + (k − 29)x − k and Q2(x) =
2x2 + (2k − 43)x + k are both factors of P (x), then they must have a common
root r. Then Q1(r) = Q2(r) = 0, and mQ1(r) + nQ2(r) = 0, for any two
constants m and n. Taking m = 2 and n = −1 yields the equation 15r+3k = 0,
so r = −k

5 . Thus Q1(r) = k2

25 − (k − 29)
(

k
5

) − k = 0, which is equivalent
to 4k2 − 120k = 0, whose roots are k = 30 and 0. When k = 30, Q1(x) =
x2 + x − 30 and Q2(x) = 2x2 + 17x + 30, and both polynomials are factors of
P (x) = (x + 6)(x− 5)(2x + 5). Thus the requested value of k is 30.

9. (Answer: 737)

Let T1 and T2 be the points of tangency on AB so that O1T1 and O2T2 are
radii of length r. Let circles O1 and O2 be tangent to each other at point T3, let
circle O1 be tangent to the extension of AC at E1, and let circle O2 be tangent
to the extension of BC at E2. Let D1 be the foot of the perpendicular from
O1 to BC, let D2 be the foot of the perpendicular from O2 to AC, and let
O1D1 and O2D2 intersect at P . Let r be the radius of O1 and O2. Note that
O1T3 = O2T3 = r, CD1 = O1E1 = r, and CD2 = O2E2 = r. Because triangles

ABC and O1O2P are similar,
O1O2

AB
=

O1P

AC
=

O2P

BC
. Because O1O2 = 2r

and AB =
√

302 + 162 = 34, O1P =
30r

17
and O2P =

16r

17
. By equal tangents,

AE1 = AT1 = x and BE2 = BT2 = y. Thus

AB = 34 = AT1 + T1T2 + BT2
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= AT1 + O1O2 + BT2

= x + 2r + y.

Also, O1P = E1D2, so 30r
17 = AD2 + AE1 = 30 − r + x, and O2P = E2D1,

so 16r
17 = BD1 + BE2 = 16 − r + y. Adding these two equations produces

46r
17 = 46− 2r + x + y. Substituting x + y = 34− 2r yields 46r

17 = 80− 4r. Thus
r = 680

57 , and p + q = 737.

OR

Draw O1A and O2B and note that these segments bisect the external angles

of the triangle at A and B, respectively. Thus ∠T1O1A =
1
2
(∠A) and T1A =

r tan∠T1O1A = r tan
1
2
(∠A). Similarly T2B = r tan

1
2
(∠B). By the half-angle

identity for tangent,

tan
(

1
2
∠A

)
=

sin ∠A

cos∠A + 1
=

16/34
(30/34) + 1

=
1
4
,

and similarly tan
(

1
2 (∠B)

)
= 3

5 . Then 34 = AB = AT1 + T1T2 + T2B =
r/4 + 2r + 3r/5 = 57r/20 and r = 680/57. Thus p + q = 737.

10. (Answer: 860)

There are
(

6
3

)
ways to shade three squares in the first column. Given a shading

scheme for the first column, consider the ways the second, third, and fourth
columns can then be shaded. If the shaded squares in the second column are
in the same rows as those of the first column, then the shading pattern for the

last two columns is uniquely determined. Thus there are
(

6
3

)
= 20 shadings in

which the first two columns have squares in the same rows shaded. Next shade
the second column so that two of the shaded squares are in the same rows as
shaded squares in the first column. Given a shading of the first column, there

are
(

3
2

)
ways to choose the two shaded rows in common, then

(
3
1

)
ways to

choose the third shaded square in this column. This leaves two rows with no
shaded squares, so the squares in these rows must be shaded in the third and
fourth columns. There are also two rows with one shaded square each, one of
these in the first column and one in the second. For the first of these rows
the square can be shaded in the same row in the third or fourth column, for
two choices, and this uniquely determines the shading in the second of these

rows. Thus there are
(

6
3

)
·
(

3
2

)
·
(

3
1

)
· 2 = 360 shadings in which the first two

columns have two shaded rows in common. Next shade the second column so
that only one of the shaded squares is in the same row as a shaded square in
the first column. The row containing the shaded square in both columns can be
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selected in
(

3
1

)
ways and the other two shaded squares in the second column

in
(

3
2

)
ways. This leaves one row with no shaded squares, so the squares in

this row in the third and fourth columns must be shaded. There are four rows
each with one square shaded in the first two columns. Two of these rows must
be shaded in the third column, and two in the fourth. This can be done in(

4
2

)
ways. Thus there are

(
6
3

)
·
(

3
1

)
·
(

3
2

)
·
(

4
2

)
= 1080 shadings in which

the first two columns have one shaded row in common. Finally, if the first two
columns have no shaded row in common, then the shading of the second column
is uniquely determined. The three squares to be shaded in the third column can

be selected in
(

6
3

)
ways, and the shading for the fourth column is then uniquely

determined. There are
(

6
3

)
·
(

6
3

)
= 400 shading patterns in which the first two

columns have no shaded row in common. Thus the total number of shadings is
20 + 360 + 1080 + 400 = 1860, and the requested remainder is 860.

OR

The three shaded squares in the first column can be chosen in
(

6
3

)
= 20 ways.

For 0 ≤ k ≤ 3, there are
(

3
k

)(
3

3− k

)
ways to choose the shaded squares

in the second column so that k rows have two shaded squares. No shaded
square in the third column can be in one of these rows. In each case there
are also k rows with no shaded squares, and each of these rows must contain a
shaded square in the third column. The remaining 3− k shaded squares in the
third column must be chosen from the remaining 6 − 2k rows. Thus there are(

6− 2k

3− k

)
ways to choose the shaded squares in the third column. In each case,

the shaded squares in the fourth column are uniquely determined. Therefore

N = 20
∑3

k=0

(
3
k

)(
3

3− k

)(
6− 2k

3− k

)
= 20(20 + 54 + 18 + 1) = 1860, and the

requested remainder is 860.

11. (Answer: 955)

First, if k is a nonnegative integer, and n is a positive integer then
√

n2 + k <

n +
1
2
⇐⇒ n2 + k < n2 + n +

1
4
⇐⇒ k < n +

1
4
⇐⇒ k = 0, 1, 2, . . . , n.

Similarly, n− 1
2

<
√

n2 − k ⇐⇒ n2−n +
1
4

< n2− k ⇐⇒ k < n− 1
4
. So if k

is a positive integer, the second inequality is satisfied when k = 1, 2, 3, . . . , n−1.
Thus a positive integer n is the value of b(p) precisely when p is one of the
(n +1) + (n− 1) = 2n integers n2− (n− 1), n2− (n− 2), . . ., n2− 1, n2, n2 + 1,
. . ., n2 + n.
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Next, observe that 442 = 1936 < 1936 + 44 = 1980 < 2007 < 452 = 2025.
Therefore each integer n = 1, 2, 3, . . . , 44 contributes n · 2n = 2n2 to the sum.
Consequently,

S =
2007∑
p=1

b(p) =
1980∑
p=1

b(p) +
2007∑

p=1981

b(p) =

(
44∑

n=1

2n2

)
+ 27 · 45

= 2
(

44 · 45 · 89
6

)
+ 1215 = 59955.

Thus the requested remainder is 955.

12. (Answer: 875)

Let [XY Z] represent the area of triangle XY Z.

60
15

45

15

BA

C

B'

C'

D

F

BA

C

E

C'

B'

For future use, sin 75◦ = cos 15◦ = (
√

6+
√

2)/4. Let B′ and C ′ be the images of
B and C respectively under the given rotation. Let D denote the point at which
BC intersects AB′, let E denote the point at which BC intersects B′C ′, and
let F denote the point at which AC intersects B′C ′. Then the region common
to the two triangles (shaded in the figure on the right) is ADEF , and its area
is [ADEF ] = [AB′F ] − [EB′D]. Note that ∠B + ∠B′AB = 75◦ + 15◦ = 90◦

implies AB′ ⊥ BC. Because AB′ = AB = 20, the Law of Sines applied to
4B′FA gives B′F = 20 sin 60◦/ sin 45◦ = 20

√
3/2 = 10

√
6, and thus

[AB′F ] = 1
2 · 20 · 10

√
6 sin 75◦ = 100

√
6

(√
6+
√

2
4

)
= 50(3 +

√
3).

Note that B′D = 20(1 − cos 15◦), BD = 20 sin 15◦, and 4EB′D ∼ 4ABD.
Because [ABD] = 1

2 · 20 cos 15◦ · 20 sin 15◦ = 100 sin 30◦ = 50,
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it follows that [EB′D] = 50( 1−cos 15◦
sin 15◦ )2.

Using cos2 15◦ = 1+cos 30◦
2 = 2+

√
3

4 and sin2 15◦ = 1−cos 30◦
2 = 2−√3

4
yields

(
1− cos 15◦

sin 15◦

)2

=
1− 2 cos 15◦ + cos2 15◦

sin2 15◦

=
1− (

√
6 +

√
2)/2 + (2 +

√
3)/4

(2−√3)/4

= (6 +
√

3− 2
√

6− 2
√

2)(2 +
√

3)

= 15 + 8
√

3− 6
√

6− 10
√

2.

Finally,

[ADEF ] = [AB′F ]− [EB′D]

= 50(3 +
√

3)− 50(15 + 8
√

3− 6
√

6− 10
√

2)

= 50(10
√

2− 7
√

3 + 6
√

6− 12),

so (p− q + r − s)/2 = 25(10 + 7 + 6 + 12) = 875.

13. (Answer: 80)

Place the pyramid on a coordinate system with A at (0, 0, 0), B at (4, 0, 0), C
at (4, 4, 0), D at (0, 4, 0) and with E at (2, 2, 2

√
2). Let R, S, and T be the

midpoints of AE, BC, and CD respectively. The coordinates of R, S, and
T are respectively (1, 1,

√
2), (4, 2, 0) and (2, 4, 0). The equation of the plane

containing R, S, and T is x + y + 2
√

2z = 6. Points on BE have coordinates
of the form (4 − t, t, t

√
2), and points on DE have coordinates of the form

(t, 4 − t, t
√

2). Let U and V be the points of intersection of the plane with
BE and DE respectively. Substituting into the equation of the plane yields

t =
1
2

and

(
7
2
,
1
2
,

√
2

2

)
for U , and t =

1
2

and

(
1
2
,
7
2
,

√
2

2

)
for V . Then

RU = RV =
√

7, US = V T =
√

3 and ST = 2
√

2. Note also that UV = 3
√

2.
Thus the pentagon formed by the intersection of the plane and the pyramid can
be partitioned into isosceles triangle RUV and isosceles trapezoid USTV with
areas of 3

√
5/2 and 5

√
5/2 respectively. Therefore the total area is 4

√
5 or

√
80,

and p = 80.
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A

B C

D

E

14. (Answer: 224)

The fact that the equation an+1an−1 = a2
n + 2007 holds for n ≥ 2 implies that

anan−2 = a2
n−1 +2007 for n ≥ 3. Subtracting the second equation from the first

one yields an+1an−1−anan−2 = a2
n−a2

n−1, or an+1an−1 +a2
n−1 = anan−2 +a2

n.
Dividing the last equation by an−1an and simplifying produces an+1+an−1

an
=

an+an−2
an−1

. This equation shows that an+1+an−1
an

is constant for n ≥ 2. Because

a3a1 = a2
2 + 2007, a3 = 2016/3 = 672. Thus an+1+an−1

an
= 672+3

3 = 225, and
an+1 = 225an − an−1 for n ≥ 2. Note that a3 = 672 > 3 = a2. Furthermore, if
an > an−1, then an+1an−1 = a2

n + 2007 implies that

an+1 =
a2

n

an−1
+

2007
an−1

= an

(
an

an−1

)
+

2007
an−1

> an +
2007
an−1

> an.

Thus by mathematical induction, an > an−1 for all n ≥ 3. Therefore the
recurrence an+1 = 225an − an−1 implies that an+1 > 225an − an = 224an and
therefore an ≥ 2007 for n ≥ 4. Finding an+1 from an+1an−1 = a2

n + 2007 and

substituting into 225 = an+1+an−1
an

shows that a2
n+a2

n−1
anan−1

= 225 − 2007
anan−1

. Thus
the largest integer less than or equal to the original fraction is 224.

