












































































































































































1. Find the sum of all positive two-digit integers that are divisible by
each of their digits.

2. A finite set S of distinct real numbers has the following properties:
the mean of S ∪ {1} is 13 less than the mean of S, and the mean of
S ∪ {2001} is 27 more than the mean of S.

3. Find the sum of all the roots, real and non-real, of the equation
x2001 + (1

2 − x)2001 = 0, given that there are no multiple roots.

4. In triangle ABC, angles A and B measure 60 degrees and 45 degrees,
respectively. The bisector of angle A intersects BC at T , and AT = 24.
The area of the triangle ABC can be written in the form a+b

√
c, where

a, b, and c are positive integers, and c is not divisible by the square of
any prime. Find a + b + c.

5. An equilateral triangle is inscribed in the ellipse whose equationis
x2 + 4y2 = 4. One vertex of the triangle is (0, 1), one altitude is con-
tained in the y-axis, and the length of each side is

√
m
n , where m and

n are relatively prime positive integers. Find m + n.

6. A fair die is rolled four times. The probability that each of the final
three rolls is at least as large as the roll preceding it may be expressed
in the form m/n, where m and n are relatively prime positive integers.
Find m + n.

7. Triange ABC has AB = 21, AC = 22, and BC = 20. Points D and
E are located on AB and AC, respectively, such that DE is parallel
to BC and contains the center of the inscribed circle of triangle ABC.
Then DE = m/n, where m and n are relatively prime positive integers.
Find m + n.

8. Call a positive integer N a 7-10 double if the digits of the base-7 rep-
resentation of N form a base-10 number that is twice N . For example,
51 is a 7-10 double because its base-7 representation is 102. What is
the largest 7-10 double?

9. in triangle ABC, AB = 13, BC = 15 and CA = 17. Point D is on
AB, E is on BC, and F is on CA. Let AD = p ·AB, BE = q ·BC, and
CF = r ·CA, where p, q, and r are positive and satisfy p + q + r = 2/3
and p2 + q2 + r2 = 2/5. The ratio of the area of triangle DEF to the
area of triangle ABC can be written in the form m/n, where m and
n are relatively prime positive integers. Find m + n.



10. Let S be the set of points whose coordinates x, y, and z are integers
that satisfy 0 ≤ x ≤ 2, 0 ≤ y ≤ 3, and 0 ≤ z ≤ 4. Two distinct points
are randomly chosen from S. The probability that the midpoint of the
segment they determine also belongs to S is m/n, where m and n are
relatively prime positive integers. Find m + n.

11. In a rectangular array of points, with 5 rows and N columns, the points
are numbered consecutively from left to right beginning with the top
row. Thus the top row is numbered 1 through N , the second row is
numbered N +1 through 2N , and so forth. Five points, P1, P2, P3, P4,
and P5, are selected so that each Pi is in row i. Let xi be the number
associated with Pi. Now renumber the array consecutively from top
to bottom, beginning with the first column. Let yi be the number
associated with Pi after renumbering. It is found that x1 = y2, x2 = y1,
x3 = y4, x4 = y5, and x5 = y3. Find the smallest possible value of N .

12. A sphere is inscribed in the tetrahedron whose vertices are A = (6, 0, 0),
B = (0, 4, 0), C = (0, 0, 2), and D = (0, 0, 0). The radius of the sphere
is m/n, where m and n are relatively prime positive integers. Find
m + n.

13. In a certain circle, the chord of a d-degree arc is 22 centimeters longer
than the chord of a 3d-degree arc, where d < 120. The length of the
chord of a 3d-degree arc is −m +

√
n centimeters, where m and n are

positive integers. Find m + n.

14. A mail carrier delivers mail to the nineteen houses on the east side
of Elm Street. The carrier notices that no two adjacent houses ever
get mail on the same day, but that there are never more than two
houses in a row that get no mail on the same day. How many different
patterns of mail delivery are possible?

15. The numbers 1, 2, 3, 4, 5, 6, 7, and 8 are randomly written on the faces
of a regular octahedron so that each face contains a different number.
The probability that no two consecutive numbers, where 8 and 1 are
considered to be consecutive, are written on faces that share an edge
is m/n, where m and n are relatively prime positive integers. Find
m + n.
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1. Many states use a sequence of three letters followed by a sequence of three digits
as their standard license-plate pattern. Given that each three-letter three-digit
arrangement is equally likely, the probability that such a license plate will contain
at least one palindrome (a three-letter arrangement or a three-digit arrangement
that reads the same left-to-right as it does right-to-left) is m/n, where m and n
are relatively prime positive integers. Find m + n.

2. The diagram shows twenty congruent circles arranged in three rows and enclosed
in a rectangle. The circles are tangent to one another and to the sides of the
rectangle as shown in the diagram. The ratio of the longer dimension of the
rectangle to the shorter dimension can be written as 1

2 (
√

p− q), where p and q are
positive integers. Find p + q.
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3. Jane is 25 years old. Dick is older than Jane. In n years, where n is a positive
integer, Dick’s age and Jane’s age will both be two-digit numbers and will have
the property that Jane’s age is obtained by interchanging the digits of Dick’s age.
Let d be Dick’s present age. How many ordered pairs of positive integers (d, n)
are possible?

4. Consider the sequence defined by ak =
1

k2 + k
for k ≥ 1. Given that am +am+1 +

· · ·+ an−1 = 1/29, for positive integers m and n with m < n, find m + n.

5. Let A1, A2, A3, . . . , A12 be the vertices of a regular dodecagon. How many dis-
tinct squares in the plane of the dodecagon have at least two vertices in the set
{A1, A2, A3, . . . , A12}?

6. The solutions to the system of equations

log225 x + log64 y = 4
logx 225− logy 64 = 1
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are (x1, y1) and (x2, y2). Find log30(x1y1x2y2).

7. The Binomial Expansion is valid for exponents that are not integers. That is, for
all real numbers x, y, and r with |x| > |y|,

(x + y)r = xr + rxr−1y +
r(r − 1)

2!
xr−2y2 +

r(r − 1)(r − 2)
3!

xr−3y3 + . . .

What are the first three digits to the right of the decimal point in the decimal
representation of (102002 + 1)10/7?

8. Find the smallest integer k for which the conditions
(1) a1, a2, a3, . . . is a nondecreasing sequence of positive integers
(2) an = an−1 + an−2 for all n > 2
(3) a9 = k

are satisfied by more than one sequence.

9. Harold, Tanya, and Ulysses paint a very long picket fence.
Harold starts with the first picket and paints every hth picket;
Tanya starts with the second picket and paints every tth picket; and
Ulysses starts with the third picket and paints every uth picket.
Call the positive integer 100h+10t+u paintable when the triple (h, t, u) of positive
integers results in every picket being painted exactly once. Find the sum of all the
paintable integers.

10. In the diagram below, angle ABC is a right angle. Point D is on BC, and AD
bisects angle CAB. Points E and F are on AB and AC, respectively, so that
AE = 3 and AF = 10. Given that EB = 9 and FC = 27, find the integer closest
to the area of quadrilateral DCFG.
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11. Let ABCD and BCFG be two faces of a cube with AB = 12. A beam of light
emanates from vertex A and reflects off face BCFG at point P , which is 7 units
from BG and 5 units from BC. The beam continues to be reflected off the faces
of the cube. The length of the light path from the time it leaves point A until it
next reaches a vertex of the cube is given by m

√
n, where m and n are integers

and n is not divisible by the square of any prime. Find m + n.

12. Let F (z) =
z + i

z − i
for all complex numbers z 6= i, and let zn = F (zn−1) for all

positive integers n. Given that z0 = 1
137 + i and z2002 = a + bi, where a and b are

real numbers, find a + b.

13. In triangle ABC, the medians AD and CE have lengths 18 and 27, respectively,
and AB = 24. Extend CE to intersect the circumcircle of ABC at F . The area of
triangle AFB is m

√
n, where m and n are positive integers and n is not divisible

by the square of any prime. Find m + n.

14. A set S of distinct positive integers has the following property: for every integer
x in S, the arithmetic mean of the set of values obtained by deleting x from S is
an integer. Given that 1 belongs to S and that 2002 is the largest element of S,
what is the greatest number of elements that S can have?

15. Polyhedron ABCDEFG has six faces. Face ABCD is a square with AB = 12;
face ABFG is a trapezoid with AB parallel to GF , BF = AG = 8, and GF = 6;
and face CDE has CE = DE = 14. The other three faces are ADEG, BCEF ,
and EFG. The distance from E to face ABCD is 12. Given that EG2 = p−q

√
r,

where p, q, and r are positive integers and r is not divisible by the square of any
prime, find p + q + r.
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1. Given that
(1) x and y are both integers between 100 and 999, inclusive;
(2) y is the number formed by reversing the digits of x; and
(3) z = |x− y|.

How many distinct values of z are possible?

2. Three of the vertices of a cube are P = (7, 12, 10), Q = (8, 8, 1), and R = (11, 3, 9).
What is the surface area of the cube?

3. It is given that log6 a + log6 b + log6 c = 6, where a, b, and c are positive integers
that form an increasing geometric sequence and b− a is the square of an integer.
Find a + b + c.

4. Patio blocks that are regular hexagons 1 unit on a side are used to outline a garden
by placing the blocks edge to edge with n on each side. The diagram indicates the
path of blocks around the garden when n = 5.
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If n = 202, then the area of the garden enclosed by the path, not including the
path itself, is m(

√
3/2) square units, where m is a positive integer. Find the

remainder when m is divided by 1000.
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5. Find the sum of all positive integers a = 2n3m, where n and m are non-negative
integers, for which a6 is not a divisor of 6a.

6. Find the integer that is closest to 1000
10000∑
n=3

1
n2 − 4

.

7. It is known that, for all positive integers k,

12 + 22 + 32 + · · ·+ k2 =
k(k + 1)(2k + 1)

6
.

Find the smallest positive integer k such that 12 + 22 + 32 + · · ·+ k2 is a multiple
of 200.

8. Find the least positive integer k for which the equation
⌊

2002
n

⌋
= k has no integer

solutions for n. (The notation bxc means the greatest integer less than or equal
to x.)

9. Let S be the set {1, 2, 3, . . . , 10}. Let n be the number of sets of two non-empty
disjoint subsets of S. (Disjoint sets are defined as sets that have no common
elements.) Find the remainder obtained when n is divided by 1000.

10. While finding the sine of a certain angle, an absent-minded professor failed to
notice that his calculator was not in the correct angular mode. He was lucky to
get the right answer. The two least positive real values of x for which the sine of
x degrees is the same as the sine of x radians are

mπ

n− π
and

pπ

q + π
, where m, n,

p and q are positive integers. Find m + n + p + q.

11. Two distinct, real, infinite geometric series each have a sum of 1 and have the
same second term. The third term of one of the series is 1/8, and the second term

of both series can be written in the form
√

m− n

p
, where m, n, and p are positive

integers and m is not divisible by the square of any prime. Find 100m + 10n + p.
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12. A basketball player has a constant probability of .4 of making any given shot,
independent of previous shots. Let an be the ratio of shots made to shots at-
tempted after n shots. The probability that a10 = .4 and an ≤ .4 for all n such
that 1 ≤ n ≤ 9 is given to be paqbr/(sc), where p, q, r, and s are primes, and a,
b, and c are positive integers. Find (p + q + r + s)(a + b + c).

13. In triangle ABC, point D is on BC with CD = 2 and DB = 5, point E is on AC
with CE = 1 and EA = 3, AB = 8, and AD and BE intersect at P . Points Q
and R lie on AB so that PQ is parallel to CA and PR is parallel to CB. It is
given that the ratio of the area of triangle PQR to the area of triangle ABC is
m/n, where m and n are relatively prime positive integers. Find m + n.

14. The perimeter of triangle APM is 152, and angle PAM is a right angle. A circle
of radius 19 with center O on AP is drawn so that it is tangent to AM and PM .
Given that OP = m/n, where m and n are relatively prime positive integers, find
m + n.

15. Circles C1 and C2 intersect at two points, one of which is (9, 6), and the product
of their radii is 68. The x-axis and the line y = mx, where m > 0, are tangent to
both circles. It is given that m can be written in the form a

√
b/c, where a, b, and

c are positive integers, b is not divisible by the square of any prime, and a and c
are relatively prime. Find a + b + c.
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1. Given that
((3!)!)!

3!
= k ·n!, where k and n are positive integers and n is as large

as possible, find k + n.

2. One hundred concentric circles with radii 1, 2, 3, . . . , 100 are drawn in a plane.
The interior of the circle of radius 1 is colored red, and each region bounded by
consecutive circles is colored either red or green, with no two adjacent regions
the same color. The ratio of the total area of the green regions to the area of
the circle of radius 100 can be expressed as m/n, where m and n are relatively
prime positive integers. Find m + n.