15. (Answer: 989)

In the following, let [XY Z] = the area of triangle XY Z.
In general, let AB = s, FA = a, DC = c, EF = x, FD = y, and AE = t. Then
EC = s− t. In triangle AEF , angle A is 60◦, and so [AEF ] = 1

2 · sin 60◦ ·AE ·
AF =

√
3

4 at. Similarly, [BDF ] =
√

3
4 (s − a)(s − c), [CDE] =

√
3

4 c(s − t), and
[ABC] =

√
3

4 s2. It follows that

[DEF ] = [ABC]− [AEF ]− [BDF ]− [CDE]

=
√

3
4

[s2 − at− (s− a)(s− c)− c(s− t)]

=
√

3
4

[a(s− t) + ct− ac].

The given conditions then imply that 56 = 5(s−t)+2t−10, or 5(s−t)+2t = 66.
Because ∠A = ∠DEF = 60◦, it follows that ∠AEF+∠AFE = 120◦ = ∠AEF+
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∠CED, implying that ∠AFE = ∠CED. Note also that ∠C = ∠A. Thus
4AEF ∼ 4CDE. Consequently, AE

AF = CD
CE , or t

5 = 2
s−t . Thus t(s − t) = 10

or s − t = 10
t . Substituting this into the equation 5(s − t) + 2t = 66 gives

5 · 10 + 2t2 = 66t. Solving this quadratic equation gives t = 33±√989
2 , and hence

s = t + 10
t = 231

10 ± 3
10

√
989. Repeated applications of the Law of Cosines show

that both values of s produce valid triangles. Thus r = 989.
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1. (Answer: 100)

Reordering the sum shows that

N = (1002− 982) + (992− 972) + (962− 942) + · · ·+ (42− 22) + (32− 12),

which equals

2 · 198 + 2 · 196 + 2 · 190 + 2 · 188 + · · ·+ 2 · 6 + 2 · 4
=4(99 + 98 + 95 + 94 + · · ·+ 3 + 2)
=4(99 + 95 + 91 + · · ·+ 3) + 4(98 + 94 + 90 + · · ·+ 2)

=4
[
25(99 + 3)

2

]
+ 4

[
25(98 + 2)

2

]

=100 · (51 + 50)
=10100,

and the required remainder is 100.

2. (Answer: 620)

Suppose Rudolph bikes at r miles per minute. He takes 49 five-minute
breaks in reaching the 50-mile mark, so his total time in minutes is 50

r +
49 · 5 = 50

r + 245. Jennifer bikes at 3
4r miles per minute and takes 24 five-

minute breaks in reaching the 50-mile mark, so her total time in minutes
is 50

0.75r + 24 · 5 = 200
3r + 120. Setting these two times equal gives 50

3r = 125,
and hence r = 2

15 . This yields a total time of 50
2/15 + 245 = 620 minutes.

3. (Answer: 729)

Let a, b, and c be the dimensions of the cheese after ten slices have been
cut off, giving a volume of abc cu cm. Because each slice shortens one of
the dimensions of the cheese by 1 cm, a+ b+ c = (10+13+14)−10 = 27.
By the Arithmetic-Geometric Mean Inequality, the product of a set of pos-
itive numbers with a given sum is greatest when the numbers are equal,
so the remaining cheese has maximum volume when a = b = c = 9. The
volume is then 93 = 729 cu cm.

Query: What happens if a + b + c is not divisible by 3?

OR

The volume of the remaining cheese is greatest when it forms a cube. This
can be accomplished by taking one slice from the 10 cm dimension, 4 slices
from the 13 cm dimension, and 5 slices from the 14 cm dimension for a
total of 1 + 4 + 5 = 10 slices. The remaining cheese is then 9 cm by 9 cm
by 9 cm for a volume of 729 cu cm.
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4. (Answer: 021)

Every positive integer has a unique base-3 representation, which for 2008
is 22021013. Note that 2 · 3k = (3 + (−1)) · 3k = 3k+1 + (−1) · 3k, so that

22021013

=2 · 36 + 2 · 35 + 2 · 33 + 1 · 32 + 1 · 30

=(37 + (−1) · 36) + (36 + (−1) · 35) + (34 + (−1) · 33) + 1 · 32 + 1 · 30

=1 · 37 + (−1) · 35 + 1 · 34 + (−1) · 33 + 1 · 32 + 1 · 30,

and n1 + n2 + · · ·+ nr = 7 + 5 + 4 + 3 + 2 + 0 = 21.

5. (Answer: 504)

A

B C

D

M

N

E

37˚ 53˚

Extend leg AB past B and leg CD past C, and let E be the point of inter-
section of these extensions. Then because BM

AN = CM
DN , line MN must pass

through point E. But ∠A = 37◦ and ∠D = 53◦ implies that ∠AED = 90◦.
Thus 4EDA is a right triangle with median EN , and 4EBC is a right
triangle with median EM . The median to the hypotenuse in any right
triangle is half the hypotenuse, so EN = 2008

2 = 1004, EM = 1000
2 = 500,

and MN = EN − EM = 504.

6. (Answer: 561)

Observe that if xn = xn−1 +
x2

n−1

xn−2
and yn =

xn

xn−1
, then yn = 1 + yn−1,

so
xn

x0
=

xn

xn−1
· xn−1

xn−2
· · · x1

x0
= y1y2 · · · yn = y1(y1 + 1) · · · (y1 + n− 1).

In particular, for the first sequence, y1 = a1
a0

= 1, and so an = n!. Similarly,
for the second sequence, y1 = b1

b0
= 3, and so bn = 1

2 (n+2)!. The required

ratio is then 34!/2
32! = 17 · 33 = 561.
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7. (Answer: 753)

Because the equation is cubic and there is no x2 term, the sum of the
roots is 0; that is, r + s + t = 0. Therefore,

(r + s)3 + (s + t)3 + (t + r)3 = (−t)3 + (−r)3 + (−s)3 = −(r3 + s3 + t3).

Because r is a root, 8r3 + 1001r + 2008 = 0, and similarly for s and t.
Therefore, 8(r3 + s3 + t3) + 1001(r + s + t) + 3 · 2008 = 0, and

r3 + s3 + t3 =
1001(r + s + t) + 3 · 2008

−8
=

3 · 2008
−8

= −753,

and hence (r + s)3 + (s + t)3 + (t + r)3 = −(r3 + s3 + t3) = 753.

8. (Answer: 251)

The product-to-sum formula for 2 cos(k2a) sin(ka) yields sin(k2a + ka)−
sin(k2a−ka), which equals sin(k(k+1)a)−sin((k−1)ka). Thus the given
sum becomes

sin(2 · 1a)− sin(0) + sin(3 · 2a)− sin(2 · 1a) + sin(4 · 3a)− sin(3 · 2a) + · · ·
+ sin(n(n + 1)a)− sin((n− 1)na).

This is a telescoping sum, which simplifies to sin(n(n + 1)a) − sin(0) =
sin(n(n+1)a). But sin(x) is an integer only when x is an integer multiple
of π/2, so n(n + 1) must be an integer multiple of 1004 = 22 · 251. Thus
either n or n + 1 is a multiple of 251, because 251 is prime. The smallest
such n is 250, but 250 · 251 is not a multiple of 1004. The next smallest
such n is 251, and 251 · 252 is a multiple of 1004. Hence the smallest such
n is 251.

9. (Answer: 019)

Let the coordinate plane be the complex plane, and let zk be the complex
number that represents the position of the particle after k moves. Multi-
plying a complex number by cis θ corresponds to a rotation of θ about the
origin, and adding 10 to a complex number corresponds to a horizontal
translation of 10 units to the right. Thus z0 = 5, and zk+1 = ωzk + 10,
where ω = cis (π/4), for k ≥ 0. Then

z1 = 5ω + 10,

z2 = ω(5ω + 10) + 10 = 5ω2 + 10ω + 10,

z3 = ω(5ω2 + 10ω + 10) + 10 = 5ω3 + 10ω2 + 10ω + 10,

and, in general,

zk = 5ωk + 10(ωk−1 + ωk−2 + · · ·+ 1).
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In particular, z150 = 5ω150 + 10(ω149 + ω148 + · · ·+ 1). Note that ω8 = 1
and ωk+4 = cis ((k + 4)π/4) = cis (kπ/4 + π) = −cis (kπ/4) = −ωk. Ap-
plying the second equality repeatedly shows that z150 = 5ω150 +10(ω149 +
ω148+· · ·+1) = 5ω6+10(−ω+(−1)+ω3+ω2+ω+1) = 5ω6+10(ω3+ω2).
The last expression equals

5cis (3π/2) + 10(cis (3π/4) + cis (π/2))

= 5(−i) + 10

(
−
√

2
2

+
√

2
2

i + i

)

= − 5
√

2 + (5
√

2 + 5)i

Thus (p, q) = (−5
√

2, 5
√

2+5), and |p|+|q| = 10
√

2+5. The required value
is therefore the greatest integer less than or equal to 10 ·1.414+5 = 19.14,
which is 19.

10. (Answer: 240)

The following argument shows that m = 10 and r = 24. Note that the
square of any distance between distinct points in the array has the form
a2 + b2 for some integers a and b in the set {0, 1, 2, 3} with a and b not
both equal to 0. There are 9 such possible values, namely, 1, 2, 4, 5, 8,
9, 10, 13, and 18. Hence a growing path can consist of at most 10 points.
It remains to show that 10 points can be so chosen, and that there are 24
such paths. Let the points of these paths be labeled P1, P2, . . . , P10. First,
P9P10 must be

√
18; that is, P9 and P10 must be a pair of opposite corners

in the array. There are 4 equivalent ways to label P9 and P10. Without
loss of generality, assume that P9 and P10 are the bottom right corner and
upper left corner, respectively. Then there are 2 symmetrical positions
for P8, both neighboring P10. (See the left-hand diagram below.) Assume
that P8 is beside P10, as shown in the middle diagram below.

P10 P8 P6

P3 P4

P5 P2

P7 P9

P10P10

P9P9

P8

Note that the bottom left corner cannot be P7, because otherwise P6 = P9

or P6 = P10. The positions of points P7, P6, P5, P4, P3, and P2 are then
fixed. (See the right-hand diagram above.) Finally, there are 3 possible
positions for P1. Hence r = 4 · 2 · 3 = 24, and mr = 240.
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11. (Answer: 254)

A

B C

Q

P

Let q be the radius of circle Q. The perpendicular from A to BC has
length 4

√
252 − 72 = 4 · 24, and so sin B = sin C = 24

25 . Thus

tan
C

2
= tan

B

2
=

sin B

1 + cos B
=

3
4
.

Place the figure in a Cartesian coordinate system with B = (0, 0), C =
(56, 0), and A = (28, 96). Note that circles P and Q are both tangent to
BC, and their centers P and Q lie on the angle bisectors of angles C and
B, respectively. Thus P = (56 − 4 · 16/3, 16) and Q = (4q/3, q). Also,
PQ = q + 16, and so

PQ2 =
(

4(q + 16)
3

− 56
)2

+ (q − 16)2 = (q + 16)2,

which yields (4q − 104)2 = 576q, and thus q2 − 88q + 676 = 0. The roots
of this equation are 44 ± 6

√
35, but 44 + 6

√
35 is impossible because it

exceeds the base of 4ABC. Hence q = 44 − 6
√

35, and the requested
number is 44 + 6 · 35 = 254.