3. Let the set S = {8, 5, 1, 13, 34, 3, 21, 2}. Susan makes a list as follows: for each
two-element subset of S, she writes on her list the greater of the set’s two
elements. Find the sum of the numbers on the list.

4. Given that log10 sin x+log10 cos x = −1 and that log10(sin x+cos x) = 1
2
(log10 n−1),

find n.

5. Consider the set of points that are inside or within one unit of a rectangular
parallelepiped (box) that measures 3 by 4 by 5 units. Given that the volume

of this set is
m + nπ

p
, where m, n, and p are positive integers, and n and p are

relatively prime, find m + n + p.

6. The sum of the areas of all triangles whose vertices are also vertices of a 1 by 1
by 1 cube is m +

√
n +

√
p, where m, n, and p are integers. Find m + n + p.

7. Point B is on AC with AB = 9 and BC = 21. Point D is not on AC so that
AD = CD, and AD and BD are integers. Let s be the sum of all possible
perimeters of 4ACD.
Find s.

8. In an increasing sequence of four positive integers, the first three terms form an
arithmetic progression, the last three terms form a geometric progression, and
the first and fourth terms differ by 30. Find the sum of the four terms.
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9. An integer between 1000 and 9999, inclusive, is called balanced if the sum of
its two leftmost digits equals the sum of its two rightmost digits. How many
balanced integers are there?

10. Triangle ABC is isosceles with AC = BC and 6 ACB = 106◦. Point M is in
the interior of the triangle so that 6 MAC = 7◦ and 6 MCA = 23◦. Find the
number of degrees in 6 CMB.

11. An angle x is chosen at random from the interval 0◦ < x < 90◦. Let p be the
probability that the numbers sin2 x, cos2 x, and sinx cos x are not the lengths
of the sides of a triangle. Given that p = d/n, where d is the number of degrees
in arctanm and m and n are positive integers with m + n < 1000, find m + n.

12. In convex quadrilateral ABCD, 6 A ∼= 6 C, AB = CD = 180, and AD 6= BC.
The perimeter of ABCD is 640. Find b1000 cos Ac. (The notation bxc means
the greatest integer that is less than or equal to x.)

13. Let N be the number of positive integers that are less than or equal to 2003 and
whose base-2 representation has more 1’s than 0’s. Find the remainder when N
is divided by 1000.

14. The decimal representation of m/n, where m and n are relatively prime positive
integers and m < n, contains the digits 2, 5, and 1 consecutively, and in that
order. Find the smallest value of n for which this is possible.

15. In 4ABC, AB = 360, BC = 507, and CA = 780. Let M be the midpoint of
CA, and let D be the point on CA such that BD bisects angle ABC. Let F be
the point on BC such that DF⊥BD. Suppose that DF meets BM at E. The
ratio DE : EF can be written in the form m/n, where m and n are relatively
prime positive integers. Find m + n.
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1. The product N of three positive integers is 6 times their sum, and one of the
integers is the sum of the other two. Find the sum of all possible values of N .

2. Let N be the greatest integer multiple of 8, no two of whose digits are the same.
What is the remainder when N is divided by 1000?

3. Define a good word as a sequence of letters that consists only of the letters A,
B, and C — some of these letters may not appear in the sequence — and in
which A is never immediately followed by B, B is never immediately followed
by C, and C is never immediately followed by A. How many seven-letter good
words are there?

4. In a regular tetrahedron, the centers of the four faces are the vertices of a smaller
tetrahedron. The ratio of the volume of the smaller tetrahedron to that of the
larger is m/n, where m and n are relatively prime positive integers. Find m+n.

5. A cylindrical log has diameter 12 inches. A wedge is cut from the log by making
two planar cuts that go entirely through the log. The first is perpendicular to
the axis of the cylinder, and the plane of the second cut forms a 45◦ angle with
the plane of the first cut. The intersection of these two planes has exactly one
point in common with the log. The number of cubic inches in the wedge can be
expressed as nπ, where n is a positive integer. Find n.

6. In 4ABC, AB = 13, BC = 14, AC = 15, and point G is the intersection of
the medians. Points A′, B′, and C ′ are the images of A, B, and C, respectively,
after a 180◦ rotation about G. What is the area of the union of the two regions
enclosed by the triangles ABC and A′B′C ′?

7. Find the area of rhombus ABCD given that the radii of the circles circumscribed
around triangles ABD and ACD are 12.5 and 25, respectively.

8. Find the eighth term of the sequence 1440, 1716, 1848, . . ., whose terms are
formed by multiplying the corresponding terms of two arithmetic sequences.

9. Consider the polynomials P (x) = x6−x5−x3−x2−x and Q(x) = x4−x3−x2−1.
Given that z1, z2, z3, and z4 are the roots of Q(x) = 0, find P (z1) + P (z2) +
P (z3) + P (z4).
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10. Two positive integers differ by 60. The sum of their square roots is the square
root of an integer that is not a perfect square. What is the maximum possible
sum of the two integers?

11. Triangle ABC is a right triangle with AC = 7, BC = 24, and right angle at
C. Point M is the midpoint of AB, and D is on the same side of line AB as C
so that AD = BD = 15. Given that the area of 4CDM can be expressed as
m
√

n

p
, where m, n, and p are positive integers, m and p are relatively prime,

and n is not divisible by the square of any prime, find m + n + p.

12. The members of a distinguished committee were choosing a president, and each
member gave one vote to one of the 27 candidates. For each candidate, the
exact percentage of votes the candidate got was smaller by at least 1 than the
number of votes for that candidate. What is the smallest possible number of
members of the committee?

13. A bug starts at a vertex of an equilateral triangle. On each move, it randomly
selects one of the two vertices where it is not currently located, and crawls
along a side of the triangle to that vertex. Given that the probability that the
bug moves to its starting vertex on its tenth move is m/n, where m and n are
relatively prime positive integers, find m + n.

14. Let A = (0, 0) and B = (b, 2) be points on the coordinate plane. Let ABCDEF
be a convex equilateral hexagon such that 6 FAB = 120◦, AB ‖ DE, BC ‖ EF ,
CD ‖ FA, and the y-coordinates of its vertices are distinct elements of the set
{0, 2, 4, 6, 8, 10}. The area of the hexagon can be written in the form m

√
n,

where m and n are positive integers and n is not divisible by the square of any
prime. Find m + n.

15. Let

P (x) = 24x24 +
23∑

j=1

(24− j)
(
x24−j + x24+j

)
.

Let z1, z2, . . . , zr be the distinct zeros of P (x), and let z2
k = ak + bki for

k = 1, 2, . . . , r, where i =
√−1, and ak and bk are real numbers. Let

r∑

k=1

|bk| = m + n
√

p,

where m, n, and p are integers and p is not divisible by the square of any prime.
Find m + n + p.
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1. The digits of a positive integer n are four consecutive integers in decreasing
order when read from left to right. What is the sum of the possible remainders
when n is divided by 37?

2. Set A consists of m consecutive integers whose sum is 2m, and set B consists of
2m consecutive integers whose sum is m. The absolute value of the difference
between the greatest element of A and the greatest element of B is 99. Find m.

3. A convex polyhedron P has 26 vertices, 60 edges, and 36 faces, 24 of which
are triangular, and 12 of which are quadrilaterals. A space diagonal is a line
segment connecting two non-adjacent vertices that do not belong to the same
face. How many space diagonals does P have?

4. A square has sides of length 2. Set S is the set of all line segments that have
length 2 and whose endpoints are on adjacent sides of the square. The midpoints
of the line segments in set S enclose a region whose area to the nearest hundredth
is k. Find 100k.

5. Alpha and Beta both took part in a two-day problem-solving competition. At
the end of the second day, each had attempted questions worth a total of 500
points. Alpha scored 160 points out of 300 points attempted on the first day,
and scored 140 points out of 200 points attempted on the second day. Beta,
who did not attempt 300 points on the first day, had a positive integer score
on each of the two days, and Beta’s daily success ratio (points scored divided
by points attempted) on each day was less than Alpha’s on that day. Alpha’s
two-day success ratio was 300/500 = 3/5. The largest possible two-day success
ratio that Beta could have achieved is m/n, where m and n are relatively prime
positive integers. What is m + n?

6. An integer is called snakelike if its decimal representation a1a2a3 . . . ak satisfies
ai < ai+1 if i is odd and ai > ai+1 if i is even. How many snakelike integers
between 1000 and 9999 have four distinct digits?

7. Let C be the coefficient of x2 in the expansion of the product

(1 − x)(1 + 2x)(1 − 3x) . . . (1 + 14x)(1 − 15x).

Find |C|.
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8. Define a regular n-pointed star to be the union of n line segments
P1P2, P2P3, . . . , PnP1 such that

• the points P1, P2, . . . , Pn are coplanar and no three of them are collinear,

• each of the n line segments intersects at least one of the other line segments
at a point other than an endpoint,

• all of the angles at P1, P2, . . . , Pn are congruent,

• all of the n line segments P1P2, P2P3, . . . , PnP1 are congruent, and

• the path P1P2 . . . PnP1 turns counterclockwise at an angle of less than 180◦

at each vertex.

There are no regular 3-pointed, 4-pointed, or 6-pointed stars. All regular 5-
pointed stars are similar, but there are two non-similar regular 7-pointed stars.
How many non-similar regular 1000-pointed stars are there?

9. Let ABC be a triangle with sides 3, 4, and 5, and DEFG be a 6-by-7 rectangle.
A segment is drawn to divide triangle ABC into a triangle U1 and a trapezoid
V1, and another segment is drawn to divide rectangle DEFG into a triangle U2

and a trapezoid V2 such that U1 is similar to U2 and V1 is similar to V2. The
minimum value of the area of U1 can be written in the form m/n, where m and
n are relatively prime positive integers. Find m + n.

10. A circle of radius 1 is randomly placed in a 15-by-36 rectangle ABCD so that
the circle lies completely within the rectangle. Given that the probability that
the circle will not touch diagonal AC is m/n, where m and n are relatively prime
positive integers, find m + n.

11. A solid in the shape of a right circular cone is 4 inches tall and its base has a
3-inch radius. The entire surface of the cone, including its base, is painted. A
plane parallel to the base of the cone divides the cone into two solids, a smaller
cone-shaped solid C and a frustum-shaped solid F , in such a way that the ratio
between the areas of the painted surfaces of C and F and the ratio between the
volumes of C and F are both equal to k. Given that k = m/n, where m and n
are relatively prime positive integers, find m + n.

12. Let S be the set of ordered pairs (x, y) such that 0 < x ≤ 1, 0 < y ≤ 1, and
�log2(

1
x )� and �log5(

1
y )� are both even. Given that the area of the graph of S

is m/n, where m and n are relatively prime positive integers, find m + n. The
notation �z� denotes the greatest integer that is less than or equal to z.
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13. The polynomial

P (x) = (1 + x + x2 + . . . + x17)2 − x17

has 34 complex zeros of the form zk = rk [cos(2παk) + i sin(2παk)],
k = 1, 2, 3, . . . , 34, with 0 < α1 ≤ α2 ≤ α3 ≤ . . . ≤ α34 < 1 and rk > 0. Given
that α1 +α2 +α3 +α4 +α5 = m/n, where m and n are relatively prime positive
integers, find m + n.

14. A unicorn is tethered by a 20-foot silver rope to the base of a magician’s cylin-
drical tower whose radius is 8 feet. The rope is attached to the tower at ground
level and to the unicorn at a height of 4 feet. The unicorn has pulled the rope
taut, the end of the rope is 4 feet from its nearest point on the tower, and the

length of rope that is touching the tower is
a −√

b

c
feet, where a, b, and c are

positive integers, and c is prime. Find a + b + c.

15. For all positive integers x, let

f(x) =

{ 1 if x = 1,
x/10 if x is divisible by 10,
x + 1 otherwise,

and define a sequence as follows: x1 = x and xn+1 = f(xn) for all positive
integers n. Let d(x) be the smallest n such that xn = 1. (For example, d(100) =
3 and d(87) = 7.) Let m be the number of positive integers x such that d(x) =
20. Find the sum of the distinct prime factors of m.
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1. A chord of a circle is perpendicular to a radius at the midpoint of the radius.
The ratio of the area of the larger of the two regions into which the chord divides

the circle to the smaller can be expressed in the form
aπ + b

√
c

dπ − e
√

f
, where a, b, c,

d, e, and f are positive integers, a and e are relatively prime, and neither c nor
f is divisible by the square of any prime. Find the remainder when the product
a · b · c · d · e · f is divided by 1000.

2. A jar has 10 red candies and 10 blue candies. Terry picks two candies at ran-
dom, then Mary picks two of the remaining candies at random. Given that the
probability that they get the same color combination, irrespective of order, is
m/n, where m and n are relatively prime positive integers, find m + n.

3. A solid rectangular block is formed by gluing together N congruent 1-cm cubes
face to face. When the block is viewed so that three of its faces are visible,
exactly 231 of the 1-cm cubes cannot be seen. Find the smallest possible value
of N .

4. How many positive integers less than 10,000 have at most two different digits?

5. In order to complete a large job, 1000 workers were hired, just enough to com-
plete the job on schedule. All the workers stayed on the job while the first
quarter of the work was done, so the first quarter of the work was completed
on schedule. Then 100 workers were laid off, so the second quarter of the work
was completed behind schedule. Then an additional 100 workers were laid off,
so the third quarter of the work was completed still further behind schedule.
Given that all workers work at the same rate, what is the minimum number
of additional workers, beyond the 800 workers still on the job at the end of
the third quarter, that must be hired after three-quarters of the work has been
completed so that the entire project can be completed on schedule or before?

6. Three clever monkeys divide a pile of bananas. The first monkey takes some
bananas from the pile, keeps three-fourths of them, and divides the rest equally
between the other two. The second monkey takes some bananas from the pile,
keeps one-fourth of them, and divides the rest equally between the other two.
The third monkey takes the remaining bananas from the pile, keeps one-twelfth
of them, and divides the rest equally between the other two. Given that each
monkey receives a whole number of bananas whenever the bananas are divided,
and the numbers of bananas the first, second, and third monkeys have at the
end of the process are in the ratio 3 : 2 : 1, what is the least possible total for
the number of bananas?
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7. ABCD is a rectangular sheet of paper that has been folded so that corner B
is matched with point B′ on edge AD. The crease is EF , where E is on AB
and F is on CD. The dimensions AE = 8, BE = 17, and CF = 3 are given.
The perimeter of rectangle ABCD is m/n, where m and n are relatively prime
positive integers. Find m + n.
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8. How many positive integer divisors of 20042004 are divisible by exactly 2004
positive integers?

9. A sequence of positive integers with a1 = 1 and a9 + a10 = 646 is formed so
that the first three terms are in geometric progression, the second, third, and
fourth terms are in arithmetic progression, and, in general, for all n ≥ 1, the
terms a2n−1, a2n, and a2n+1 are in geometric progression, and the terms a2n,
a2n+1, and a2n+2 are in arithmetic progression. Let an be the greatest term in
this sequence that is less than 1000. Find n + an.

10. Let S be the set of integers between 1 and 240 whose binary expansions have
exactly two 1’s. If a number is chosen at random from S, the probability that
it is divisible by 9 is p/q, where p and q are relatively prime positive integers.
Find p + q.

11. A right circular cone has a base with radius 600 and height 200
√

7. A fly starts
at a point on the surface of the cone whose distance from the vertex of the cone
is 125, and crawls along the surface of the cone to a point on the exact opposite
side of the cone whose distance from the vertex is 375

√
2. Find the least distance

that the fly could have crawled.
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12. Let ABCD be an isosceles trapezoid, whose dimensions are AB = 6, BC = 5 =
DA, and CD = 4. Draw circles of radius 3 centered at A and B, and circles of
radius 2 centered at C and D. A circle contained within the trapezoid is tangent

to all four of these circles. Its radius is
−k + m

√
n

p
, where k, m, n, and p are

positive integers, n is not divisible by the square of any prime, and k and p are
relatively prime. Find k + m + n + p.

13. Let ABCDE be a convex pentagon with AB ‖ CE, BC ‖ AD, AC ‖ DE,
6 ABC = 120◦, AB = 3, BC = 5, and DE = 15. Given that the ratio between
the area of 4ABC and the area of 4EBD is m/n, where m and n are relatively
prime positive integers, find m + n.

14. Consider a string of n 7’s, 7 7 7 7 . . . 7 7, into which + signs are
inserted to produce an arithmetic expression. For example, 7+77+777+7+7 =
875 could be obtained from eight 7’s in this way. For how many values of n is
it possible to insert + signs so that the resulting expression has value 7000?

15. A long thin strip of paper is 1024 units in length, 1 unit in width, and is divided
into 1024 unit squares. The paper is folded in half repeatedly. For the first fold,
the right end of the paper is folded over to coincide with and lie on top of the
left end. The result is a 512 by 1 strip of double thickness. Next, the right
end of this strip is folded over to coincide with and lie on top of the left end,
resulting in a 256 by 1 strip of quadruple thickness. This process is repeated
8 more times. After the last fold, the strip has become a stack of 1024 unit
squares. How many of these squares lie below the square that was originally the
942nd square counting from the left?
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1. Six congruent circles form a ring with each circle externally tangent to the two
circles adjacent to it. All six circles are internally tangent to a circle C with
radius 30. Let K be the area of the region inside C and outside all of the six
circles in the ring. Find bKc. (The notation bKc denotes the greatest integer
that is less than or equal to K.)

2. For each positive integer k, let Sk denote the increasing arithmetic sequence of
integers whose first term is 1 and whose common difference is k. For example,
S3 is the sequence 1, 4, 7, . . .. For how many values of k does Sk contain the
term 2005?

3. How many positive integers have exactly three proper divisors, each of which
is less than 50? (A proper divisor of a positive integer n is a positive integer
divisor of n other than n itself.)

4. The director of a marching band wishes to place the members into a formation
that includes all of them and has no unfilled positions. If they are arranged in
a square formation, there are 5 members left over. The director finds that if
they are arranged in a rectangular formation with 7 more rows than columns,
the desired result can be obtained. Find the maximum number of members this
band can have.

5. Robert has 4 indistinguishable gold coins and 4 indistinguishable silver coins.
Each coin has an engraving of a face on one side, but not on the other. He wants
to stack the eight coins on a table into a single stack so that no two adjacent
coins are face to face. Find the number of possible distinguishable arrangements
of the 8 coins.

6. Let P be the product of the nonreal roots of x4 − 4x3 + 6x2 − 4x = 2005. Find
bP c. (The notation bP c denotes the greatest integer that is less than or equal
to P .)

7. In quadrilateral ABCD, BC = 8, CD = 12, AD = 10, and m 6 A = m 6 B = 60◦.
Given that AB = p +

√
q, where p and q are positive integers, find p + q.
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8. The equation
2333x−2 + 2111x+2 = 2222x+1 + 1

has three real roots. Given that their sum is m/n, where m and n are relatively
prime positive integers, find m + n.

9. Twenty-seven unit cubes are each painted orange on a set of four faces so that
the two unpainted faces share an edge. The 27 cubes are then randomly arranged
to form a 3 × 3 × 3 cube. Given that the probability that the entire surface of
the larger cube is

orange is
pa

qbrc
, where p, q, and r are distinct primes and a, b, and c are positive

integers,

find a + b + c + p + q + r.

10. Triangle ABC lies in the Cartesian plane and has area 70. The coordinates
of B and C are (12, 19) and (23, 20), respectively, and the coordinates of A are
(p, q). The line containing the median to side BC has slope −5. Find the largest
possible value of p + q.

11. A semicircle with diameter d is contained in a square whose sides have length
8. Given that the maximum value of d is m−√n, where m and n are integers,
find m + n.

12. For positive integers n, let τ(n) denote the number of positive integer divisors
of n, including 1 and n. For example, τ(1) = 1 and τ(6) = 4. Define S(n) by

S(n) = τ(1) + τ(2) + · · ·+ τ(n).

Let a denote the number of positive integers n ≤ 2005 with S(n) odd, and let b
denote the number of positive integers n ≤ 2005 with S(n) even. Find |a− b|.

13. A particle moves in the Cartesian plane from one lattice point to another ac-
cording to the following rules:

• From any lattice point (a, b), the particle may move only to (a+1, b), (a, b+1),
or (a + 1, b + 1).

• There are no right angle turns in the particle’s path. That is, the sequence of
points visited contains neither a subsequence of the form (a, b), (a + 1, b), (a +
1, b + 1) nor a subsequence of the form (a, b), (a, b + 1), (a + 1, b + 1).

How many different paths can the particle take from (0, 0) to (5, 5)?
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14. Consider the points A(0, 12), B(10, 9), C(8, 0), and D(−4, 7). There is a unique
square S such that each of the four points is on a different side of S. Let K be
the area of S. Find the remainder when 10K is divided by 1000.

15. In 4ABC, AB = 20. The incircle of the triangle divides the median containing
C into three segments of equal length. Given that the area of 4ABC is m

√
n,

where m and n are integers and n is not divisible by the square of any prime,
find m + n.
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1. A game uses a deck of n different cards, where n is an integer and n ≥ 6. The
number of possible sets of 6 cards that can be drawn from the deck is 6 times
the number of possible sets of 3 cards that can be drawn. Find n.

2. A hotel packed a breakfast for each of three guests. Each breakfast should have
consisted of three types of rolls, one each of nut, cheese, and fruit rolls. The
preparer wrapped each of the nine rolls, and, once they were wrapped, the rolls
were indistinguishable from one another. She then randomly put three rolls in
a bag for each of the guests. Given that the probability that each guest got one
roll of each type is m/n, where m and n are relatively prime positive integers,
find m + n.

3. An infinite geometric series has sum 2005. A new series, obtained by squaring
each term of the original series, has sum 10 times the sum of the original series.
The common ratio of the original series is m/n, where m and n are relatively
prime positive integers. Find m + n.

4. Find the number of positive integers that are divisors of at least one of 1010, 157,
1811.

5. Determine the number of ordered pairs (a, b) of integers such that loga b +
6 logb a = 5, 2 ≤ a ≤ 2005, and 2 ≤ b ≤ 2005.

6. The cards in a stack of 2n cards are numbered consecutively from 1 through 2n
from top to bottom. The top n cards are removed, kept in order, and form pile
A. The remaining cards form pile B. The cards are now restacked into a single
stack by taking cards alternately from the tops of pile B and pile A, respectively.
In this process, card number (n + 1) is the bottom card of the new stack, card
number 1 is on top of this card, and so on, until piles A and B are exhausted. If,
after the restacking process, at least one card from each pile occupies the same
position that it occupied in the original stack, the stack is called magical. For
example, eight cards form a magical stack because cards number 3 and number
6 retain their original positions. Find the number of cards in the magical stack
in which card number 131 retains its original position.

7. Let
x =

4
(
√

5 + 1)( 4
√

5 + 1)( 8
√

5 + 1)( 16
√

5 + 1)
.

Find (x + 1)48.
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8. Circles C1 and C2 are externally tangent, and they are both internally tangent
to circle C3. The radii of C1 and C2 are 4 and 10, respectively, and the centers of
the three circles are collinear. A chord of C3 is also a common external tangent
of C1 and C2. Given that the length of the chord is m

√
n/p, where m, n, and p

are positive integers, m and p are relatively prime, and n is not divisible by the
square of any prime, find m + n + p.

9. For how many positive integers n less than or equal to 1000 is

(sin t + i cos t)n = sin nt + i cosnt

true for all real t?

10. Given that O is a regular octahedron, that C is the cube whose vertices are the
centers of the faces of O, and that the ratio of the volume of O to that of C is
m/n, where m and n are relatively prime positive integers, find m + n.

11. Let m be a positive integer, and let a0, a1, . . . , am be a sequence of real numbers
such that a0 = 37, a1 = 72, am = 0, and

ak+1 = ak−1 − 3
ak

for k = 1, 2, . . . ,m− 1. Find m.

12. Square ABCD has center O, AB = 900, E and F are on AB with AE < BF and
E between A and F , m 6 EOF = 45◦, and EF = 400. Given that BF = p+q

√
r,

where p, q, and r are positive integers and r is not divisible by the square of any
prime, find p + q + r.

13. Let P (x) be a polynomial with integer coefficients that satisfies P (17) = 10 and
P (24) = 17. Given that the equation P (n) = n + 3 has two distinct integer
solutions n1 and n2, find the product n1 · n2.

14. In 4ABC, AB = 13, BC = 15, and CA = 14. Point D is on BC with CD = 6.
Point E is on BC such that 6 BAE ∼= 6 CAD. Given that BE = p/q, where p
and q are relatively prime positive integers, find q.

15. Let ω1 and ω2 denote the circles x2 + y2 + 10x − 24y − 87 = 0 and x2 + y2 −
10x− 24y + 153 = 0, respectively. Let m be the smallest positive value of a for
which the line y = ax contains the center of a circle that is internally tangent
to ω1 and externally tangent to ω2. Given that m2 = p/q, where p and q are
relatively prime positive integers, find p + q.
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1. In quadrilateral ABCD, 6 B is a right angle, diagonal AC is perpendicular to CD,
AB = 18, BC = 21, and CD = 14. Find the perimeter of ABCD.