12. (Answer: 310)

For convenience, label the flagpoles 1 and 2, and denote by Gn the number
of flag arrangements in which flagpole 1 has n green flags. If either flagpole
contains all the green flags, then it must also contain at least 8 blue flags to
act as separators. The flagpole with no green flags must therefore contain
either 1 or 2 blue flags. Hence, G0 = G9 = 11, because there are 10
possible positions in which to place 1 blue flag on the flagpole with all
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the green flags (otherwise, the flagpole with no green flags contains 2 blue
flags). If 0 < n < 9, then a flagpole that has n green flags must contain
at least n− 1 blue flags, and the other flagpole has 9− n green flags and
must contain at least 8−n blue flags. Thus in any flag arrangement where
each flagpole contains at least one green flag, 7 of the blue flags have fixed
positions relative to the green flags, and there are 3 remaining blue flags
that can be freely distributed. If flagpole 1 has n green flags, then there are
n+1 possible positions in which 1 blue flag can be placed on that flagpole,
and there are 10−n possible positions in which 1 blue flag can be placed on
flagpole 2. Thus, for 0 < n < 9, after placing the green flags and 7 of the
blue flags, there remain 3 blue flags with 11 distinguishable locations. This
is a standard problem of distributing 3 indistinguishable objects among
11 distinguishable bins. Because 11 bins require 10 separators to divide
them, the problem is equivalent to choosing 3 locations out of 13 (the 3
flags and the 10 separators). Thus the number of ways to place the blue
flags is

(
13
3

)
. The desired number of flag arrangements is then

N =
9∑

i=0

Gi = 2 · 11 + 8
(

13
3

)
= 2310,

and the required remainder is 310.

13. (Answer: 029)

One pair of vertices lies at 1
2 ± 1

2
√

3
i. Express points on the line segment

determined by these two vertices in the form z = 1
2 + yi, where y is real

and |y| ≤ 1
2
√

3
. Reciprocals of points on this line segment are then of the

form
1
2 − yi
1
4 + y2

with |y| ≤ 1
2
√

3
. Because

∣∣∣∣
1
z
− 1

∣∣∣∣
2

=
∣∣∣∣

1
2 − yi
1
4 + y2

−
1
4 + y2

1
4 + y2

∣∣∣∣
2

=
( 1
4 − y2)2 + y2

( 1
4 + y2)2

=
(1
4 + y2)2

(1
4 + y2)2

= 1,

the curve traced by the reciprocals of complex numbers on this line seg-
ment is an arc of a circle centered at 1 with radius 1, running from 3

2−
√

3
2 i

to 3
2 +

√
3

2 i. The region enclosed by this arc and the lines from the origin
to the endpoints can be partitioned into a 120-degree sector of the disk
centered at 1 with radius 1, together with two triangles, each of base 1
and height

√
3

2 . Thus it has area π
3 +

√
3

2 . Multiply by six to find that the
total area is 2π + 3

√
3 = 2π +

√
27. Thus a + b = 29.

Query: The above argument shows that the reciprocals of the points on
a line not through the origin fall on a circle through the origin. What
happens to a line through the origin?

OR
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Because pairs of parallel sides are one unit apart, one side of the hexagon
lies along the line x = Re z = 1

2 . If w = u + vi = 1
z , where z is on this

line, then
1
2

(
1
w

+
1
w

)
=

1
2
,

which is equivalent to w+w = ww. Hence u2+v2 = 2u, or (u−1)2+v2 = 1,
which is the equation of a circle of radius 1 centered at 1. Because z = 1 is
mapped to w = 1, it follows that Re z > 1

2 is mapped to the interior of this
circle. By symmetry, the five remaining half-planes whose union produces
R are mapped to corresponding disks. Thus the points that are in the
image of the half-plane Re z > 1

2 but none of the other five half-planes
belong to the disk (u−1)2+v2 < 1 and the region bounded by the two rays
v = ± u√

3
. The resulting set can be partitioned into a circular sector with

radius 1 and central angle 2π
3 and two isosceles triangles with equal sides of

length 1 and vertex angle 2π
3 . There are six such nonoverlapping congruent

figures forming S. It follows that the area of S is 6(π
3 +

√
3

2 ) = 2π +
√

27.
Thus a + b = 29.

14. (Answer: 007)

Let ABCD be a rectangle such that AB = CD = a, and BC = DA = b.
Let E and F be points on the sides AB and BC respectively, such that
AE = x and CF = y. Solving the given system of equations is thus
equivalent to requiring that 4DEF be equilateral. Let ∠ADE = α.
Then ∠FDC = 30◦ − α, tan α = x

b , and ∠EDF = 60◦. Thus

y

a
= tan(30◦ − α) =

1√
3
− x

b

1 + 1√
3
· x

b

=
b− x

√
3

b
√

3 + x
. (1)

Squaring and adding 1 yields
4(x2 + b2)
(b
√

3 + x)2
=

y2 + a2

a2
=

x2 + b2

a2
. Thus

4a2 = (b
√

3 + x)2, and x ≥ 0 implies that x = 2a − b
√

3, which is a
positive real number because a ≥ b. Equation (1) shows that y ≥ 0 if and
only if b − x

√
3 = b − (2a − b

√
3)
√

3 = 4b − 2a
√

3 ≥ 0. It follows that
a
b ≤ 2√

3
, and so ρ = 2√

3
. Hence ρ2 = 4

3 , and m + n = 7. This value of ρ is

achieved when a = 2, b =
√

3, x = 1, and y = 0.

15. (Answer: 181)

Let m be an integer such that (m + 1)3 − m3 = n2, which implies that
3(2m+1)2 = (2n− 1)(2n+1). Because 2n− 1 and 2n+1 are consecutive
odd integers, they are relatively prime. Thus 3 can only divide one of
2n − 1 and 2n + 1. Therefore either 2n − 1 = 3k2 and 2n + 1 = j2, or
2n − 1 = k2 and 2n + 1 = 3j2. The first case implies that j2 − 3k2 = 2,
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which can be shown to be impossible by examining the equation modulo
3. The second case implies that 4n = 3j2 + k2 and 3j2 − k2 = 2. Let
k = 2a+1 for some integer a. Then 3j2 = k2+2 = (2a+1)2+2. Therefore
4n = (2a + 1)2 + (2a + 1)2 + 2 = 8a2 + 8a + 4, or n = 2a2 + 2a + 1.
Furthermore, because 2n + 79 = d2 for some integer d, then 2n + 79 =
d2 = 2(2a2 + 2a + 1) + 79 = 4a2 + 4a + 81. This equation is equivalent to
80 = d2− (4a2 + 4a +1) = d2− (2a + 1)2 = (d− 2a− 1)(d +2a+ 1). Both
factors on the right side are of the same parity, so they both must be even.
Then the two factors on the right are either (2, 40), (4, 20), or (8, 10), and
(d, a) = (21, 9), (12, 7

2 ), (9, 0). The first solution gives n = 441−79
2 = 181,

and the last solution gives n = 81−79
2 = 1. Thus the largest such n is 181

(with m = 104).
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1. (Answer: 252)

Suppose at the beginning there are x students at the party. Then 0.6x
students are girls, and 0.4x students like to dance. When the 20 boys join
the party, there are 0.58(x + 20) girls at the party, which must equal the
original number of girls at the party. Thus 0.58(x + 20) = 0.6x, which
implies 0.58 · 20 = (0.6 − 0.58)x = 0.02x, and x = 580. Thus the current
number of students who like to dance is 0.40 · 580 + 20 = 252.

2. (Answer: 025)

A
B C

I

ME

G

Let h be the required altitude, and let B and C be the points of intersection
of AI with GE and GM , respectively. Then the fact that 4GEM is
similar to 4GBC implies that h−10

h = BC
10 . Thus BC = 10h−100

h , and the
area common to GEM and AIME equals 1

2 ·10h− 1
2 ( 10h−100

h )(h−10) = 80.
This equation reduces to 5h2 − 5(h − 10)2 = 80h, or 100h − 500 = 80h.
The required length is then 25.

3. (Answer: 314)

Let b = Ed and Sue’s biking rate, let j = their jogging rate, and let s =
their swimming rate. Then

2b + 3j + 4s = 74
4b + 2j + 3s = 91.

Adding −2 times the first equation to the second equation and solving for
j yields j = 57

4 − 5
4s. The only ordered pairs (s, j) that satisfy this equation

in which both s and j are positive integers are (1, 13), (5, 8), and (9, 3).
However, subtracting the first equation from the second equation and
solving for b yields b = s+j+17

2 , and only the ordered pair (5, 8) produces
an integer value (of 15) for b. Thus the sum of the squares of Ed’s rates
is 152 + 82 + 52 = 314.
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4. (Answer: 080)

Observe that if x is a positive integer, then

(x+42)2 = x2+84x+1764 < x2+84x+2008 < x2+90x+2025 = (x+45)2.

Because x2 + 84x + 2008 is a square, it is either (x + 43)2 or (x + 44)2.
In the first case, 2x = 159, which is impossible, and in the second case,
4x = 72, which implies x = 18. In that case, y = x + 44 = 62, and
x + y = 18 + 62 = 80.

OR

Complete the square in x to find that x2 + 84x + 1764 = (x + 42)2 =
y2 − 244. Letting v = x + 42, the condition y2 − v2 = 244 is equivalent to
(y − v)(y + v) = 2 · 2 · 61, whose only positive integer solutions are given
by y − v = 2 and y + v = 2 · 61. Thus the only two perfect squares that
differ by 244 are 602 and 622. Hence x = 60− 42 = 18, and y = 62.

5. (Answer: 014)

The slant height of the cone is
√

r2 + h2. This is the radius of the circle
described by the cone as it rolls on the table. The circumference of this
circle is 2π

√
r2 + h2. The circumference of the base of the cone is 2πr. The

cone makes 17 complete rotations in rolling back to its original position,
and so

17 =
2π
√

r2 + h2

2πr
=

√
1 +

(
h

r

)2

.

Thus
h

r
=

√
172 − 1 = 12

√
2,

and m + n = 14.

6. (Answer: 017)

Note that row r is an arithmetic progression with common difference 2r.
It can be shown by induction that the first element of row r is r(2r−1),
and thus the nth element of row r is r(2r−1)+(n−1)2r = 2r−1(r+2n−2),
for 1 ≤ n ≤ 51− r. For the element 2r−1(r + 2n− 2) to be a multiple of
67, it must be true that r + 2n− 2 is a multiple of 67, or that 2n ≡ 2− r
(mod 67). Multiplying both sides of this congruence by 34 yields 68n ≡
68 − 34r (mod 67), and the fact that 68 ≡ 1 (mod 67) and −34 ≡ 33
(mod 67) produces n ≡ 1 + 33r (mod 67). Now in odd-numbered rows,
the equations r = 2k − 1 and n ≡ 1 + 33r ≡ 66k − 32 ≡ 35− k (mod 67)
yield (k, r, n) = (1, 1, 34), (2, 3, 33), (3, 5, 32), . . . , (17, 33, 18). Note that
k > 17 does not produce any solutions, because row 2k − 1 has fewer
than 35 − k entries for k > 17. In even-numbered rows, the equations
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r = 2k and n ≡ 1 + 33r ≡ 66k + 1 ≡ 68 − k (mod 67) yield (k, r, n) =
(1, 2, 67), (2, 4, 66), . . . , (25, 50, 43), none of which correspond to entries in
the array, so there are no solutions in the even-numbered rows. Thus there
are 17 multiples of 67 in the array.

OR

Create a reduced array by dividing each new row by the largest common
factor of the elements in the row. The first few rows of this reduced array
will be

1 3 5 7 . . . 93 95 97 99
1 2 3 4 . . . 46 47 48 49

3 5 7 . . . 93 95 97
2 3 4 . . . 46 47 48

5 7 . . . 93 95.

Note that in row n, if n = 2k + 1, then the elements of row n + 1 will
have the form [(2i + 1) + (2i + 3)]/4 = i + 1. If n = 2k, then the elements
of row n + 1 will have the form [i + (i + 1)] = 2i + 1. Thus each odd-
numbered row consists of the consecutive odd integers from n to 100− n,
and each even-numbered row consists of the consecutive integers from n/2
to 50−n/2. Furthermore, because 67 is not divisible by 4, the entries in the
reduced array which are multiples of 67 correspond exactly to the entries
in the original array which are multiples of 67. The additive definition
of the array combined with the distributive property of multiplication
ensures this. Because all elements of the reduced array are between 1
and 99, the only elements of the array divisible by 67 are those equal to
67. All elements of the even-numbered row n are at most 50 − n/2, so
even-numbered rows contain no multiples of 67, and elements of the odd-
numbered row n are at most 100− n, so the odd-numbered rows up to 33
contain exactly one 67. Thus the reduced array contains 17 entries equal
to 67, and the original array contains 17 multiples of 67.