2. Let set A be a 90-element subset of {1, 2, 3, . . . , 100}, and let S be the sum of the elements
of A. Find the number of possible values of S.

3. Find the least positive integer such that when its leftmost digit is deleted, the resulting
integer is 1/29 of the original integer.

4. Let N be the number of consecutive 0’s at the right end of the decimal representation of
the product 1! 2! 3! 4! · · · 99! 100! . Find the remainder when N is divided by 1000.

5. The number √
104

√
6 + 468

√
10 + 144

√
15 + 2006

can be written as a
√

2 + b
√

3 + c
√

5, where a, b, and c are positive integers. Find a · b · c.

6. Let S be the set of real numbers that can be represented as repeating decimals of the form
0.abc where a, b, c are distinct digits. Find the sum of the elements of S.

7. An angle is drawn on a set of equally spaced
parallel lines as shown. The ratio of the area
of shaded region C to the area of shaded
region B is 11/5. Find the ratio of the area
of shaded region D to the area of shaded
region A.
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D

8. Hexagon ABCDEF is divided into five rhombuses,
P, Q, R, S, and T , as shown. Rhombuses P, Q, R,
and S are congruent, and each has area

√
2006. Let K

be the area of rhombus T . Given that K is a positive
integer, find the number of possible values for K.
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9. The sequence a1, a2, . . . is geometric with a1 = a and common ratio r, where a and r are
positive integers. Given that log8 a1 + log8 a2 + · · · + log8 a12 = 2006, find the number of
possible ordered pairs (a, r).

10. Eight circles of diameter 1 are packed in the first quadrant of
the coordinate plane as shown. Let region R be the union of
the eight circular regions. Line `, with slope 3, divides R into
two regions of equal area. Line `’s equation can be expressed
in the form ax = by + c, where a, b, and c are positive integers
whose greatest common divisor is 1. Find a2 + b2 + c2. .....................

..........
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11. A collection of 8 cubes consists of one cube with edge-length k for each integer k, 1 ≤ k ≤ 8.
A tower is to be built using all 8 cubes according to the rules:

• Any cube may be the bottom cube in the tower.
• The cube immediately on top of a cube with edge-length k must have edge-length at
most k + 2.

Let T be the number of different towers that can be constructed. What is the remainder
when T is divided by 1000?

12. Find the sum of the values of x such that cos3 3x + cos3 5x = 8 cos3 4x cos3 x, where x is
measured in degrees and 100 < x < 200.

13. For each even positive integer x, let g(x) denote the greatest power of 2 that divides x.

For example, g(20) = 4 and g(16) = 16. For each positive integer n, let Sn =
2n−1∑

k=1

g(2k).

Find the greatest integer n less than 1000 such that Sn is a perfect square.

14. A tripod has three legs each of length 5 feet. When the tripod is set up, the angle between
any pair of legs is equal to the angle between any other pair, and the top of the tripod is 4
feet from the ground. In setting up the tripod, the lower 1 foot of one leg breaks off. Let
h be the height in feet of the top of the tripod from the ground when the broken tripod is
set up. Then h can be written in the form

m√
n

, where m and n are positive integers and

n is not divisible by the square of any prime. Find bm +
√

nc. (The notation bxc denotes
the greatest integer that is less than or equal to x.)

15. Given that a sequence satisfies x0 = 0 and |xk| = |xk−1 + 3| for all integers k ≥ 1, find the
minimum possible value of |x1 + x2 + · · ·+ x2006|.
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1. In convex hexagon ABCDEF , all six sides are congruent, 6 A and 6 D are right angles,
and 6 B, 6 C, 6 E, and 6 F are congruent. The area of the hexagonal region is 2116(

√
2+1).

Find AB.

2. The lengths of the sides of a triangle with positive area are log10 12, log10 75, and log10 n,
where n is a positive integer. Find the number of possible values for n.

3. Let P be the product of the first 100 positive odd integers. Find the largest integer k such
that P is divisible by 3k.

4. Let (a1, a2, a3, . . . , a12) be a permutation of (1, 2, 3, . . . , 12) for which

a1 > a2 > a3 > a4 > a5 > a6 and a6 < a7 < a8 < a9 < a10 < a11 < a12.

An example of such a permutation is (6, 5, 4, 3, 2, 1, 7, 8, 9, 10, 11, 12). Find the number of
such permutations.

5. When rolling a certain unfair six-sided die with faces numbered 1, 2, 3, 4, 5, and 6, the
probability of obtaining face F is greater than 1/6, the probability of obtaining the face
opposite face F is less than 1/6, the probability of obtaining each of the other faces is 1/6,
and the sum of the numbers on each pair of opposite faces is 7. When two such dice are
rolled, the probability of obtaining a sum of 7 is 47/288. Given that the probability of
obtaining face F is m/n, where m and n are relatively prime positive integers, find m+n.

6. Square ABCD has sides of length 1. Points E and F are on BC and CD, respectively, so
that 4AEF is equilateral. A square with vertex B has sides that are parallel to those of

ABCD and a vertex on AE. The length of a side of this smaller square is
a−

√
b

c
, where

a, b, and c are positive integers and b is not divisible by the square of any prime. Find
a + b + c.

7. Find the number of ordered pairs of positive integers (a, b) such that a + b = 1000 and
neither a nor b has a zero digit.

8. There is an unlimited supply of congruent equilateral triangles made
of colored paper. Each triangle is a solid color with the same color
on both sides of the paper. A large equilateral triangle is constructed
from four of these paper triangles as shown. Two large triangles are
considered distinguishable if it is not possible to place one on the other,
using translations, rotations, and/or reflections, so that their corresponding small triangles
are of the same color. Given that there are six different colors of triangles from which to
choose, how many distinguishable large equilateral triangles can be constructed?
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9. Circles C1, C2, and C3 have their centers at (0, 0), (12, 0), and (24, 0), and have radii 1, 2,
and 4, respectively. Line t1 is a common internal tangent to C1 and C2 and has a positive
slope, and line t2 is a common internal tangent to C2 and C3 and has a negative slope.
Given that lines t1 and t2 intersect at (x, y), and that x = p− q

√
r, where p, q, and r are

positive integers and r is not divisible by the square of any prime, find p + q + r.

10. Seven teams play a soccer tournament in which each team plays every other team exactly
once. No ties occur, each team has a 50% chance of winning each game it plays, and the
outcomes of the games are independent. In each game, the winner is awarded 1 point and
the loser gets 0 points. The total points are accumulated to decide the ranks of the teams.
In the first game of the tournament, team A beats team B. The probability that team A
finishes with more points than team B is m/n, where m and n are relatively prime positive
integers. Find m + n.

11. A sequence is defined as follows: a1 = a2 = a3 = 1, and, for all positive integers n,
an+3 = an+2+an+1+an. Given that a28 = 6090307, a29 = 11201821, and a30 = 20603361,

find the remainder when
28∑

k=1

ak is divided by 1000.

12. Equilateral 4ABC is inscribed in a circle of radius 2. Extend AB through B to point D
so that AD = 13, and extend AC through C to point E so that AE = 11. Through D,
draw a line `1 parallel to AE, and through E, draw a line `2 parallel to AD. Let F be the
intersection of `1 and `2. Let G be the point on the circle that is collinear with A and F
and distinct from A. Given that the area of 4CBG can be expressed in the form p

√
q/r,

where p, q, and r are positive integers, p and r are relatively prime, and q is not divisible
by the square of any prime, find p + q + r.

13. How many integers N less than 1000 can be written as the sum of j consecutive positive
odd integers for exactly 5 values of j ≥ 1?

14. Let Sn be the sum of the reciprocals of the nonzero digits of the integers from 1 to 10n,
inclusive. Find the smallest positive integer n for which Sn is an integer.

15. Given that x, y, and z are real numbers that satisfy

x =

√
y2 − 1

16
+

√
z2 − 1

16

y =

√
z2 − 1

25
+

√
x2 − 1

25

z =

√
x2 − 1

36
+

√
y2 − 1

36
,

and that x + y + z = m/
√

n, where m and n are positive integers, and n is not divisible
by the square of any prime, find m + n.



Your Exam Manager will receive a copy of  the 2006 AIME Solution Pamphlet with the scores.
CONTACT US  --  Correspondence about the problems and solutions for this AIME and orders for any of 
our publications should be addressed to: 

American Mathematics Competitions
University of Nebraska, P.O. Box 81606

Lincoln, NE 68501-1606 
Phone: 402-472-2257;  Fax:  402-472-6087;  email:  amcinfo@unl.edu

The problems and solutions for this AIME were prepared by the MAA’s Committee on the AIME under the 
direction of: 

David Hankin, AIME Chair
207 Corbin Place, Brooklyn, NY  11235  USA

2006 USAMO  --  THE USA MATHEMATICAL OLYMPIAD (USAMO) is a 
6-question, 9-hour, essay-type examination.  The USAMO will be held in your school 
on Tuesday, April 18 & Wednesday, April 19.  Your teacher has more details on who 
qualifies for the USAMO in the AMC 10/12 and AIME Teachers’ Manuals.  The best 
way to prepare for the USAMO is to study previous years of these exams, the World 
Olympiad Problems/Solutions and review the contents of the Arbelos.  Copies may be 
ordered from the web sites indicated below.

PUBLICATIONS  --  For a complete listing of available publications please visit the fol-
lowing web sites:
	 AMC - - http://www.unl.edu/amc/d-publication/publication.html
	 MAA -- https://enterprise.maa.org/ecomtpro/timssnet/common/tnt_frontpage.cfm
 

The American Mathematics Competitions
are Sponsored by

The Mathematical Association of America –– MAA  ...........................www.maa.org/
University of Nebraska – Lincoln –– UN-L ..................................... www.unl.edu/
The Akamai Foundation – ....................................................... www.akamai.com/

Contributors
American Mathematical Association of Two Year Colleges – AMATYC........................ www.amatyc.org/
American Mathematical Society –– AMS....................................................  www.ams.org/
American Society of Pension Actuaries –– ASPA....................................... www.aspa.org/
American Statistical Association –– ASA................................................  www.amstat.org/
Art of Problem Solving ––  ................................................. www.artofproblemsolving.com/
Canada/USA Mathcamp –– C/USA MC ............................................. www.mathcamp.org/
Canada/USA Mathpath –– C/USA MP .................................................www.mathpath.org/
Casualty Actuarial Society –– CAS...........................................................  www.casact.org/
Clay Mathematics Institute –– CMI....................................................... www.claymath.org/
Institute for Operations Research and the Management Sciences –– INFORMS............. www.informs.org/
L. G. Balfour Company  ...........................................................................www.balfour.com/
Mu Alpha Theta –– MAT...............................................................  www.mualphatheta.org/
National Assessment & Testing .................................................www.natassessment.com/
National Council of Teachers of Mathematics –– NCTM............................ www.nctm.org/
Pedagoguery Software Inc. –– .................................................................. www.peda.com/
Pi Mu Epsilon –– PME........................................................................  www.pme-math.org/
Society of Actuaries –– SOA........................................................................  www.soa.org/
U. S. A. Math Talent Search –– USAMTS................................................. www.usamts.org/
W. H. Freeman and Company .........................................................www. whfreeman.com/
Wolfram Research Inc. .........................................................................www.wolfram.com/



The Mathematical Association of America 
American Mathematics Competitions

25th Annual

AMERICAN INVITATIONAL

MATHEMATICS EXAMINATION
(AIME I)

Tuesday, March 13, 2007

1.	 DO NOT OPEN THIS BOOKLET UNTIL YOUR PROCTOR GIVES THE SIGNAL 
TO BEGIN.

2.	 This is a 15-question, 3-hour examination.  All answers are integers ranging from 000 to 
999, inclusive.  Your score will be the number of correct answers; i.e., there is neither partial 
credit nor a penalty for wrong answers.

3.	 No aids other than scratch paper, graph paper, ruler, compass, and protractor are permitted.  
In particular, calculators and computers are not permitted.

4.	 A combination of the AIME and the American Mathematics Contest 10 or the American 
Mathematics Contest 12 scores are used to determine eligibility for participation in the 
U.S.A. Mathematical Olympiad (USAMO).  The USAMO will be given in your school 
on TUESDAY and WEDNESDAY, April 24-25, 2007.

5.	 Record all of your answers, and certain other information, on the AIME answer form.  
Only the answer form will be collected from you.

After the contest period, permission to make copies of individual problems in paper or electronic 
form including posting on web-pages for educational use is granted without fee provided that 
copies are not made or distributed for profit or commercial advantage and that copies bear 
the copyright notice.