7. (Answer: 708)

Note that 12 = 1 ∈ S0. All sets Si contain a perfect square unless i is
so large that, for some integer a, a2 ∈ Sj with j < i, and (a + 1)2 ∈ Sk

with k > i. This implies that (a + 1)2 − a2 > 100, and hence a ≥ 50.
But 502 = 2500, which is a member of S25, so all sets S0, S1, S2, . . . , S25

contain at least one perfect square. Furthermore, for all i > 25, each set
Si which contains a perfect square can only contain one such square. The
largest value in any of the given set is 99999, and 3162 < 99999 < 3172.
Disregarding the first 50 squares dealt with above, there are 316−50 = 266
perfect squares, each the sole perfect square member of one of the 974 sets
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S26, S27, S28, . . . , S999. Thus there are 974 − 266 sets without a perfect
square, and the answer is 708.

8. (Answer: 047)

Applying the addition formula for tangent to tan(arctanx + arctan y) re-
sults in the formula arctanx + arctan y = arctan x+y

1−xy , which is valid for
0 < xy < 1. Thus arctan 1

3 +arctan 1
4 +arctan 1

5 = arctan 7
11 +arctan 1

5 =
arctan 23

24 . The left-hand side of the original equation is therefore equiv-
alent to arctan 23n+24

24n−23 . Because this must equal arctan 1, it follows that
n = 47.

9. (Answer: 190)

Because each crate has three different possible heights, there are 310

equally likely ways to stack the ten crates. Suppose a stack of crates
is 41 ft tall. Let x, y, and z be the number of crates with heights 3, 4, and
6 ft, respectively. Then x+y+z = 10 and 3x+4y+6z = 41. This system
is equivalent to the system x − 2z = −1 and y + 3z = 11, or x = 2z − 1,
y = 11− 3z. Because x ≥ 0 and y ≥ 0, z ∈ {1, 2, 3}, with each value of z
yielding a different solution (x, y, z):

(1, 8, 1), (3, 5, 2), (5, 2, 3).

For each ordered triple (x, y, z) there are 10!
x!y!z! equally likely ways to stack

the crates. Thus the number of ways to stack the crates is 10!
1!8!1! + 10!

3!5!2! +
10!

5!2!3! = 5130. The desired probability is 5130
310 = 190

37 , so the required value
of m is 190.

Note: Another way to find the ordered triples which solve the two given
equations is to notice that a stack of 10 crates must be at least 30 ft tall.
Each y crate adds 1 additional foot to the height, and each z crate adds 3
additional feet. The stack requires 11 more feet than the minimum of 30
feet, so y + 3z = 11.

10. (Answer: 032)

Because 30
√

7 = DE ≤ DA + AE = DA + 10
√

7, it follows that DA ≥
20
√

7. Let θ = ∠DCA. Applying the Law of Sines to 4DCA yields
10
√

21
sin(π/3) = DA

sin θ ≥ 20
√

7
sin θ , which implies sin θ ≥ 1. Then θ must be π

2 ,

DA = 20
√

7, and point E lies on the extension of side DA. Applying the
Pythagorean Theorem to 4DCA yields DC =

√
DA2 − CA2 = 10

√
7.

Then DF = DC · cos π
3 = 5

√
7. Therefore EF = DE − DF = 30

√
7 −

5
√

7 = 25
√

7, and m + n = 32.
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11. (Answer: 172)

Let an and bn be the number of permissible sequences of length n beginning
with A and B, respectively, and let xn = an + bn be the total number of
permissible sequences of length n. Any permissible sequence of length
n + 2 that begins with A must begin with AA followed by a permissible
sequence of length n, so that an+2 = xn for n ≥ 1. Any permissible
sequence of length n + 2 that begins with B must begin with a single B
followed by a permissible sequence of length n + 1 beginning with A, or
else it must begin with BB followed by a permissible sequence of length
n beginning with B. Thus bn+2 = an+1 + bn for n ≥ 1, and hence bn+2 =
an+1 + xn− an = xn + xn−1−xn−2. Because bn+2 = an+1 + bn, it follows
that

xn + xn−1 − xn−2 = xn−1 + (xn−2 + xn−3 − xn−4),

and so xn = 2xn−2 + xn−3 − xn−4 for n ≥ 5. Note that the permissible
sequences of length at most 4 are B, AA, AAB, BAA, BBB, AAAA, and
BAAB. Thus x1 = x2 = 1, x3 = 3, and x4 = 2. Applying these results
to the recursion given above produces the sequence 1, 1, 3, 2, 6, 6, 11, 16,
22, 37, 49, 80, 113, and 172, and the required value is 172.

12. (Answer: 375)

Let s be the speed of the cars in kilometers per hour. Then the number of
car lengths between consecutive cars is ds/15e(the least integer ≥ s

15 ), so
the distance between consecutive cars is 4ds/15emeters. Thus the distance
from the front of one car to the front of the next is d = 4ds/15e+4 meters.
In one hour each car travels 1000s meters. Let the interval from the front
of one car to the front of the next be called a gap. Then the number N of
gaps that pass the eye in one hour is

1000s

d
=

1000s

4ds/15e+ 4
=

250s

ds/15e+ 1
.

Let ds/15e = s
15 + ε, where 0 ≤ ε < 1. Then

N =
250s

s
15 + ε + 1

=
3750

1 + 15ε+15
s

.

The quantity
15ε + 15

s
is positive and approaches zero as s increases. Thus

N ≤ 3750, and by taking s sufficiently large, N can be made as close to
3750 as desired. Therefore, at a high enough speed, 3749.9 gaps will pass
the eye in one hour. Assuming that at the start of the hour the eye is
exactly even with the front of a car, it will be passed by one car in each of
the ensuing 3749 gaps, and by one additional car at the beginning of the
last 0.9 of a gap. Thus the eye will be passed by 3750 cars. The quotient
when 3750 is divided by 10 is 375.
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Note: With a little more calculation, it can be shown that the minimum
speed for which 3750 cars pass the eye is s = 56250 kph. Do not try this
at home!

13. (Answer: 040)
Applying the first five conditions in order yields a0 = 0, and then a1+a3+
a6 = 0, a1−a3+a6 = 0, a2+a5+a9 = 0, a2−a5+a9 = 0, which imply that
a3 = a5 = 0 and a6 = −a1, a9 = −a2. Thus p(x, y) = a1(x− x3) + a2(y −
y3)+a4xy +a7x

2y +a8xy2. Similarly, the next two conditions imply that
a8 = 0 and a7 = −a4, so that p(x, y) = a1(x−x3)+a2(y−y3)+a4(xy−x2y).
The last condition implies that −6a1−6a2−4a4 = 0, so that a4 = − 3

2 (a1+
a2). Thus p(x, y) = a1(x− x3 − 3

2 (xy − x2y)) + a2(y − y3 − 3
2 (xy − x2y)).

If p(r, s) = 0 for every such polynomial, then

0 = r − r3 − 3
2
(rs− r2s) =

1
2
r(r − 1)(3s− 2r − 2), and

0 = s− s3 − 3
2
(rs− r2s) =

1
2
s(2− 2s2 − 3r + 3r2).

The solutions to the first equation are r = 0 or 1, or s = 2
3 (r + 1).

Substituting r = 0 or 1 into the second equation implies that s = 0, 1, or
−1. If s = 0 and 3s− 2r − 2 = 0, then r = −1. These solutions represent
the first seven points. Finally, if s = 0 and s = 2

3 (r + 1), the second
equation reduces to

0 = 2−2s2−3r+3r2 = 2−2 · 4
9
(r2 +2r+1)−3r+3r2 =

10− 43r + 19r2

9
.

Because 10−43r+19r2 = (2−r)(5−19r), it follows that r = 2 or r = 5
19 .

In the first case s = 2, which produces the point (2, 2). The second case
yields s = 16

19 . Thus a + b + c = 5 + 16 + 19 = 40.

14. (Answer: 432)

A
B

C

D

O

P

Q

T
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Let O be the center of the circle, and let Q be the foot of the perpendicular
from B to line CT . Segment BQ meets the circle again (other than at B)
at D. Since AB is a diameter, ∠ADB = 90◦ and ADQP is a rectangle.
Then

BP 2 = PQ2 + BQ2 = AD2 + BQ2 = AB2 −BD2 + BQ2

= AB2 + (BQ−BD)(BQ + BD) = AB2 + DQ(BQ + BD).

Note that ABQP is a trapezoid with OT as its midline. Hence AB =
2OT = AP + BQ = DQ + BQ. Consequently

BQ + BD = BQ + BQ−DQ = 2BQ−DQ = 2(BQ + DQ)− 3DQ

= 2AB − 3DQ.

Combining the above shows that

BP 2 = AB2 + DQ(2AB − 3DQ) = AB2 +
4 · (3DQ)(2AB − 3DQ)

12
.

For real numbers x and y, 4xy ≤ (x + y)2. Hence

BP 2 ≤ AB2+
(3DQ + 2AB − 3DQ)2

12
=

4AB2

3
=

1296
3

, which equals 432.

This maximum may be obtained by setting 3DQ = 2AB−3DQ, or 3PA =
3DQ = AB = 2OT . It follows that AC

CO = PA
OT = 2

3 , implying that
CA = AB.

OR

Let ∠ABQ = α. Let R be on BQ such that OR⊥BQ. Let r be the
radius of the circle. To maximize BP 2, observe that BP 2 = PQ2 + BQ2,
and from 4BRO it follows that OR = r sin α and BR = r cos α. Thus
PQ = 2r sin α, and BQ = r + r cos α. Then

PB2 = (2r sin α)2 + (r + r cos α)2

= r2 + r2(4 sin2 α + 1 + 2 cos α + cos2 α)

= r2(5− 3 cos2 α + 2 cos α)

= −3r2

(
−5

3
+ cos2 α− 2

3
cos α

)

= −3r2

((
cos α− 1

3

)2

− 16
9

)
.

The maximum for PB2 is thus attained when cos α = 1
3 and has the value

92(16/3) = 432.

Query: Segment BP reaches its maximum length when lines AD, BP ,
and OT are concurrent. Why ?
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15. (Answer: 871)

Place the paper in the Cartesian plane with a corner at the origin and
two of the sides on the positive coordinate axes. Label the origin as O.
Let P be the point on the x-axis from which the cut starts, R be the
point of intersection of the two cuts made near this corner, Q the foot of
the perpendicular from R to the y-axis, S the foot of the perpendicular
from P to QR, and T the point of intersection of PS and OR (see the
accompanying figure).

T

R

S
Q

a

a

30°

30°

O P

45°

Let OP = a =
√

17. When the left and bottom edges of the paper are
folded up to create two sides of the tray, the cut edges will meet, by
symmetry, above the line y = x, that is, above segment OR. As the
bottom edge folds up, point P traces a circular arc, with the arc centered
at S and of radius SP . When the cut edges of the two sides meet, P will
be at the point P ′ directly above T . Because P ′T is perpendicular to the
xy-plane, P ′T is the height of the tray.
Observe that ∠ROP = 45◦. Applying the Law of Sines in 4OPR yields

PR = sin 45◦
OP

sin 30◦
= a

√
2.

Then in right triangle PRS,

SP = PR sin 75◦ = PR sin(45◦ + 30◦)
= PR(sin 45◦ cos 30◦ + sin 30◦ cos 45◦)

= a

(√
3 + 1
2

)
.

It then follows that

ST = SP − PT = a

(√
3 + 1
2

)
− a = a

(√
3− 1
2

)
.
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1. 1,2,3,. . .,4, . . . , 5
1, 2, 3, 4, . . . , 5

(Answer: 114)

Bill must have used 164 − 130 = 34 more ounces of red paint than blue
paint and 188− 130 = 58 more ounces of white paint than blue paint. It
follows that it took 34 + 58 = 92 ounces of paint to paint the pink stripe,
and therefore 92 ounces to paint each stripe. Thus 130− 92 = 38 ounces
of blue paint were left, and a total of 3 ·38 = 114 ounces of paint were left.

2. (Answer: 469)

It follows from the properties of exponents that

a(log3 7)2 + b(log7 11)2 + c(log11 25)2

= (alog3 7)log3 7 + (blog7 11)log7 11 + (clog11 25)log11 25

= 27log3 7 + 49log7 11 +
√

11
log11 25

= 33log3 7 + 72log7 11 + 11
1
2 ·log11 25

= 73 + 112 +
√

25 = 343 + 121 + 5 = 469.