Copyright © 2007, The Mathematical Association of America



2007 AIME 2

1. How many positive perfect squares less than 106 are multiples of 24?

2. A 100 foot long moving walkway moves at a constant rate of 6 feet per second.
Al steps onto the start of the walkway and stands. Bob steps onto the start
of the walkway two seconds later and strolls forward along the walkway at a
constant rate of 4 feet per second. Two seconds after that, Cy reaches the start
of the walkway and walks briskly forward beside the walkway at a constant rate
of 8 feet per second. At a certain time, one of these three persons is exactly
halfway between the other two. At that time, find the distance in feet between
the start of the walkway and the middle person.

3. The complex number z is equal to 9 + bi, where b is a positive real number and
i2 = −1. Given that the imaginary parts of z2 and z3 are equal, find b.

4. Three planets revolve about a star in coplanar circular orbits with the star at
the center. All planets revolve in the same direction, each at a constant speed,
and the periods of their orbits are 60, 84, and 140 years. The positions of the
star and all three planets are currently collinear. They will next be collinear
after n years. Find n.

5. The formula for converting a Fahrenheit temperature F to the corresponding
Celsius temperature C is C = 5

9
(F − 32). An integer Fahrenheit temperature

is converted to Celsius and rounded to the nearest integer; the resulting integer
Celsius temperature is converted back to Fahrenheit and rounded to the nearest
integer. For how many integer Fahrenheit temperatures T with 32 ≤ T ≤ 1000
does the original temperature equal the final temperature?

6. A frog is placed at the origin on the number line, and moves according to the
following rule: in a given move, the frog advances to either the closest point
with a greater integer coordinate that is a multiple of 3, or to the closest point
with a greater integer coordinate that is a multiple of 13. A move sequence is a
sequence of coordinates which correspond to valid moves, beginning with 0, and
ending with 39. For example, 0, 3, 6, 13, 15, 26, 39 is a move sequence. How
many move sequences are possible for the frog?
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7. Let

N =

1000∑
k=1

k(⌈log√
2
k⌉ − ⌊log√

2
k⌋).

Find the remainder when N is divided by 1000. (Here ⌊x⌋ denotes the greatest
integer that is less than or equal to x, and ⌈x⌉ denotes the least integer that is
greater than or equal to x.)

8. The polynomial P (x) is cubic. What is the largest value of k for which the
polynomials Q1(x) = x2 + (k − 29)x − k and Q2(x) = 2x2 + (2k − 43)x + k are
both factors of P (x) ?

9. In right triangle ABC with right angle C, CA = 30 and CB = 16. Its legs CA
and CB are extended beyond A and B. Points O1 and O2 lie in the exterior of
the triangle and are the centers of two circles with equal radii. The circle with
center O1 is tangent to the hypotenuse and to the extension of leg CA, the circle
with center O2 is tangent to the hypotenuse and to the extension of leg CB,
and the circles are externally tangent to each other. The length of the radius of
either circle can be expressed as p/q, where p and q are relatively prime positive
integers. Find p + q.

10. In the 6× 4 grid shown, 12 of the 24 squares are to be shaded so that there are
two shaded squares in each row and three shaded squares in each column. Let
N be the number of shadings with this property. Find the remainder when N
is divided by 1000.

11. For each positive integer p, let b(p) denote the unique positive integer k such

that |k−√
p| < 1

2
. For example, b(6) = 2 and b(23) = 5. If S =

∑2007

p=1
b(p), find

the remainder when S is divided by 1000.
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12. In isosceles triangle ABC, A is located at the origin and B is located at (20, 0).
Point C is in the first quadrant with AC = BC and 6 BAC = 75◦. If △ABC is
rotated counterclockwise about point A until the image of C lies on the positive
y-axis, the area of the region common to the original triangle and the rotated
triangle is in the form p

√
2 + q

√
3 + r

√
6 + s where p, q, r, s are integers. Find

(p − q + r − s)/2 .

13. A square pyramid with base ABCD and vertex E has eight edges of length
4. A plane passes through the midpoints of AE, BC, and CD. The plane’s
intersection with the pyramid has an area that can be expressed as

√
p. Find p.

14. Let a sequence be defined as follows: a1 = 3, a2 = 3, and for n ≥ 2,
an+1an−1 = a2

n + 2007. Find the largest integer less than or equal

to
a2
2007 + a2

2006

a2007a2006

.

15. Let ABC be an equilateral triangle, and let D and F be points on sides BC
and AB, respectively, with FA = 5 and CD = 2. Point E lies on side CA such
that 6 DEF = 60◦. The area of triangle DEF is 14

√
3. The two possible values

of the length of side AB are p ± q
√

r, where p and q are rational, and r is an
integer not divisible by the square of a prime. Find r.
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1. A mathematical organization is producing a set of commemorative license plates.
Each plate contains a sequence of five characters chosen from the four letters
in AIME and the four digits in 2007. No character may appear in a sequence
more times than it appears among the four letters in AIME or the four digits
in 2007. A set of plates in which each possible sequence appears exactly once
contains N license plates. Find N

10 .

2. Find the number of ordered triples (a, b, c) where a, b, and c are positive integers,
a is a factor of b, a is a factor of c, and a + b + c = 100.

3. Square ABCD has side length 13, and points E and F are exterior to the square
such that BE = DF = 5 and AE = CF = 12. Find EF 2.

BA

E

CD

F

4. The workers in a factory produce widgets and whoosits. For each product,
production time is constant and identical for all workers, but not necessarily
equal for the two products. In one hour, 100 workers can produce 300 widgets
and 200 whoosits. In two hours, 60 workers can produce 240 widgets and 300
whoosits. In three hours, 50 workers can produce 150 widgets and m whoosits.
Find m.

5. The graph of the equation 9x+223y = 2007 is drawn on graph paper with each
square representing one unit in each direction. How many of the 1 by 1 graph
paper squares have interiors lying entirely below the graph and entirely in the
first quadrant?
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6. An integer is called parity-monotonic if its decimal representation a1a2a3 . . . ak

satisfies ai < ai+1 if ai is odd, and ai > ai+1 if ai is even. How many four-digit
parity-monotonic integers are there?

7. Given a real number x, let bxc denote the greatest integer less than or equal to
x. For a certain integer k, there are exactly 70 positive integers n1, n2, . . . , n70

such that k = b 3
√

n1c = b 3
√

n2c = · · · = b 3
√

n70c and k divides ni for all i such
that 1 ≤ i ≤ 70.
Find the maximum value of

ni

k
for 1 ≤ i ≤ 70.

8. A rectangular piece of paper measures 4 units by 5 units. Several lines are drawn
parallel to the edges of the paper. A rectangle determined by the intersections
of some of these lines is called basic if

(i) all four sides of the rectangle are segments of drawn line segments, and

(ii) no segments of drawn lines lie inside the rectangle.

Given that the total length of all lines drawn is exactly 2007 units, let N be the
maximum possible number of basic rectangles determined. Find the remainder
when N is divided by 1000.

9. Rectangle ABCD is given with AB = 63 and BC = 448. Points E and F lie
on AD and BC respectively, such that AE = CF = 84. The inscribed circle of
triangle BEF is tangent to EF at point P , and the inscribed circle of triangle
DEF is tangent to EF at point Q. Find PQ.

10. Let S be a set with six elements. Let P be the set of all subsets of S. Subsets
A and B of S, not necessarily distinct, are chosen independently and at random
from P. The probability that B is contained in at least one of A or S−A is

m

nr
,

where m, n, and r are positive integers, n is prime, and m and n are relatively
prime. Find m + n + r. (The set S −A is the set of all elements of S which are
not in A .)

11. Two long cylindrical tubes of the same length but different diameters lie parallel
to each other on a flat surface. The larger tube has radius 72 and rolls along the
surface toward the smaller tube, which has radius 24. It rolls over the smaller
tube and continues rolling along the flat surface until it comes to rest on the same
point of its circumference as it started, having made one complete revolution. If
the smaller tube never moves, and the rolling occurs with no slipping, the larger
tube ends up a distance x from where it starts. The distance x can be expressed
in the form aπ + b

√
c, where a, b, and c are integers and c is not divisible by the

square of any prime. Find a + b + c.
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12. The increasing geometric sequence x0, x1, x2, . . . consists entirely of integral pow-
ers of 3. Given that

7∑
n=0

log3(xn) = 308 and 56 ≤ log3

(
7∑

n=0

xn

)
≤ 57,

find log3(x14).

13. A triangular array of squares has one square in the first row, two in the second,
and, in general, k squares in the kth row for 1 ≤ k ≤ 11. With the exception
of the bottom row, each square rests on two squares in the row immediately
below, as illustrated in the figure. In each square of the eleventh row, a 0 or a
1 is placed. Numbers are then placed into the other squares, with the entry for
each square being the sum of the entries in the two squares below it. For how
many initial distributions of 0’s and 1’s in the bottom row is the number in the
top square a multiple of 3?

14. Let f(x) be a polynomial with real coefficients such that f(0) = 1, f(2)+f(3) =
125, and for all x, f(x)f(2x2) = f(2x3 + x). Find f(5).

15. Four circles ω, ωA, ωB , and ωC with the same radius are drawn in the interior
of triangle ABC such that ωA is tangent to sides AB and AC, ωB to BC and
BA, ωC to CA and CB, and ω is externally tangent to ωA, ωB , and ωC . If the
sides of triangle ABC are 13, 14, and 15, the radius of ω can be represented in
the form m

n , where m and n are relatively prime positive integers. Find m + n.
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1. Of the students attending a school party, 60% of the students are girls,
and 40% of the students like to dance. After these students are joined by
20 more boy students, all of whom like to dance, the party is now 58%
girls. How many students now at the party like to dance?

2. Square AIME has sides of length 10 units. Isosceles triangle GEM has
base EM , and the area common to triangle GEM and square AIME is
80 square units. Find the length of the altitude to EM in 4GEM .

3. Ed and Sue bike at equal and constant rates. Similarly, they jog at equal
and constant rates, and they swim at equal and constant rates. Ed covers
74 kilometers after biking for 2 hours, jogging for 3 hours, and swim-
ming for 4 hours, while Sue covers 91 kilometers after jogging for 2 hours,
swimming for 3 hours, and biking for 4 hours. Their biking, jogging, and
swimming rates are all whole numbers of kilometers per hour. Find the
sum of the squares of Ed’s biking, jogging, and swimming rates.

4. There exist unique positive integers x and y that satisfy the equation
x2 + 84x + 2008 = y2. Find x + y .

5. A right circular cone has base radius r and height h. The cone lies on its
side on a flat table. As the cone rolls on the surface of the table without
slipping, the point where the cone’s base meets the table traces a circular
arc centered at the point where the vertex touches the table. The cone
first returns to its original position on the table after making 17 complete
rotations. The value of h/r can be written in the form m

√
n, where m and

n are positive integers and n is not divisible by the square of any prime.
Find m + n .

6. A triangular array of numbers has a first row consisting of the odd inte-
gers 1, 3, 5,. . ., 99 in increasing order. Each row below the first has one
fewer entry than the row above it, and the bottom row has a single entry.
Each entry in any row after the top row equals the sum of the two entries
diagonally above it in the row immediately above it. How many entries in
the array are multiples of 67 ?

1 3 5 . . . 97 99
4 8 12 196

...
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7. Let Si be the set of all integers n such that 100i ≤ n < 100(i + 1). For
example, S4 is the set {400, 401, 402, . . . , 499}. How many of the sets
S0, S1, S2, . . . , S999 do not contain a perfect square?

8. Find the positive integer n such that

arctan
1
3

+ arctan
1
4

+ arctan
1
5

+ arctan
1
n

=
π

4
.

9. Ten identical crates each have dimensions 3 ft × 4 ft × 6 ft. The first crate
is placed flat on the floor. Each of the remaining nine crates is placed, in
turn, flat on top of the previous crate, and the orientation of each crate
is chosen at random. Let m

n be the probability that the stack of crates
is exactly 41 ft tall, where m and n are relatively prime positive integers.
Find m .

10. Let ABCD be an isosceles trapezoid with AD‖BC whose angle at the
longer base AD is π

3 . The diagonals have length 10
√

21, and point E is
at distances 10

√
7 and 30

√
7 from vertices A and D, respectively. Let

F be the foot of the altitude from C to AD. The distance EF can be
expressed in the form m

√
n, where m and n are positive integers and n is

not divisible by the square of any prime. Find m + n .

11. Consider sequences that consist entirely of A’s and B’s and that have the
property that every run of consecutive A’s has even length, and every run
of consecutive B’s has odd length. Examples of such sequences are AA,
B, and AABAA, while BBAB is not such a sequence. How many such
sequences have length 14 ?

12. On a long straight stretch of one-way single-lane highway, cars all travel
at the same speed and all obey the safety rule: the distance from the back
of the car ahead to the front of the car behind is exactly one car length for
each 15 kilometers per hour of speed or fraction thereof. (Thus the front
of a car traveling 52 kilometers per hour will be four car lengths behind
the back of the car in front of it.) A photoelectric eye by the side of the
road counts the number of cars that pass in one hour. Assuming that each
car is 4 meters long and that the cars can travel at any speed, let M be
the maximum whole number of cars that can pass the photoelectric eye in
one hour. Find the quotient when M is divided by 10 .
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13. Let

p(x, y) = a0+a1x+a2y+a3x
2+a4xy+a5y

2+a6x
3+a7x

2y+a8xy2+a9y
3.

Suppose that

p(0, 0) = p(1, 0) = p(−1, 0) = p(0, 1) = p(0,−1)
= p(1, 1) = p(1,−1) = p(2, 2) = 0.

There is a point
(

a
c , b

c

)
for which p

(
a
c , b

c

)
= 0 for all such polynomials,

where a, b, and c are positive integers, a and c are relatively prime, and
c > 1. Find a + b + c .

14. Let AB be a diameter of circle ω. Extend AB through A to C. Point
T lies on ω so that line CT is tangent to ω. Point P is the foot of the
perpendicular from A to line CT . Suppose AB = 18, and let m denote
the maximum possible length of segment BP . Find m2 .

15. A square piece of paper has sides of length 100. From each corner a wedge
is cut in the following manner: at each corner, the two cuts for the wedge
each start at distance

√
17 from the corner, and they meet on the diagonal

at an angle of 60◦ (see the figure below). The paper is then folded up along
the lines joining the vertices of adjacent cuts. When the two edges of a
cut meet, they are taped together. The result is a paper tray whose sides
are not at right angles to the base. The height of the tray, that is, the
perpendicular distance between the plane of the base and the plane formed
by the upper edges, can be written in the form n

√
m, where m and n are

positive integers, m < 1000, and m is not divisible by the nth power of
any prime. Find m + n .

√17

√17

fold

fold

30°
30°

cut

cut
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1. Let N = 1002 + 992 − 982 − 972 + 962 + · · ·+ 42 + 32 − 22 − 12, where the
additions and subtractions alternate in pairs. Find the remainder when
N is divided by 1000 .

2. Rudolph bikes at a constant rate and stops for a five-minute break at the
end of every mile. Jennifer bikes at a constant rate which is three-quarters
the rate that Rudolph bikes, but Jennifer takes a five-minute break at the
end of every two miles. Jennifer and Rudolph begin biking at the same
time and arrive at the 50-mile mark at exactly the same time. How many
minutes has it taken them?

3. A block of cheese in the shape of a rectangular solid measures 10 cm by 13
cm by 14 cm. Ten slices are cut from the cheese. Each slice has a width
of 1 cm and is cut parallel to one face of the cheese. The individual slices
are not necessarily parallel to each other. What is the maximum possible
volume in cubic cm of the remaining block of cheese after ten slices have
been cut off?

4. There exist r unique nonnegative integers n1 > n2 > · · · > nr and r
unique integers ak (1 ≤ k ≤ r) with each ak either 1 or -1 such that

a13n1 + a23n2 + · · ·+ ar3nr = 2008.

Find n1 + n2 + · · ·+ nr .

5. In trapezoid ABCD with BC ‖ AD, let BC = 1000 and AD = 2008. Let
∠A = 37◦, ∠D = 53◦, and M and N be the midpoints of BC and AD,
respectively. Find the length MN .

6. The sequence {an} is defined by

a0 = 1, a1 = 1, and an = an−1 +
a2

n−1

an−2
for n ≥ 2.

The sequence {bn} is defined by

b0 = 1, b1 = 3, and bn = bn−1 +
b2
n−1

bn−2
for n ≥ 2.

Find
b32

a32
.
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7. Let r, s, and t be the three roots of the equation

8x3 + 1001x + 2008 = 0.

Find (r + s)3 + (s + t)3 + (t + r)3 .

8. Let a = π/2008. Find the smallest positive integer n such that

2[cos(a) sin(a) + cos(4a) sin(2a) + cos(9a) sin(3a) + · · ·+ cos(n2a) sin(na)]

is an integer.

9. A particle is located on the coordinate plane at (5, 0). Define a move for
the particle as a counterclockwise rotation of π/4 radians about the origin
followed by a translation of 10 units in the positive x-direction. Given that
the particle’s position after 150 moves is (p, q), find the greatest integer
less than or equal to |p|+ |q| .

10. The diagram below shows a 4 × 4 rectangular array of points, each of
which is 1 unit away from its nearest neighbors.

Define a growing path to be a sequence of distinct points of the array with
the property that the distance between consecutive points of the sequence
is strictly increasing. Let m be the maximum possible number of points
in a growing path, and let r be the number of growing paths consisting of
exactly m points. Find mr.

11. In triangle ABC, AB = AC = 100, and BC = 56. Circle P has radius 16
and is tangent to AC and BC. Circle Q is externally tangent to circle P
and is tangent to AB and BC. No point of circle Q lies outside of 4ABC.
The radius of circle Q can be expressed in the form m−n

√
k, where m, n,

and k are positive integers and k is the product of distinct primes. Find
m + nk .

12. There are two distinguishable flagpoles, and there are 19 flags, of which
10 are identical blue flags, and 9 are identical green flags. Let N be the
number of distinguishable arrangements using all of the flags in which
each flagpole has at least one flag and no two green flags on either pole
are adjacent. Find the remainder when N is divided by 1000 .
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13. A regular hexagon with center at the origin in the complex plane has
opposite pairs of sides one unit apart. One pair of sides is parallel to
the imaginary axis. Let R be the region outside the hexagon, and let
S = { 1

z | z ∈ R}. Then the area of S has the form aπ +
√

b, where a and
b are positive integers. Find a + b .

14. Let a and b be positive real numbers with a ≥ b. Let ρ be the maximum
possible value of a

b for which the system of equations

a2 + y2 = b2 + x2 = (a− x)2 + (b− y)2

has a solution (x, y) satisfying 0 ≤ x < a and 0 ≤ y < b. Then ρ2 can
be expressed as a fraction m

n , where m and n are relatively prime positive
integers. Find m + n .

15. Find the largest integer n satisfying the following conditions:
(i) n2 can be expressed as the difference of two consecutive cubes;
(ii) 2n + 79 is a perfect square .
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1. Call a 3-digit number geometric if it has 3 distinct digits which, when read
from left to right, form a geometric sequence. Find the difference between
the largest and smallest geometric numbers.

2. There is a complex number z with imaginary part 164 and a positive
integer n such that

z

z + n
= 4i.

Find n .

3. A coin that comes up heads with probability p > 0 and tails with proba-
bility 1− p > 0 independently on each flip is flipped eight times. Suppose
the probability of three heads and five tails is equal to 1

25 of the probabil-
ity of five heads and three tails. Let p = m

n , where m and n are relatively
prime positive integers. Find m + n .

4. In parallelogram ABCD, point M is on AB so that AM
AB = 17

1000 , and point
N is on AD so that AN

AD = 17
2009 . Let P be the point of intersection of AC

and MN . Find AC
AP .

5. Triangle ABC has AC = 450 and BC = 300. Points K and L are located
on AC and AB respectively so that AK = CK, and CL is the angle
bisector of angle C. Let P be the point of intersection of BK and CL,
and let M be the point on line BK for which K is the midpoint of PM .
If AM = 180, find LP .

6. How many positive integers N less than 1000 are there such that the
equation xbxc = N has a solution for x ? (The notation bxc denotes the
greatest integer that is less than or equal to x.)

7. The sequence (an) satisfies a1 = 1 and 5(an+1−an) − 1 =
1

n + 2
3

for n ≥ 1.

Let k be the least integer greater than 1 for which ak is an integer. Find
k.

8. Let S = {20, 21, 22, . . . , 210}. Consider all possible positive differences of
pairs of elements of S. Let N be the sum of all of these differences. Find
the remainder when N is divided by 1000.

9. A game show offers a contestant three prizes A, B and C, each of which
is worth a whole number of dollars from $1 to $9999 inclusive. The con-
testant wins the prizes by correctly guessing the price of each prize in the
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order A, B, C. As a hint, the digits of the three prices are given. On a
particular day, the digits given were 1, 1, 1, 1, 3, 3, 3. Find the total
number of possible guesses for all three prizes consistent with the hint.

10. The Annual Interplanetary Mathematics Examination (AIME) is written
by a committee of five Martians, five Venusians, and five Earthlings. At
meetings, committee members sit at a round table with chairs numbered
from 1 to 15 in clockwise order. Committee rules state that a Martian must
occupy chair 1 and an Earthling must occupy chair 15. Furthermore, no
Earthling can sit immediately to the left of a Martian, no Martian can sit
immediately to the left of a Venusian, and no Venusian can sit immediately
to the left of an Earthling. The number of possible seating arrangements
for the committee is N · (5!)3. Find N .

11. Consider the set of all triangles OPQ where O is the origin and P and Q
are distinct points in the plane with nonnegative integer coordinates (x, y)
such that 41x+y = 2009. Find the number of such distinct triangles whose
area is a positive integer.

12. In right 4ABC with hypotenuse AB, AC = 12, BC = 35, and CD is the
altitude to AB. Let ω be the circle having CD as a diameter. Let I be a
point outside 4ABC such that AI and BI are both tangent to circle ω.
The ratio of the perimeter of 4ABI to the length AB can be expressed in
the form

m

n
, where m and n are relatively prime positive integers. Find

m + n .

13. The terms of the sequence (ai) defined by an+2 =
an + 2009
1 + an+1

for n ≥ 1 are

positive integers. Find the minimum possible value of a1 + a2 .

14. For t = 1, 2, 3, 4, define St =
350∑

i=1

at
i, where ai ∈ {1, 2, 3, 4}. If S1 = 513

and S4 = 4745, find the minimum possible value for S2 .

15. In triangle ABC, AB = 10, BC = 14, and CA = 16. Let D be a point in
the interior of BC. Let IB and IC denote the incenters of triangles ABD
and ACD, respectively. The circumcircles of triangles BIBD and CICD
meet at distinct points P and D. The maximum possible area of 4BPC
can be expressed in the form a−b

√
c, where a, b and c are positive integers

and c is not divisible by the square of any prime. Find a + b + c.
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1. Before starting to paint, Bill had 130 ounces of blue paint, 164 ounces of
red paint, and 188 ounces of white paint. Bill painted four equally sized
stripes on a wall, making a blue stripe, a red stripe, a white stripe, and a
pink stripe. Pink is a mixture of red and white, not necessarily in equal
amounts. When Bill finished, he had equal amounts of blue, red, and
white paint left. Find the total number of ounces of paint Bill had left.

2. Suppose that a, b, and c are positive real numbers such that alog3 7 = 27,
blog7 11 = 49, and clog11 25 =

√
11. Find

a(log3 7)2 + b(log7 11)2 + c(log11 25)2 .

3. In rectangle ABCD, AB = 100. Let E be the midpoint of AD. Given
that line AC and line BE are perpendicular, find the greatest integer less
than AD .

4. A group of children held a grape-eating contest. When the contest was
over, the winner had eaten n grapes, and the child in kth place had eaten
n + 2 − 2k grapes. The total number of grapes eaten in the contest was
2009. Find the smallest possible value of n .

5. Equilateral triangle T is inscribed in circle A, which has radius 10. Circle
B with radius 3 is internally tangent to circle A at one vertex of T . Circles
C and D, both with radius 2, are internally tangent to circle A at the
other two vertices of T . Circles B, C, and D are all externally tangent to
circle E, which has radius m

n , where m and n are relatively prime positive
integers. Find m + n .

A

B

C D

E

6. Let m be the number of five-element subsets that can be chosen from the
set of the first 14 natural numbers so that at least two of the five numbers
are consecutive. Find the remainder when m is divided by 1000 .
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7. Define n!! to be n(n−2)(n−4) . . . 3 ·1 for n odd and n(n−2)(n−4) . . . 4 ·2

for n even. When
2009∑

i=1

(2i− 1)!!
(2i)!!

is expressed as a fraction in lowest terms,

its denominator is 2ab with b odd. Find
ab

10
.

8. Dave rolls a fair six-sided die until a six appears for the first time. Inde-
pendently, Linda rolls a fair six-sided die until a six appears for the first
time. Let m and n be relatively prime positive integers such that m

n is
the probability that the number of times Dave rolls his die is equal to or
within one of the number of times Linda rolls her die. Find m + n .

9. Let m be the number of solutions in positive integers to the equation
4x + 3y + 2z = 2009, and let n be the number of solutions in positive
integers to the equation 4x + 3y + 2z = 2000. Find the remainder when
m− n is divided by 1000.