3. (Answer: 141)

Because ∠EBA and ∠ACB are both complementary to ∠EBC, the angles
EBA and ACB are equal, and right triangles BAE and CBA are similar.
Thus

AE

AB
=

AB

BC
=

AB

2AE
.

Hence 2 · AE2 = AB2 and AD = 2 · AE = 2 · 100√
2

= 100
√

2. Because

141 < 100
√

2 < 142, the requested answer is 141.

4. (Answer: 089)

Let c be the number of children in the contest, and let g be the average
number of grapes eaten by each contestant. Then g is an integer, and
c · g = 2009 = 72 · 41. Furthermore, the number of grapes eaten by the
child in last place is g − (c− 1) ≥ 0, so c ≤ g + 1. Therefore the possible
choices for the ordered pair (c, g) are (1, 2009), (7, 287), and (41, 49). The
value of n = g + (c − 1) is minimized when (c, g) = (41, 49), and the
minimum value is 41 + 49− 1 = 89.

5. (Answer: 032)

Let circles B, C, and D be tangent to circle A at points X, Y , and Z,
respectively. Circle E has radius r. Because circles C and D are congruent,
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point E is on the diameter of circle A through point X. Note that AC = 8,
AE = r − 4, CE = r + 2, and ∠CAE = 60◦. Therefore by the Law of
Cosines, it follows that (r − 4)2 + 82 − 2(r − 4) · 8 · cos 60◦ = (r + 2)2.
Expanding and simplifying yields r2−8r+16+64−8(r−4) = r2 +4r+4.
Solving for r gives r = 27

5 . The requested answer is 27 + 5 = 32.

X

Y Z

r

A

E

C

6. (Answer: 750)

Let A be the number of ways in which 5 distinct numbers can be selected
from the set of the first 14 natural numbers, and let B be the number of
ways in which 5 distinct numbers, no two of which are consecutive, can
be selected from the same set. Then m = A − B. Because A =

(
14
5

)
, the

problem is reduced to finding B.
Consider the natural numbers 1 ≤ a1 < a2 < a3 < a4 < a5 ≤ 14. If no
two of them are consecutive, the numbers b1 = a1, b2 = a2−1, b3 = a3−2,
b4 = a4− 3, and b5 = a5− 4 are distinct numbers from the interval [1, 10].
Conversely, if b1 < b2 < b3 < b4 < b5 are distinct natural numbers from
the interval [1, 10], then a1 = b1, a2 = b2 +1, a3 = b3 +2, a4 = b4 +3, and
a5 = b5+4 are from the interval [1, 14], and no two of them are consecutive.
Therefore counting B is the same as counting the number of ways of
choosing 5 distinct numbers from the set of the first 10 natural numbers.
Thus B =

(
10
5

)
. Hence m = A−B =

(
14
5

)− (
10
5

)
= 2002− 252 = 1750 and

the answer is 750.

7. (Answer: 401)

The fact that
(

2m

m

)
=

2mm!(2m− 1)!!
m!m!

=
2m(2m− 1)!!

m!
is an integer im-

plies that if pa is a power of an odd prime dividing (2m)!!, then pa divides
m! and hence (2m − 1)!!. Thus any odd prime powers which divide the
denominator in any given term in the sum divide the numerator as well.
Therefore, when reduced to lowest terms, the denominator of the mth
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term in the sum is the highest power of 2 that divides (2m)!!. Hence 2ab
is the highest power of 2 dividing (2·2009)!! = 4018!!. Also note that b = 1
because b is odd and 2ab is a power of 2. Because 4018!! = 22009 · 2009!,
the highest power of 2 that divides 4018!! is

2009 +
⌊

2009
2

⌋
+

⌊
2009
22

⌋
+ · · ·+

⌊
2009
210

⌋
=

2009 + 1004 + 502 + 251 + 125 + 62 + 31 + 15 + 7 + 3 + 1 = 4010.

Thus the requested answer is
4010 · 1

10
= 401.

8. (Answer: 041)

The probability that Dave or Linda rolls a die k times to get the first six
is the probability that there are k − 1 rolls which are not six followed by
one roll of six, which is pk =

(
5
6

)k−1 (
1
6

)
. The probability that Dave will

need one roll and Linda will need one or two rolls is then p1(p1 +p2). The
probability that Dave will need k > 1 rolls and Linda will need k − 1, k,
or k + 1 rolls is then pk(pk−1 + pk + pk+1). It follows that the desired

probability is p1(p1 + p2) +
∞∑

k=2

pk(pk−1 + pk + pk+1). This is

1
6
·
(

1
6

+
5
6
· 1
6

)

+
∞∑

k=2

(
5
6

)k−1 (
1
6

) ((
5
6

)k−2 (
1
6

)
+

(
5
6

)k−1 (
1
6

)
+

(
5
6

)k (
1
6

))

=
(

1
6

)
·
(

6
36

+
5
36

)

+
∞∑

k=2

(
5
6

)k−1 (
1
6

)(
5
6

)k−2 (
1
6

) (
1 +

(
5
6

)
+

(
5
6

)2
)

=
11
63

+
91
64
·

5
6

1− (
5
6

)2

=
11
63

+
91
63
· 5
11

=
576

63 · 11
=

8
33

.

Thus the final answer is 8 + 33 = 41.

9. (Answer: 000)

Let (a, b, c) be a nonnegative integer solution to 4x+3y+2z = 2000. Then
(a + 1, b + 1, c + 1) is a positive integer solution to 4x + 3y + 2z = 2009.
Conversely, if (a, b, c) is a positive integer solution to 4x+3y +2z = 2009,
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then (a − 1, b − 1, c − 1) is a nonnegative integer solution to 4x + 3y +
2z = 2000. This establishes a one-to-one correspondence between the
nonnegative integer solutions to 4x + 3y + 2z = 2000 and the positive
integer solutions to 4x+3y +2z = 2009. The difference m−n is therefore
the number of nonnegative integer solutions to 4x+3y+2z = 2000 in which
xyz = 0. If x = 0, then 3y = 2(1000−z) and it follows that z must be one
more than a nonnegative multiple of 3, and z ≤ 1000. Thus the possible
values of z are 1, 4,. . ., 1000, and this is a total of 334 values. Similarly,
there are 501 solutions with y = 0, and 167 solutions with z = 0. Note
that the solutions (0, 0, 1000) and (500, 0, 0) are each counted twice, so the
total number of nonnegative integer solutions to 4x + 3y + 2z = 2000 in
which xyz = 0 is 334+501+167−2 = 1000, and the requested remainder
is 0.

(Note: Using a computer algebra system, one can verify that m = 83834
and n = 82834.)

10. (Answer: 096)

Note that 4ABC has a right angle at B. Place 4ABC on the coordinate
plane with A at the origin, B at (5, 0), C at (5, 12), and D at a point
(x, y). Let point E be at (10, 0); then ∠ACB equals ∠ECB. This means
that point D lies on the line segment CE. Then tan∠CEB = 12

5 = y
10−x ,

so 5y = 120− 12x. Thus

tan(∠BAD) = tan
(∠CAB

2

)
=

sin(∠CAB)
1 + cos(∠CAB)

=
12/13

1 + 5/13
=

12
18

=
y

x
.

It follows that 12x = 18y. Combining this with 5y = 120− 12x yields y =
120
23 and x = 180

23 . The distance from A to D is then
√(

180
23

)2 +
(

120
23

)2 =
60
23

√
32 + 22 = 60

√
13

23 . The requested answer is then 60 + 23 + 13 = 96.

11. (Answer: 125)

The inequality | log m − log k| < log n is equivalent to − log n < log m −
log k < log n, which is equivalent to log m

n < log k < log mn. Write
m = nq+r, where q is a positive integer and r is an integer with 0 ≤ r < n.
The inequality then becomes

log
(
q +

r

n

)
< log k < log(n(nq + r)).

There are n(nq + r)− q − 1 possible values of k, namely, q + 1, q + 2,. . .,
n(nq + r) − 1. By the given condition, n(nq + r) − q − 1 = 50 or (n2 −
1)q+nr = 51. The potential values of n are 2, 3,. . ., 7. The only solutions
are (n, q, r) = (2, 17, 0) and (3, 6, 1). Hence (m,n) = (34, 2) or (19, 3), and
mn = 68 or 57. Thus the sum is 125.
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12. (Answer: 803)

Let the pairs be (ai, bi) for i = 1, 2, 3,. . ., k, and set S =
k∑

i=1

(ai + bi).

From the given conditions, it follows that 1 + 2 + · · ·+ 2k ≤ S ≤ 2009 +
2008 + · · · + (2010 − k), giving k(2k + 1) ≤ 1

2k(4019 − k). Solving this
inequality for k yields k ≤ 4017

5 , and therefore k cannot exceed 803. This
value of 803 can be achieved by choosing pairs (1, 1207), (2, 1208),. . .,
(401, 1607), (402, 805),. . ., (803, 1206).

13. (Answer: 672)

A B

C 1

C 2

C 3
C 4

C 5

C 6

Draw the semicircular arc in the complex plane so that A is at −2 and
B is at 2. This arc is then half the circle of radius 2 centered at 0 and
the twelve given chords are congruent to the twelve chords AC1, AC2,
. . . , AC6, AC7,. . ., AC11, AC12, where C7, C8,. . ., C12 are the reflections
of C1, C2,. . ., C6 in the real axis. The 14 points A, B, C1, C2,. . ., C6,
C7, C8,. . ., C12 are then the 14 fourteenth roots of 214, all satisfying the
equation z14 = 214. The chord from point z to 2 has the same length as
the modulus of the complex number w = z − 2. These complex numbers
w each satisfy the equation (w + 2)14 = 214. The product of the lengths
of the original twelve chords and AB is the same as the modulus of the

product of the roots of the equation
(w + 2)14 − 214

w
= 0. The product

of the roots is equal to the constant term in the fraction when written as
a polynomial. According to the Binomial Theorem, this constant term is(
14
13

)
213 = 14 · 213. This product equals the required product times AB,

which equals 4, so n is
14 · 213

4
= 14 · 211 = 28672, and the requested

remainder is 672.

14. (Answer: 983)

The recursion formula is equivalent to an+1 = 2
(

4
5
an +

3
5

√
4n − a2

n

)
,

which resembles a sum-of-angles trigonometric identity with an = 2n sin α.
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Let θ = sin−1( 3
5 ). Then cos θ = 4

5 and

an+1 = 2
(

2n cos θ sin α + sin θ

√
4n(1− sin2 α)

)

=

{
2n+1 sin(α + θ), if cos α > 0
2n+1 sin(α− θ), if cos α < 0.

Because cos 45◦ < 4
5 < cos 30◦, it follows that 30◦ < θ < 45◦. Hence the

angle increases by θ until it reaches 3θ, after which it oscillates between
2θ and 3θ. Thus

an =





2n sin(nθ), if n = 0, 1, 2
2n sin(2θ), if n > 2 and even
2n sin(3θ), if n > 1 and odd.

Thus a10 = 210 sin 2θ = 1024 · 24
25 = 24576

25 , and the requested answer is
983.

15. (Answer: 014)
Let [XY Z] represent the area of 4XY Z.

A
B

C

M N
d

P Q

Let BC and AC intersect MN at points P and Q respectively, and let
CM
CN = x. Then

MP

NP
=

[BMC]
[BNC]

=
BM · CM sin ∠BMC

BN · CN sin ∠BNC
=

3x

4
.

Because NP = 1−MP , it follows that MP = 3x
3x+4 . Similarly,

MQ

NQ
=

[AMC]
[ANC]

=
AM · CM sin ∠AMC

AN · CN sin ∠ANC
= x,

giving MQ = x
x+1 . The fact that MQ−MP = d implies that x

x+1− 3x
3x+4 =

d, or equivalently, 3dx2 + (7d− 1)x + 4d = 0. Because the discriminant of
this equation, which is d2 − 14d + 1, must be nonnegative and 0 < d < 1,
the largest value of d is 7− 4

√
3, and r + s + t = 14.
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1. (Answer: 840)

For a 3-digit sequence to be geometric, there are numbers a and r such that
the terms of the sequence are a, ar, ar2. The largest geometric number
must have a ≤ 9. Because both ar and ar2 must be digits less than 9, r
must be a fraction less than 1 with a denominator whose square divides
a. For a = 9, the largest such fraction is 2

3 , and so the largest geometric
number is 964. The smallest geometric number must have a ≥ 1. Because
both ar and ar2 must be digits greater than 1, r must be at least 2 and
so the smallest geometric number is 124. Thus the required difference is
964− 124 = 840.