10. Four lighthouses are located at points A, B, C, and D. The lighthouse
at A is 5 kilometers from the lighthouse at B, the lighthouse at B is
12 kilometers from the lighthouse at C, and the lighthouse at A is 13
kilometers from the lighthouse at C. To an observer at A, the angle
determined by the lights at B and D and the angle determined by the
lights at C and D are equal. To an observer at C, the angle determined
by the lights at A and B and the angle determined by the lights at D
and B are equal. The number of kilometers from A to D is given by
p
√

r

q
, where p, q, and r are relatively prime positive integers, and r is not

divisible by the square of any prime. Find p + q + r .

11. For certain pairs (m,n) of positive integers with m ≥ n there are exactly
50 distinct positive integers k such that | log m− log k| < log n. Find the
sum of all possible values of the product mn .

12. From the set of integers {1, 2, 3, . . . , 2009}, choose k pairs {ai, bi} with
ai < bi so that no two pairs have a common element. Suppose that all
the sums ai + bi are distinct and less than or equal to 2009. Find the
maximum possible value of k .

13. Let A and B be the endpoints of a semicircular arc of radius 2. The arc is
divided into seven congruent arcs by six equally spaced points C1, C2,. . . ,
C6. All chords of the form ACi or BCi are drawn. Let n be the product of
the lengths of these twelve chords. Find the remainder when n is divided
by 1000 .
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14. The sequence (an) satisfies a0 = 0 and an+1 =
8
5
an +

6
5

√
4n − a2

n for
n ≥ 0. Find the greatest integer less than or equal to a10 .

15. Let MN be a diameter of a circle with diameter 1. Let A and B be
points on one of the semicircular arcs determined by MN such that A is
the midpoint of the semicircle and MB = 3

5 . Point C lies on the other
semicircular arc. Let d be the length of the line segment whose endpoints
are the intersections of diameter MN with the chords AC and BC. The
largest possible value of d can be written in the form r − s

√
t, where r,

s, and t are positive integers and t is not divisible by the square of any
prime. Find r + s + t .
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1 Let N be the greatest integer multiple of 36 all of whose digits are even and no two of whose
digits are the same. Find the remainder when N is divided by 1000.

2 A point P is chosen at random in the interior of a unit square S. Let d(P ) denote the distance
from P to the closest side of S. The probability that 1

5 ≤ d(P ) ≤ 1
3 is equal to m

n , where m
and n are relatively prime positive integers. Find m + n.

3 Let K be the product of all factors (b−a) (not necessarily distinct) where a and b are integers
satisfying 1 ≤ a < b ≤ 20. Find the greatest positive integer n such that 2n divides K.

4 Dave arrives at an airport which has twelve gates arranged in a straight line with exactly 100
feet between adjacent gates. His departure gate is assigned at random. After waiting at that
gate, Dave is told the departure gate has been changed to a different gate, again at random.
Let the probability that Dave walks 400 feet or less to the new gate be a fraction m

n , where
m and n are relatively prime positive integers. Find m + n.

5 Positive numbers x, y, and z satisfy xyz = 1081 and (log10 x)(log10 yz) + (log10 y)(log10 z) =
468. Find

√
(log10 x)2 + (log10 y)2 + (log10 z)2.

6 Find the smallest positive integer n with the property that the polynomial x4 − nx + 63 can
be written as a product of two nonconstant polynomials with integer coefficients.

7 Let P (z) = z3 + az2 + bz + c, where a, b, and c are real. There exists a complex number
w such that the three roots of P (z) are w + 3i, w + 9i, and 2w − 4, where i2 = − 1. Find
|a + b + c|.

8 Let N be the number of ordered pairs of nonempty sets A and B that have the following
properties:

A ∪ B = {1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12}, A ∩ B = ∅, The number of elements of A is not
an element of A, The number of elements of B is not an element of B.

Find N .

9 Let ABCDEF be a regular hexagon. Let G, H, I, J , K, and L be the midpoints of sides
AB, BC, CD, DE, EF , and AF , respectively. The segments AH, BI, CJ , DK, EL, and
FG bound a smaller regular hexagon. Let the ratio of the area of the smaller hexagon to the
area of ABCDEF be expressed as a fraction m

n where m and n are relatively prime positive
integers. Find m + n.
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10 Find the number of second-degree polynomials f(x) with integer coefficients and integer zeros
for which f(0) = 2010.

11 Define a T-grid to be a 3× 3 matrix which satisfies the following two properties:

(1) Exactly five of the entries are 1’s, and the remaining four entries are 0’s. (2) Among the
eight rows, columns, and long diagonals (the long diagonals are {a13, a22, a31} and {a11, a22, a33},
no more than one of the eight has all three entries equal.

Find the number of distinct T-grids.

12 Two noncongruent integer-sided isosceles triangles have the same perimeter and the same
area. The ratio of the lengths of the bases of the two triangles is 8 : 7. Find the minimum
possible value of their common perimeter.

13 The 52 cards in a deck are numbered 1, 2, . . . , 52. Alex, Blair, Corey, and Dylan each picks a
card from the deck without replacement and with each card being equally likely to be picked,
The two persons with lower numbered cards from a team, and the two persons with higher
numbered cards form another team. Let p(a) be the probability that Alex and Dylan are
on the same team, given that Alex picks one of the cards a and a + 9, and Dylan picks the
other of these two cards. The minimum value of p(a) for which p(a) ≥ 1

2 can be written as
m
n . where m and n are relatively prime positive integers. Find m + n.

14 In right triangle ABC with right angle at C, ∠BAC < 45 degrees and AB = 4. Point P on
AB is chosen such that ∠APC = 2∠ACP and CP = 1. The ratio AP

BP can be represented
in the form p + q

√
r, where p, q, r are positive integers and r is not divisible by the square of

any prime. Find p + q + r.

15 In triangle ABC, AC = 13, BC = 14, and AB = 15. Points M and D lie on AC with
AM = MC and ∠ABD = ∠DBC. Points N and E lie on AB with AN = NB and
∠ACE = ∠ECB. Let P be the point, other than A, of intersection of the circumcircles of
4AMN and 4ADE. Ray AP meets BC at Q. The ratio BQ

CQ can be written in the form m
n ,

where m and n are relatively prime positive integers. Find m− n.

http://www.artofproblemsolving.com/
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Problem 1  

Gary purchased a large beverage, but only drank m/n of it, where m and n are 

relatively prime positive integers. If he had purchased half as much and drunk twice 

as much, he would have wasted only 2/9 as much beverage. Find m+n.  

Problem 2  

On square , point lies on side and point lies on side , so that 

. Find the area of the square .  

Problem 3  

The degree measures of the angles in a convex 18-sided polygon form an increasing 

arithmetic sequence with integer values. Find the degree measure of the smallest 

angle.  

Problem 4  

In triangle ABC, AB=(20/11)AC. The angle bisector of angle A intersects BC at point 

D, and point M is the midpoint of AD. Let P be the point of intersection of AC and the 

line BM. The ratio of CP to PA can be expresses in the form m/n, where m and n are 

relatively prime positive integers. Find m+n.  

Problem 5  

The sum of the first 2011 terms of a geometric sequence is 200. The sum of the first 

4022 terms is 380. Find the sum of the first 6033 terms.  

Problem 6  

Define an ordered quadruple (a, b, c, d) as interesting if , 

and a+d>b+c. How many interesting ordered quadruples are there?  

Problem 7  
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Ed has five identical green marbles, and a large supply of identical red marbles. He 

arranges the green marbles and some of the red ones in a row and finds that the 

number of marbles whose right hand neighbor is the same color as themselves is 

equal to the number of marbles whose right hand neighbor is the other color. An 

example of such an arrangement is GGRRRGGRG. Let be the maximum number 

of red marbles for which such an arrangement is possible, and let be the number 

of ways he can arrange the marbles to satisfy the requirement. Find the 

remainder when is divided by .  

Problem 8  

Let , , , , be the 12 zeroes of the polynomial . For each , 

let be one of or . Then the maximum possible value of the real part of 

can be written as , where and are positive integers. Find 

.  

Problem 9  

Let , , , be nonnegative real numbers such that 

, and . Let and be 

positive relatively prime integers such that is the maximum possible value of 

. Find .  

Problem 10  

A circle with center has radius 25. Chord of length 30 and chord of 

length 14 intersect at point . The distance between the midpoints of the two 

chords is 12. The quantity can be represented as , where and are 

relatively prime positive integers. Find the remainder when is divided by 

1000.  

Problem 11  

Let be the matrix with entries as follows: for , ; for 

, ; all other entries in are zero. Let be 
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the determinant of matrix . Then can be represented as , 

where and are relatively prime positive integers. Find . Note: The 

determinant of the matrix is , and the determinant of the matrix 

; for , the determinant of an matrix with first row 

or first column is equal to 

, where is the determinant of the 

matrix formed by eliminating the row and column containing .  

Problem 12  

Nine delegates, three each from three different countries, randomly select chairs at 

a round table that seats nine people. Let the probability that each delegate sits next 

to at least one delegate from another country be , where and are relatively 

prime positive integers. Find .  

Problem 13  

Point lies on the diagonal of square with . Let and 

be the circumcenters of triangles and , respectively. Given that 

and , then , where and are 

positive integers. Find .  

Problem 14  

There are permutations of such that for 

, divides for all integers with . 

Find the remainder when is divided by 1000.  

Problem 15  

Let . A real number is chosen at random from the interval 

. The probability that is equal to 
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, where , , , , and are positive integers, and none of 

, , or is divisible by the square of a prime. Find .  

 

Problem 1  

Gary purchased a large beverage, but only drank m/n of it, where m and n are 

relatively prime positive integers. If he had purchased half as much and drunk twice 

as much, he would have wasted only 2/9 as much beverage. Find m+n.  

Solution  

Let be the fraction consumed, then is the fraction wasted. We have 

, or , or or . 

Therefore,  

Problem 2  

On square ABCD, point E lies on side AD and point F lies on side BC, so that 

BE=EF=FD=30. Find the area of the square ABCD.  

Solution  

Drawing the square and examining the given lengths, 

you find that the three segments cut the square 

into three equal horizontal sections. Therefore, (  being the side length), 
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, or . Solving for , we get , 

and  

Area of the square is  

Problem 3  

The degree measures of the angles in a convex 18-sided polygon form an increasing 

arithmetic sequence with integer values. Find the degree measure of the smallest 

angle.  

Solution  

The average angle in an 18-gon is . In an arithmetic sequence the average is 

the same as the median, so the middle two terms of the sequence average to . 

Thus for some positive (the sequence is increasing and thus non-constant) integer 

, the middle two terms are and . Since the step is the 

last term of the sequence is , which must be less than , since the 

polygon is convex. This gives , so the only suitable positive integer is 1. 

The first term is then  

Problem 4  

In triangle , . The angle bisector of intersects at point 

, and point is the midpoint of . Let be the point of the intersection of 

and . The ratio of to can be expressed in the form , where 

and are relatively prime positive integers. Find .  

Solutions  

Solution 1  
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Let be on such that . It follows that 

, so by the Angle Bisector 

Theorem. Similarly, we see by the midline theorem that . Thus, 

and .  

Solution 2  

Assign mass points as follows: by Angle-Bisector Theorem, , so 

we assign . Since , then 

, and .  

Solution 3  

By Menelaus' Theorem on with transversal , 

 

Problem 5 

The sum of the first 2011 terms of a geometric sequence is 200. The sum of the first 

4022 terms is 380. Find the sum of the first 6033 terms.  

Solution 

http://www.artofproblemsolving.com/Wiki/index.php/Angle_Bisector_Theorem
http://www.artofproblemsolving.com/Wiki/index.php/Angle_Bisector_Theorem
http://www.artofproblemsolving.com/Wiki/index.php/Angle_Bisector_Theorem
http://www.artofproblemsolving.com/Wiki/index.php/Mass_points
http://www.artofproblemsolving.com/Wiki/index.php/Menelaus%27_Theorem
http://www.artofproblemsolving.com/Wiki/index.php?title=Transversal&action=edit&redlink=1
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http://www.artofproblemsolving.com/Forum/code.php?hash=5ad8d2826e779c82abca0e5be54eaf4a04a975e2&type=1&sid=4fd29a6ebcd0f458f5d9d4a8b933e546
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http://www.artofproblemsolving.com/Forum/code.php?hash=cc837d254485d1f5e66fadfb64927642e1e30fc4&type=1&sid=4fd29a6ebcd0f458f5d9d4a8b933e546


Since the sum of the first terms is , and the sum of the fist terms is 

, the sum of the second terms is . This is decreasing from the first 

2011, so the common ratio (or whatever the term for what you multiply it by is) is 

less than one.  

Because it is a geometric sequence and the sum of the first 2011 terms is , 

second is , the ratio of the second terms to the first terms is 

. Following the same pattern, the sum of the third terms is 

.  