2. (Answer: 697)

Let z = a + bi. Then z = a + bi = (z + n)4i = −4b + 4i(a + n). Thus
a = −4b and b = 4(a + n) = 4(n − 4b). Solving the last equation for n

yields n =
b

4
+ 4b =

164
4

+ 4 · 164, so n = 697.

3. (Answer: 011)

The conditions of the problem imply that
(
8
3

)
p3(1−p)5 = 1

25

(
8
5

)
p5(1−p)3,

and hence (1−p)2 = 1
25p2, so that 1−p = 1

5p. Thus p = 5
6 , and m+n = 11.

4. (Answer: 177)

A B

C
D

N
S

P

M

Let point S be on AC such that NS is parallel to AB. Because 4ASN

is similar to 4ACD,
AS

AC
=

AP + PS

AC
=

AN

AD
=

17
2009

. Because 4PSN

is similar to 4PAM ,
PS

AP
=

SN

AM
=

17
2009CD
17

1000AB
=

1000
2009

, and so
PS

AP
+ 1 =

3009
2009

. Hence
17

2009AC

AP
=

3009
2009

, and
AC

AP
= 177.
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5. (Answer: 072)

Because the diagonals of APCM bisect each other, APCM is a parallelo-
gram. Thus AM is parallel to CP . Because 4ABM is similar to 4LBP ,
AM
LP = AB

BL = 1+ AL
BL . Apply the Angle Bisector Theorem in triangle ABC

to obtain AL
BL = AC

BC . Therefore AM
LP = 1 + AC

BC , and LP = AM ·BC
AC+BC . Thus

LP =
180 · 300
450 + 300

= 72.

A B

C

M

K

L

P

6. (Answer: 412)

For a positive integer k, consider the problem of counting the number of in-
tegers N such that xbxc = N has a solution with bxc = k. Then x = k

√
N ,

and because k ≤ x < k + 1, it follows that kk ≤ xk ≤ (k + 1)k − 1. Thus
there are (k +1)k−kk possible integer values of N for which the equation
xk = N has a solution. Because 54 < 1000 and 55 > 1000, the desired

number of values of N is
4∑

k=1

[(k + 1)k − kk] = 1 + 5 + 37 + 369 = 412.

7. (Answer: 041)

Rearranging the given equation and taking the logarithm base 5 of both
sides yields

an+1 − an = log5(3n + 5)− log5(3n + 2).

Successively substituting n = 1, 2, 3, . . . and adding the resulting equations
produces an+1−1 = log5(3n+5)−1. Thus the closed form for the sequence
is an = log5(3n + 2), which is an integer only when 3n + 2 is a positive
integer power of 5. The least positive integer power of 5 greater than 1 of
the form 3k + 2 is 53 = 125 = 3 · 41 + 2, so k = 41.
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8. (Answer: 398)

For n ≥ 1, let Tn denote the sum of all positive differences of all pairs of
elements of the set {20, 21, 22, . . . , 2n}. Given two elements in this set, if
neither equals 2n, then the difference of these elements contributes to the
sum Tn−1. Thus

Tn = Tn−1 +
(
2n − 2n−1

)
+

(
2n − 2n−2

)
+ · · ·+ (

2n − 20
)

= Tn−1 + n · 2n − (2n − 1) .

By applying this recursion repeatedly, it follows that

Tn =
n∑

k=1

(k · 2k − 2k + 1)

=
n∑

k=1

k · 2k −
n∑

k=1

2k +
n∑

k=1

1

=

(
n∑

k=1

k · 2k

)
− (2n+1 − 2) + n

=

(
n∑

k=1

(
n∑

i=k

2i

))
− (2n+1 − 2) + n

=

(
n∑

k=1

2k(2n−k+1 − 1)
2− 1

)
− (2n+1 − 2) + n

=

(
n∑

k=1

(2n+1 − 2k)

)
− (2n+1 − 2) + n

= n · 2n+1 − (2n+1 − 2)− (2n+1 − 2) + n

= (n− 2)2n+1 + n + 4.

Setting n = 10 gives T10 = 214 +14 = 16398. Thus the required remainder
is 398.

9. (Answer: 420)

The number of possible orderings of the given seven digits is
7!

4! 3!
= 35.

These 35 orderings correspond to 35 seven-digit numbers, and the digits
of each number can be subdivided to represent a unique combination of
guesses for A, B, and C. Thus, for a given ordering, the number of guesses
it represents is the number of ways to subdivide the seven-digit number
into three nonempty sequences, each with no more than four digits. These
subdivisions have possible lengths 1|2|4, 2|2|3, 1|3|3, and their permuta-
tions. The first subdivision can be ordered in 6 ways and the second and
third in 3 ways each, for a total of 12 possible subdivisions. Thus the total
number of guesses is 35 · 12 or 420.
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10. (Answer: 346)

Each acceptable seating arrangement can be specified in two steps. The
first step is to assign a planet to each chair according to the committee
rules. The second step is to assign an individual from the appropriate
planet to each seat. Because the committee members from each planet
can be seated in any of 5! ways, the second step can be completed in
(5!)3 ways. Thus N is the number of ways in which the first step can be
completed.
In clockwise order around the table, every group of one or more Martians
seated together must be followed by a group of one or more Venusians and
then a group of one or more Earthlings. Thus the possible assignments
of planets to chairs are in one-to-one correspondence with all sequences of
positive integers m1, v1, e1, . . . , mk, vk, ek with 1 ≤ k ≤ 5 and m1 + · · · +
mk = v1 + · · ·+ vk = e1 + · · ·+ ek = 5. For each k, the number of ordered
k-tuples (m1, . . . , mk) with m1 + · · ·+mk = 5 is

(
4

k−1

)
as are the numbers

of ordered k-tuples (v1, . . . , vk) with v1 + · · ·+vk = 5 and (e1, . . . , ek) with
e1 + · · ·+ ek = 5. Hence the number of possible assignments of planets to
chairs is

N =
5∑

k=1

(
4

k − 1

)3

= 13 + 43 + 63 + 43 + 13 = 346.

11. (Answer: 600)

First note that the distance from (0, 0) to the line 41x + y = 2009 is

|41 · 0 + 0− 2009|√
412 + 12

=
2009
29
√

2
,

and that this distance is the altitude of any of the triangles under consid-
eration. Thus such a triangle has integer area if and only if its base is an
even multiple of 29

√
2. There are 50 points with nonnegative integer coef-

ficients on the given line, namely, (0, 2009), (1, 1968), (2, 1927),. . ., (49, 0),
and the distance between any two consecutive points is 29

√
2. Thus a tri-

angle has positive integer area if and only if the base contains 3, 5, 7,. . .,
or 49 of these points, with the two outermost points being vertices of the
triangle. The number of bases with one of these possibilities is

48 + 46 + 44 + · · ·+ 2 =
24 · 50

2
= 600.

OR

Assume that the coordinates of P and Q are (x0, y0) and (x0+k, y0−41k),
where x0 and y0 are nonnegative integers such that 41x0 +y0 = 2009, and
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k is a positive integer. Then the area of 4OPQ is the absolute value of

1
2

∣∣∣∣∣∣

x0 + k y0 − 41k 1
x0 y0 1
0 0 1

∣∣∣∣∣∣
=

∣∣∣∣
1
2
(x0y0 + ky0 − x0y0 + 41kx0)

∣∣∣∣

=
∣∣∣∣
1
2
k(41x0 + y0)

∣∣∣∣ =
∣∣∣∣
1
2
· 2009k

∣∣∣∣ .

Thus the area is an integer if and only if k is a positive even integer. The
points Pi with coordinates (i, 2009 − 41i), 0 ≤ i ≤ 49, represent exactly
the points with nonnegative integer coordinates that lie on the line with
equation 41x + y = 2009. There are 50 such points. The pairs of points
(Pi, Pj) with j − i even and j > i are in one-to-one correspondence with
the triangles OPQ having integer area. Thus j − i = 2p, 1 ≤ p ≤ 24
and for each possible value of p, there are 50− 2p pairs of points (Pi, Pj)
meeting the conditions that Pi and Pj are points on 41x + y = 2009 with
j − i even and j > i. Thus the number of such pairs and the number of
triangles OPQ with integer area is

24∑
p=1

(50− 2p) =
24∑

q=1

2q = 2 · 24 · 25
2

= 600.

12. (Answer: 011)

Let E and F be the points of tangency on AI and BI, respectively. Let
IE = IF = x, AE = AD = y, BD = BF = z, r = the radius of the circle
ω, CD = h, and k be the area of triangle ABI. Then h =

√
yz, and so

r = 1
2

√
yz. Let s be the semiperimeter of 4ABI, so that s = x + y + z.

On one hand k = sr = 1
2 (x + y + z)

√
yz, and on the other hand, by

Heron’s Formula, k =
√

(x + y + z)xyz. Equating these two expressions
and simplifying yields 4x = x + y + z, or 4x = x + AB. Thus x = AB

3 and
2s = 2 · AB

3 + 2 ·AB = 8
3 ·AB. Hence m + n = 8 + 3 = 11.

13. (Answer: 090)

The definition gives

a3(a2 +1) = a1 +2009, a4(a3 +1) = a2 +2009, a5(a4 +1) = a3 +2009.

Subtracting adjacent equations yields a3 − a1 = (a3 + 1)(a4 − a2) and
a4 − a2 = (a4 + 1)(a5 − a3). Suppose that a3 − a1 6= 0. Then a4 − a2 6= 0,
a5 − a3 6= 0, and so on. Because |an+2 + 1| ≥ 2, it follows that 0 <

|an+3 − an+1| = |an+2−an|
|an+2+1| < |an+2 − an|, that is, |a3 − a1| > |a4 − a2| >

|a5 − a3| > · · · , which is a contradiction. Therefore an+2 − an = 0 for all
n ≥ 1, which implies that all terms with an odd index are equal, and all
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terms with an even index are equal. Thus as long as a1 and a2 are integers,
all the terms are integers. The definition of the sequence then implies that
a1 = a3 = a1+2009

a2+1 , giving a1a2 = 2009 = 72 · 41. The minimum value of
a1 + a2 occurs when {a1, a2} = {41, 49}, which has a sum of 90.

14. (Answer: 905)

For j = 1, 2, 3, 4, let mj be the number of ai’s that are equal to j. Then

m1 + m2 + m3 + m4 = 350,

S1 = m1 + 2m2 + 3m3 + 4m4 = 513, and

S4 = m1 + 24m2 + 34m3 + 44m4 = 4745.

Subtracting the first equation from the second, then the first from the
third yields

m2 + 2m3 + 3m4 = 163, and
15m2 + 80m3 + 255m4 = 4395.

Now subtracting 15 times the first of these equations from the second
yields 50m3 + 210m4 = 1950 or 5m3 + 21m4 = 195. Thus m4 must
be a nonnegative multiple of 5, and so m4 must be either 0 or 5. If
m4 = 0, then the mj ’s must be (226, 85, 39, 0), and if m4 = 5, then the
mj ’s must be (215, 112, 18, 5). The first set of values results in S2 =
12 · 226+22 · 85+32 · 39+42 · 0 = 917, and the second set of values results
in S2 = 12 · 215+22 · 112+32 · 18+42 · 5 = 905. Thus the minimum value
is 905.

15. (Answer: 150)

A

B

C

D

P

I
B

C
I
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Note that

∠BIBD = ∠IBBA + ∠BAD + ∠ADIB = ∠BAD +
∠DBA

2
+

∠ADB

2

and

∠CICD = ∠ICDA + ∠DAC + ∠ACIC = ∠DAC +
∠CDA

2
+

∠ACD

2
.

Because ∠BAD + ∠DAC = ∠BAC and ∠ADB + ∠CDA = 180◦, it
follows that

∠BIBD + ∠CICD = ∠BAC +
∠ACD

2
+

∠DBA

2
+ 90◦

= 180◦ +
∠BAC

2
.

(1)

The points P and IB must lie on opposite sides of BC, and BIBDP and
CICDP are convex cyclic quadrilaterals. If P and IB were on the same
side, then both BIBPD and CICPD would be convex. It would then
follow by (1) and the fact that quadrilaterals BIBPD and CICPD are
cyclic that

∠BPC = ∠BPD+∠DPC = ∠BIBD+∠CICD = 180◦+
∠BAC

2
> 180◦ ,

which is impossible.

By (1),

∠BPC = ∠BPD + ∠DPC = 180◦ − ∠BIBD + 180◦ − ∠CICD

= 180◦ − ∠BAC

2
.

Therefore, ∠BPC is constant, and so P lies on the arc of a circle passing
through B and C.
The Law of Cosines yields cos ∠BAC = 102+162−142

2·10·16 = 1
2 , and so ∠BAC =

60◦. Hence ∠BPC = 150◦, and the minor arc subtended by the chord
BC measures 60◦. Thus the radius of the circle is equal to BC = 14.
The maximum area of 4BPC occurs when BP = PC. Applying the Law
of Cosines to 4BPC with BP = PC = x yields 142 = 2x2 + x2

√
3, so

x2 =
196

2 +
√

3
= 196(2 − √3). The area of this triangle is

1
2
x2 sin 150◦ =

98− 49
√

3, and so a + b + c = 150.
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Problem 1  

Gary purchased a large beverage, but only drank m/n of it, where m and n are 

relatively prime positive integers. If he had purchased half as much and drunk twice 

as much, he would have wasted only 2/9 as much beverage. Find m+n.  

Problem 2  

On square , point lies on side and point lies on side , so that 

. Find the area of the square .  

Problem 3  

The degree measures of the angles in a convex 18-sided polygon form an increasing 

arithmetic sequence with integer values. Find the degree measure of the smallest 

angle.  

Problem 4  

In triangle ABC, AB=(20/11)AC. The angle bisector of angle A intersects BC at point 

D, and point M is the midpoint of AD. Let P be the point of intersection of AC and the 

line BM. The ratio of CP to PA can be expresses in the form m/n, where m and n are 

relatively prime positive integers. Find m+n.  

Problem 5  

The sum of the first 2011 terms of a geometric sequence is 200. The sum of the first 

4022 terms is 380. Find the sum of the first 6033 terms.  

Problem 6  

Define an ordered quadruple (a, b, c, d) as interesting if , 

and a+d>b+c. How many interesting ordered quadruples are there?  

Problem 7  

http://www.artofproblemsolving.com/Forum/code.php?hash=fb2f85c88567f3c8ce9b799c7c54642d0c7b41f6&sid=56811a0a2809805746a1e30d898022ad
http://www.artofproblemsolving.com/Forum/code.php?hash=e0184adedf913b076626646d3f52c3b49c39ad6d&sid=56811a0a2809805746a1e30d898022ad
http://www.artofproblemsolving.com/Forum/code.php?hash=6d95c1847219c633950f8f1ceca9761315abfc19&sid=56811a0a2809805746a1e30d898022ad
http://www.artofproblemsolving.com/Forum/code.php?hash=e69f20e9f683920d3fb4329abd951e878b1f9372&sid=56811a0a2809805746a1e30d898022ad
http://www.artofproblemsolving.com/Forum/code.php?hash=a7a051355c3e05fb5fb80de30930bee9d2eb7847&sid=56811a0a2809805746a1e30d898022ad
http://www.artofproblemsolving.com/Forum/code.php?hash=a3630935529034756af72827e6bf91430d4e4246&sid=56811a0a2809805746a1e30d898022ad
http://www.artofproblemsolving.com/Forum/code.php?hash=fb2f85c88567f3c8ce9b799c7c54642d0c7b41f6&sid=56811a0a2809805746a1e30d898022ad
http://www.artofproblemsolving.com/Forum/code.php?hash=f54ce3e809fb71ef7ea8edf87a59ac440c6dc1e0&sid=56811a0a2809805746a1e30d898022ad


Ed has five identical green marbles, and a large supply of identical red marbles. He 

arranges the green marbles and some of the red ones in a row and finds that the 

number of marbles whose right hand neighbor is the same color as themselves is 

equal to the number of marbles whose right hand neighbor is the other color. An 

example of such an arrangement is GGRRRGGRG. Let be the maximum number 

of red marbles for which such an arrangement is possible, and let be the number 

of ways he can arrange the marbles to satisfy the requirement. Find the 

remainder when is divided by .  

Problem 8  

Let , , , , be the 12 zeroes of the polynomial . For each , 

let be one of or . Then the maximum possible value of the real part of 

can be written as , where and are positive integers. Find 

.  

Problem 9  

Let , , , be nonnegative real numbers such that 

, and . Let and be 

positive relatively prime integers such that is the maximum possible value of 

. Find .  

Problem 10  

A circle with center has radius 25. Chord of length 30 and chord of 

length 14 intersect at point . The distance between the midpoints of the two 

chords is 12. The quantity can be represented as , where and are 

relatively prime positive integers. Find the remainder when is divided by 

1000.  

Problem 11  

Let be the matrix with entries as follows: for , ; for 

, ; all other entries in are zero. Let be 
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the determinant of matrix . Then can be represented as , 

where and are relatively prime positive integers. Find . Note: The 

determinant of the matrix is , and the determinant of the matrix 

; for , the determinant of an matrix with first row 

or first column is equal to 

, where is the determinant of the 

matrix formed by eliminating the row and column containing .  

Problem 12  

Nine delegates, three each from three different countries, randomly select chairs at 

a round table that seats nine people. Let the probability that each delegate sits next 

to at least one delegate from another country be , where and are relatively 

prime positive integers. Find .  

Problem 13  

Point lies on the diagonal of square with . Let and 

be the circumcenters of triangles and , respectively. Given that 

and , then , where and are 

positive integers. Find .  

Problem 14  

There are permutations of such that for 

, divides for all integers with . 

Find the remainder when is divided by 1000.  

Problem 15  

Let . A real number is chosen at random from the interval 

. The probability that is equal to 
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, where , , , , and are positive integers, and none of 

, , or is divisible by the square of a prime. Find .  

 

Problem 1  

Gary purchased a large beverage, but only drank m/n of it, where m and n are 

relatively prime positive integers. If he had purchased half as much and drunk twice 

as much, he would have wasted only 2/9 as much beverage. Find m+n.  

Solution  

Let be the fraction consumed, then is the fraction wasted. We have 

, or , or or . 

Therefore,  

Problem 2  

On square ABCD, point E lies on side AD and point F lies on side BC, so that 

BE=EF=FD=30. Find the area of the square ABCD.  

Solution  

Drawing the square and examining the given lengths, 

you find that the three segments cut the square 

into three equal horizontal sections. Therefore, (  being the side length), 
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, or . Solving for , we get , 

and  

Area of the square is  

Problem 3  

The degree measures of the angles in a convex 18-sided polygon form an increasing 

arithmetic sequence with integer values. Find the degree measure of the smallest 

angle.  

Solution  

The average angle in an 18-gon is . In an arithmetic sequence the average is 

the same as the median, so the middle two terms of the sequence average to . 

Thus for some positive (the sequence is increasing and thus non-constant) integer 

, the middle two terms are and . Since the step is the 

last term of the sequence is , which must be less than , since the 

polygon is convex. This gives , so the only suitable positive integer is 1. 

The first term is then  

Problem 4  

In triangle , . The angle bisector of intersects at point 

, and point is the midpoint of . Let be the point of the intersection of 

and . The ratio of to can be expressed in the form , where 

and are relatively prime positive integers. Find .  

Solutions  

Solution 1  
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Let be on such that . It follows that 

, so by the Angle Bisector 

Theorem. Similarly, we see by the midline theorem that . Thus, 

and .  

Solution 2  

Assign mass points as follows: by Angle-Bisector Theorem, , so 

we assign . Since , then 

, and .  

Solution 3  

By Menelaus' Theorem on with transversal , 

 

Problem 5 

The sum of the first 2011 terms of a geometric sequence is 200. The sum of the first 

4022 terms is 380. Find the sum of the first 6033 terms.  

Solution 
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Since the sum of the first terms is , and the sum of the fist terms is 

, the sum of the second terms is . This is decreasing from the first 

2011, so the common ratio (or whatever the term for what you multiply it by is) is 

less than one.  

Because it is a geometric sequence and the sum of the first 2011 terms is , 

second is , the ratio of the second terms to the first terms is 

. Following the same pattern, the sum of the third terms is 

.  

Thus,  

Sum of the first is  

Problem 6 

Define an ordered quadruple as interesting if , 

and . How many interesting ordered quadruples are there?  

Solution 

Rearranging the inequality we get . Let , then 

is a partition of 11 into 5 positive integers or 

equivalently: is a partition of 6 

into 5 non-negative integer parts. Via a standard balls and urns argument, the 

number of ways to partition 6 into 5 non-negative parts is . 

The interesting quadruples correspond to partitions where the second number is 

less than the fourth. By symmetry there as many partitions where the fourth is less 

than the second. So, if is the number of partitions where the second element is 

equal to the fourth, our answer is .  

We find as a sum of 4 cases:  

 two parts equal to zero, ways,  

 two parts equal to one, ways,  
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 two parts equal to two, ways,  

 two parts equal to three, way.  

Therefore, and our answer is  

Problem 7 

Ed has five identical green marbles, and a large supply of identical red marbles. He 

arranges the green marbles and some of the red ones in a row and finds that the 

number of marbles whose right hand neighbor is the same color as themselves is 

equal tot he number of marbles whose right hand neighbor is the other color. An 

example of such an arrangement is GGRRRGGRG. Let m be the maximum number 

of red marbles for which such an arrangement is possible, and let N be the number 

of ways he can arrange the m+5 marbles to satisfy the requirement. Find the 

remainder when N is divided by 1000.  

Solution 

We are limited by the number of marbles whose right hand neighbor is not the same 

color as the marble. By surrounding every green marble with red marbles - 

RGRGRGRGRGR. That's 10 "not the same colors" and 0 "same colors." Now, for 

every red marble we add, we will add one "same color" pair and keep all 10 "not the 

same color" pairs. It follows that we can add 10 more red marbles for a total of 16 

= m. We can place those ten marbles in any of 6 "boxes": To the left of the first 

green marble, to the right of the first but left of the second, etc. up until to the right 

of the last. This is a stars-and-bars problem, the solution of which can be found as 

where n is the number of stars and k is the number of bars. There are 10 

stars (The unassigned Rs, since each "box" must contain at least one, are not 

counted here) and 5 "bars," the green marbles. So the answer is , 

take the remainder when divided by 1000 to get the answer:  

Problem 8 

http://www.artofproblemsolving.com/Forum/code.php?hash=ed8c949825eadcd36abb2b32078bcf9094ff9302&sid=6c0ebd078d1f27cd87887ccc8b2cfb8f
http://www.artofproblemsolving.com/Forum/code.php?hash=7d7b36a009a7a91c656a671945298f5b61e9576d&sid=6c0ebd078d1f27cd87887ccc8b2cfb8f
http://www.artofproblemsolving.com/Forum/code.php?hash=0eb8d6cf520f1d7d3646544329b713cbcdb5f22f&sid=6c0ebd078d1f27cd87887ccc8b2cfb8f
http://www.artofproblemsolving.com/Forum/code.php?hash=f791163ba65ff6831891098e0d328874e711a7b0&sid=6c0ebd078d1f27cd87887ccc8b2cfb8f
http://www.artofproblemsolving.com/Forum/code.php?hash=bdaf11fff27b3d28abaae0ea1a90f0915aaa598e&sid=7bbe811e25ce0f97ca9c33ef5dc51906
http://www.artofproblemsolving.com/Forum/code.php?hash=119db2964fa767fbdcfafff7499307f18f9ab404&sid=7bbe811e25ce0f97ca9c33ef5dc51906
http://www.artofproblemsolving.com/Forum/code.php?hash=a8dd75c7a663931b29c87b93736563f27575cb87&sid=7bbe811e25ce0f97ca9c33ef5dc51906


Let , , , , be the 12 zeroes of the polynomial . For each , 

let be one of or . Then the maximum possible value of the real part of 

can be written as , where and are positive integers. Find 

.  

Solution  

 

The twelve dots above represent the 12 roots of the equation . If we 

write , then the real part of is and the real part of is . The blue 

dots represent those roots for which the real part of is greater than the real part 

of , and the red dots represent those roots for which the real part of is 

greater than the real part of . Now, the sum of the real parts of the blue dots is 

easily seen to be and the negative of the sum of the 

imaginary parts of the red dots is easily seen to also be . Hence our 

desired sum is , giving the answer .  

Problem 9 

Let be non-negative real numbers such that 

, and . Let and be 

positive relatively prime integers such that is the maximum possible value of 

. Find .  
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Solution 

Note that neither the constraint nor the expression we need to maximize involves 

products with . Factoring out say and we see that 

the constraint is , while the expression we want to 

maximize is . Adding the 

left side of the constraint to the expression we get: 

. This 

new expression is the product of three non-negative terms whose sum is equal to 1. 

By AM-GM this product is at most . Since we have added at least the desired 

maximum is at most . It is easy to see that this upper bound can in fact 

be achieved by ensuring that the constraint expression is equal to with 

—for example, by choosing and small 

enough—so our answer is  

An example is:  

Another example is  

Problem 10  

A circle with center O has radius 25. Chord of length 30 and chord of 

length 14 intersect at point P. The distance between the midpoints of the two chords 

is 12. The quantity can be expressed as , where m and n are relatively 

prime positive integers. Find the remainder when m + n is divided by 1000.  

Solution  

Let and be the midpoints of and , respectively, such that 

intersects .  
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Since and are midpoints, and .  

and are located on the circumference of the circle, so .  

The line through the midpoint of a chord of a circle and the center of that circle is 

perpendicular to that chord, so and are right triangles (with 

and being the right angles). By the Pythagorean Theorem, 

, and .  

Let , , and be lengths , , and , respectively. OEP and OFP are 

also right triangles, so , and 

 

We are given that has length 12, so, using the Law of Cosines with :  

 

Substituting for and , and applying the Cosine of Sum formula:  

 

and are acute angles in right triangles, so substitute 

opposite/hypotenuse for sines and adjacent/hypotenuse for cosines:  

 

Combine terms and multiply both sides by : 

 

Combine terms again, and divide both sides by 64: 

 

Square both sides: 

 

This reduces to ; (4050 + 7) divided by 1000 has remainder 

.  

Problem 11 
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Let be the n x n matrix with entries as follows: for , ; for 

, ; all other entries in are zero. Let be 

the determinant of the matrix . Then can be represented as 

where p and q are relatively prime positive integers. Find p + q.  

Note: The determinant of the 1 x 1 matrix is a, and the determinant of 

the 2 x 2 matrix is ad-bc; for n 2, the determinant of an n x n matrix 

with first row or first column . . . . is equal to 

where is the determinant of the 

(n-1) x (n-1) matrix found by eliminating the row and column containing .  

 

Solution 

 

 

 

 

 

Using the expansionary/recursive definition of determinants (also stated in the 

problem):  

 

 

This pattern repeats because the first element in the first row of is always 10, 

the second element is always 3, and the rest are always 0. The ten element directly 

expands to . The three element expands to 3 times the determinant of the 
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the matrix formed from omitting the second column and first row from the original 

matrix. Call this matrix . has a first column entirely of zeros except for the 

first element, which is a three. A property of matrices is that the determinant can be 

expanded over the rows instead of the columns (still using the recursive definition 

as given in the problem), and the determinant found will still be the same. Thus, 

expanding over this first column yields . Thus, 

the expression turns into . Thus, the equation 

holds for all n > 2.  

 

This equation can be rewritten as . This version 

of the equation involves the difference of successive terms of a recursive sequence. 

Calculating backwards from the recursive formula and from the formula 

yields . Examining the differences between successive terms, a 

pattern emerges.  

 

 

 

 

Thus, .  

Thus, the desired sum is  

This is an infinite geometric sequence with first term and common ratio . Thus, 

the sum is .  

Thus, p + q = 1 + 72 =  

Problem 12  

Nine delegates, three each from three different countries, randomly select chairs at 

a round table that seats nine people. Let the probability that each delegate sits next 
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to at least one delegate from another country be , where and are relatively 

prime positive integers. Find .  

Solution  

Use complementary probability and PIE.  

If we consider the delegates from each country to be indistinguishable and number 

the chairs, we have total ways to seat the candidates. This comes to: 

 

Of these there are ways to have the candidates of at least some one 

country sit together. This comes to  

Among these there are ways for candidates from two countries to each sit 

together. This comes to  

Finally, there are ways for the candidates from all the countries to sit in 

three blocks (9 clockwise arrangements, and 9 counter-clockwise arrangements).  

So, by PIE, the total count of unwanted arrangements is 

 

So the fraction Thus 

 

Problem 

Point P lies on the diagonal AC of square ABCD with AP > CP. Let and be the 

circumcenters of triangles ABP and CDP respectively. Given that AB = 12 and 

, then , where a and b are positive integers. Find 

a + b.  

 

Solution 
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Denote the midpoint of DC be E and the midpoint of AB be F. Because they are the 

circumcenters, both Os lie on the perpendicular bisectors of AB and CD and these 

bisectors go through E and F.  

 

It is given that . Because and are radii of the same circle, 

the have the same length. This is also true of and . Because 

, . Thus, 

and are isosceles right triangles. Using the given information above and 

symmetry, . Because ABP and ADP share one side, have one side 

with the same length, and one equal angle, they are congruent by SAS. This is also 

true for triangle CPB and CPD. Because angles APB and APD are equal and they sum 

to 120 degrees, they are each 60 degrees. Likewise, both angles CPB and CPD have 

measures of 120 degrees.  

 

Because the interior angles of a triangle add to 180 degrees, angle ABP has measure 

75 degrees and angle PDC has measure 15 degrees. Subtracting, it is found that 

both angles and have measures of 30 degrees. Thus, both triangles 

and are 30-60-90 right triangles. Because F and E are the midpoints 

of AB and CD respectively, both FB and DE have lengths of 6. Thus, 

. Because of 45-45-90 right triangles, .  

 

Now, using Law of Cosines on triangle ABP and letting AP be x,  

 

 

 

 

Using quadratic formula,  
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Because it is given that , , so the minus version of the 

above equation is too small. Thus, and a + b = 24 + 72 =  

Problem 14 

There are N permutations of 1, 2, ... , 30 such that for 

, m divides for all integers n with . 

Find the remainder when N is divided by 1000.  

 1 Problem 14  

 2 Solutions  

 2.1 Solution 1  

 2.2 Solution 2  

 

Solutions 

Solution 1 

Each position in the 30-position permutation is uniquely defined by an ordered triple 

. The nth position is defined by this ordered triple where i is n mod 2, j is n 

mod 3, and k is n mod 5. There are 2 choices for i, 3 for j, and 5 for k, yielding 

2*3*5=30 possible triples. Because the least common multiple of 2, 3, and 5 is 30, 

none of these triples are repeated and all are used. By the conditions of the problem, 

if i is the same in two different triples, then the two numbers in these positions must 

be equivalent mod 2. If j is the same, then the two numbers must be equivalent mod 

3, and if k is the same, the two numbers must be equivalent mod 5.  

The ordered triple (or position) in which the number one can be placed has 2 options 

for i, 3 for j, and 5 for k, resulting in 30 different positions it can be placed.  

The ordered triple where 2 can be placed in somewhat constrained by the placement 

of the number 1. Because 1 is not equivalent to 2 mod 2, 3, or 5, the i, j, and k in 

their ordered triples must be different. Thus, for the number 2, there are (2-1) 
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choices for i, (3-1) choices for j, and (5-1) choices for k. Thus, there are 1*2*4=8 

possible placements for the number two once the number one is placed.  

Because 3 is equivalent to 1 mod 2, it must have the same i as the ordered triple of 

1. Because 3 is not equivalent to 1 or 2 mod 3 or 5, it must have different j and k 

values. Thus, there is 1 choice for i, (2-1) choices for j, and (4-1) choices for k, for 

a total of 1*1*3=3 choices for the placement of 3.  

As above, 4 is even, so it must have the same value of i as 2. It is also 1 mod 3, so 

it must have the same j value of 2. 4 is not equivalent to 1, 2, or 3 mod 5, so it must 

have a different k value than that of 1, 2, and 3. Thus, there is 1 choice for i, 1 choice 

for j, and (3-1) choices for k, yielding a total of 1*1*2=2 possible placements for 4.  

5 is odd and is equivalent to 2 mod 3, so it must have the same i value as 1 and the 

same j value of 2. 5 is not equivalent to 1, 2, 3, or 4 mod 5, so it must have a 

different k value from 1, 2, 3, and 4. However, 4 different values of k are held by 

these four numbers, so 5 must hold the one remaining value. Thus, only one 

possible triple is found for the placement of 5.  

All numbers from 6 to 30 are also fixed in this manner. All values of i, j, and k have 

been used, so every one of these numbers will have a unique triple for placement, 

as above with the number five. Thus, after 1, 2, 3, and 4 have been placed, the rest 

of the permutation is fixed.  

Thus, N = 30*8*3*2=30*24=1440. Thus, the remainder when N is divided by 1000 

 

Solution 2 

We observe that the condition on the permutations means that two numbers with 

indices congruent are themselves congruent for 

Furthermore, suppose that Then, there are indices 

congruent to and numbers congruent to because 2, 

3, and 5 are all factors of 30. Therefore, since every index congruent to must 

contain a number congruent to and no number can appear twice in the 

permutation, only the indices congruent to contain numbers congruent to In 

other words,  

This tells us that in a valid permutation, the congruence classes are simply 

swapped around, and if the set is a congruence class for 2, 3, or 5, 

the set is still a congruence class Clearly, each valid 

permutation of the numbers 1 through 30 corresponds to exactly one permutation 
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of the congruence classes modulo 2, 3, and 5. Also, if we choose some permutations 

of the congruence classes modulo 2, 3, and 5, they correspond to exactly one valid 

permutation of the numbers 1 through 30. This can be shown as follows: First of all, 

the choice of permutations of the congruence classes gives us every number in the 

permutation modulo 2, 3, and 5, so by the Chinese Remainder Theorem, it gives us 

every number Because the numbers must be between 1 and 30 

inclusive, it thus uniquely determines what number goes in each index. Furthermore, 

two different indices cannot contain the same number. We will prove this by 

contradiction, calling the indices and for If then they must 

have the same residues modulo 2, 3, and 5, and so modulo 2, 3, and 5. Again 

using the Chinese Remainder Theorem, we conclude that so 

because and are both between 1 and 30 inclusive, giving us a 

contradiction. Therefore, every choice of permutations of the congruence classes 

modulo 2, 3, and 5 corresponds to exactly one valid permutation of the numbers 1 

through 30.  

We have now established a bijection between valid permutations of the numbers 1 

through 30 and permutations of the congruence classes modulo 2, 3, and 5, so 

is equal to the number of permutations of congruence classes. There are always 

congruence classes so 

 

Problem 15 

Let . A real number is chosen at random from the interval 

. The probability that is equal to 

, where , , , , and are positive integers. Find 

.  

Solution 

Table of values of :  
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In order for to hold, must be an integer and 

hence must be a perfect square. This limits to or or 

since, from the table above, those are the only values of for which 

is an perfect square. However, in order for to be rounded down to 

, must not be greater than the next perfect square after (for 

the said intervals). Note that in all the cases the next value of always passes 

the next perfect square after , so in no cases will all values of in the said 

intervals work. Now, we consider the three difference cases.  

 

Case :  

must not be greater than the first perfect square after , which is . Since 

is increasing for , we just need to find where and the values 

that will work will be .  

 

So in this case, the only values that will work are .  

Case :  

must not be greater than the first perfect square after , which is .  

 

So in this case, the only values that will work are .  
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Case :  

must not be greater than the first perfect square after , which is .  

 

So in this case, the only values that will work are .  

Now, we find the length of the working intervals and divide it by the length of the 

total interval, :  

 

So the answer is .  
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