Thus,  

Sum of the first is  

Problem 6 

Define an ordered quadruple as interesting if , 

and . How many interesting ordered quadruples are there?  

Solution 

Rearranging the inequality we get . Let , then 

is a partition of 11 into 5 positive integers or 

equivalently: is a partition of 6 

into 5 non-negative integer parts. Via a standard balls and urns argument, the 

number of ways to partition 6 into 5 non-negative parts is . 

The interesting quadruples correspond to partitions where the second number is 

less than the fourth. By symmetry there as many partitions where the fourth is less 

than the second. So, if is the number of partitions where the second element is 

equal to the fourth, our answer is .  

We find as a sum of 4 cases:  

 two parts equal to zero, ways,  

 two parts equal to one, ways,  
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http://www.artofproblemsolving.com/Forum/code.php?hash=32a70a32da27b30a10fe546ead126f0778c5f00f&sid=775b12bc06474a86591d17787a750323
http://www.artofproblemsolving.com/Forum/code.php?hash=ec7f1f65067126f3b2bd1037de8a18d0db2ec84b&sid=775b12bc06474a86591d17787a750323
http://www.artofproblemsolving.com/Forum/code.php?hash=32a70a32da27b30a10fe546ead126f0778c5f00f&sid=775b12bc06474a86591d17787a750323
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 two parts equal to two, ways,  

 two parts equal to three, way.  

Therefore, and our answer is  

Problem 7 

Ed has five identical green marbles, and a large supply of identical red marbles. He 

arranges the green marbles and some of the red ones in a row and finds that the 

number of marbles whose right hand neighbor is the same color as themselves is 

equal tot he number of marbles whose right hand neighbor is the other color. An 

example of such an arrangement is GGRRRGGRG. Let m be the maximum number 

of red marbles for which such an arrangement is possible, and let N be the number 

of ways he can arrange the m+5 marbles to satisfy the requirement. Find the 

remainder when N is divided by 1000.  

Solution 

We are limited by the number of marbles whose right hand neighbor is not the same 

color as the marble. By surrounding every green marble with red marbles - 

RGRGRGRGRGR. That's 10 "not the same colors" and 0 "same colors." Now, for 

every red marble we add, we will add one "same color" pair and keep all 10 "not the 

same color" pairs. It follows that we can add 10 more red marbles for a total of 16 

= m. We can place those ten marbles in any of 6 "boxes": To the left of the first 

green marble, to the right of the first but left of the second, etc. up until to the right 

of the last. This is a stars-and-bars problem, the solution of which can be found as 

where n is the number of stars and k is the number of bars. There are 10 

stars (The unassigned Rs, since each "box" must contain at least one, are not 

counted here) and 5 "bars," the green marbles. So the answer is , 

take the remainder when divided by 1000 to get the answer:  

Problem 8 

http://www.artofproblemsolving.com/Forum/code.php?hash=ed8c949825eadcd36abb2b32078bcf9094ff9302&sid=6c0ebd078d1f27cd87887ccc8b2cfb8f
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http://www.artofproblemsolving.com/Forum/code.php?hash=a8dd75c7a663931b29c87b93736563f27575cb87&sid=7bbe811e25ce0f97ca9c33ef5dc51906


Let , , , , be the 12 zeroes of the polynomial . For each , 

let be one of or . Then the maximum possible value of the real part of 

can be written as , where and are positive integers. Find 

.  

Solution  

 

The twelve dots above represent the 12 roots of the equation . If we 

write , then the real part of is and the real part of is . The blue 

dots represent those roots for which the real part of is greater than the real part 

of , and the red dots represent those roots for which the real part of is 

greater than the real part of . Now, the sum of the real parts of the blue dots is 

easily seen to be and the negative of the sum of the 

imaginary parts of the red dots is easily seen to also be . Hence our 

desired sum is , giving the answer .  

Problem 9 

Let be non-negative real numbers such that 

, and . Let and be 

positive relatively prime integers such that is the maximum possible value of 

. Find .  
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Solution 

Note that neither the constraint nor the expression we need to maximize involves 

products with . Factoring out say and we see that 

the constraint is , while the expression we want to 

maximize is . Adding the 

left side of the constraint to the expression we get: 

. This 

new expression is the product of three non-negative terms whose sum is equal to 1. 

By AM-GM this product is at most . Since we have added at least the desired 

maximum is at most . It is easy to see that this upper bound can in fact 

be achieved by ensuring that the constraint expression is equal to with 

—for example, by choosing and small 

enough—so our answer is  

An example is:  

Another example is  

Problem 10  

A circle with center O has radius 25. Chord of length 30 and chord of 

length 14 intersect at point P. The distance between the midpoints of the two chords 

is 12. The quantity can be expressed as , where m and n are relatively 

prime positive integers. Find the remainder when m + n is divided by 1000.  

Solution  

Let and be the midpoints of and , respectively, such that 

intersects .  
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Since and are midpoints, and .  

and are located on the circumference of the circle, so .  

The line through the midpoint of a chord of a circle and the center of that circle is 

perpendicular to that chord, so and are right triangles (with 

and being the right angles). By the Pythagorean Theorem, 

, and .  

Let , , and be lengths , , and , respectively. OEP and OFP are 

also right triangles, so , and 

 

We are given that has length 12, so, using the Law of Cosines with :  

 

Substituting for and , and applying the Cosine of Sum formula:  

 

and are acute angles in right triangles, so substitute 

opposite/hypotenuse for sines and adjacent/hypotenuse for cosines:  

 

Combine terms and multiply both sides by : 

 

Combine terms again, and divide both sides by 64: 

 

Square both sides: 

 

This reduces to ; (4050 + 7) divided by 1000 has remainder 

.  

Problem 11 
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Let be the n x n matrix with entries as follows: for , ; for 

, ; all other entries in are zero. Let be 

the determinant of the matrix . Then can be represented as 

where p and q are relatively prime positive integers. Find p + q.  

Note: The determinant of the 1 x 1 matrix is a, and the determinant of 

the 2 x 2 matrix is ad-bc; for n 2, the determinant of an n x n matrix 

with first row or first column . . . . is equal to 

where is the determinant of the 

(n-1) x (n-1) matrix found by eliminating the row and column containing .  

 

Solution 

 

 

 

 

 

Using the expansionary/recursive definition of determinants (also stated in the 

problem):  

 

 

This pattern repeats because the first element in the first row of is always 10, 

the second element is always 3, and the rest are always 0. The ten element directly 

expands to . The three element expands to 3 times the determinant of the 
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the matrix formed from omitting the second column and first row from the original 

matrix. Call this matrix . has a first column entirely of zeros except for the 

first element, which is a three. A property of matrices is that the determinant can be 

expanded over the rows instead of the columns (still using the recursive definition 

as given in the problem), and the determinant found will still be the same. Thus, 

expanding over this first column yields . Thus, 

the expression turns into . Thus, the equation 

holds for all n > 2.  

 

This equation can be rewritten as . This version 

of the equation involves the difference of successive terms of a recursive sequence. 

Calculating backwards from the recursive formula and from the formula 

yields . Examining the differences between successive terms, a 

pattern emerges.  

 

 

 

 

Thus, .  

Thus, the desired sum is  

This is an infinite geometric sequence with first term and common ratio . Thus, 

the sum is .  

Thus, p + q = 1 + 72 =  

Problem 12  

Nine delegates, three each from three different countries, randomly select chairs at 

a round table that seats nine people. Let the probability that each delegate sits next 
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to at least one delegate from another country be , where and are relatively 

prime positive integers. Find .  

Solution  

Use complementary probability and PIE.  

If we consider the delegates from each country to be indistinguishable and number 

the chairs, we have total ways to seat the candidates. This comes to: 

 

Of these there are ways to have the candidates of at least some one 

country sit together. This comes to  

Among these there are ways for candidates from two countries to each sit 

together. This comes to  

Finally, there are ways for the candidates from all the countries to sit in 

three blocks (9 clockwise arrangements, and 9 counter-clockwise arrangements).  

So, by PIE, the total count of unwanted arrangements is 

 

So the fraction Thus 

 

Problem 

Point P lies on the diagonal AC of square ABCD with AP > CP. Let and be the 

circumcenters of triangles ABP and CDP respectively. Given that AB = 12 and 

, then , where a and b are positive integers. Find 

a + b.  

 

Solution 
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Denote the midpoint of DC be E and the midpoint of AB be F. Because they are the 

circumcenters, both Os lie on the perpendicular bisectors of AB and CD and these 

bisectors go through E and F.  

 

It is given that . Because and are radii of the same circle, 

the have the same length. This is also true of and . Because 

, . Thus, 

and are isosceles right triangles. Using the given information above and 

symmetry, . Because ABP and ADP share one side, have one side 

with the same length, and one equal angle, they are congruent by SAS. This is also 

true for triangle CPB and CPD. Because angles APB and APD are equal and they sum 

to 120 degrees, they are each 60 degrees. Likewise, both angles CPB and CPD have 

measures of 120 degrees.  

 

Because the interior angles of a triangle add to 180 degrees, angle ABP has measure 

75 degrees and angle PDC has measure 15 degrees. Subtracting, it is found that 

both angles and have measures of 30 degrees. Thus, both triangles 

and are 30-60-90 right triangles. Because F and E are the midpoints 

of AB and CD respectively, both FB and DE have lengths of 6. Thus, 

. Because of 45-45-90 right triangles, .  

 

Now, using Law of Cosines on triangle ABP and letting AP be x,  

 

 

 

 

Using quadratic formula,  
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Because it is given that , , so the minus version of the 

above equation is too small. Thus, and a + b = 24 + 72 =  

Problem 14 

There are N permutations of 1, 2, ... , 30 such that for 

, m divides for all integers n with . 

Find the remainder when N is divided by 1000.  

 1 Problem 14  

 2 Solutions  

 2.1 Solution 1  

 2.2 Solution 2  

 

Solutions 

Solution 1 

Each position in the 30-position permutation is uniquely defined by an ordered triple 

. The nth position is defined by this ordered triple where i is n mod 2, j is n 

mod 3, and k is n mod 5. There are 2 choices for i, 3 for j, and 5 for k, yielding 

2*3*5=30 possible triples. Because the least common multiple of 2, 3, and 5 is 30, 

none of these triples are repeated and all are used. By the conditions of the problem, 

if i is the same in two different triples, then the two numbers in these positions must 

be equivalent mod 2. If j is the same, then the two numbers must be equivalent mod 

3, and if k is the same, the two numbers must be equivalent mod 5.  

The ordered triple (or position) in which the number one can be placed has 2 options 

for i, 3 for j, and 5 for k, resulting in 30 different positions it can be placed.  

The ordered triple where 2 can be placed in somewhat constrained by the placement 

of the number 1. Because 1 is not equivalent to 2 mod 2, 3, or 5, the i, j, and k in 

their ordered triples must be different. Thus, for the number 2, there are (2-1) 
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choices for i, (3-1) choices for j, and (5-1) choices for k. Thus, there are 1*2*4=8 

possible placements for the number two once the number one is placed.  

Because 3 is equivalent to 1 mod 2, it must have the same i as the ordered triple of 

1. Because 3 is not equivalent to 1 or 2 mod 3 or 5, it must have different j and k 

values. Thus, there is 1 choice for i, (2-1) choices for j, and (4-1) choices for k, for 

a total of 1*1*3=3 choices for the placement of 3.  

As above, 4 is even, so it must have the same value of i as 2. It is also 1 mod 3, so 

it must have the same j value of 2. 4 is not equivalent to 1, 2, or 3 mod 5, so it must 

have a different k value than that of 1, 2, and 3. Thus, there is 1 choice for i, 1 choice 

for j, and (3-1) choices for k, yielding a total of 1*1*2=2 possible placements for 4.  

5 is odd and is equivalent to 2 mod 3, so it must have the same i value as 1 and the 

same j value of 2. 5 is not equivalent to 1, 2, 3, or 4 mod 5, so it must have a 

different k value from 1, 2, 3, and 4. However, 4 different values of k are held by 

these four numbers, so 5 must hold the one remaining value. Thus, only one 

possible triple is found for the placement of 5.  

All numbers from 6 to 30 are also fixed in this manner. All values of i, j, and k have 

been used, so every one of these numbers will have a unique triple for placement, 

as above with the number five. Thus, after 1, 2, 3, and 4 have been placed, the rest 

of the permutation is fixed.  

Thus, N = 30*8*3*2=30*24=1440. Thus, the remainder when N is divided by 1000 

 

Solution 2 

We observe that the condition on the permutations means that two numbers with 

indices congruent are themselves congruent for 

Furthermore, suppose that Then, there are indices 

congruent to and numbers congruent to because 2, 

3, and 5 are all factors of 30. Therefore, since every index congruent to must 

contain a number congruent to and no number can appear twice in the 

permutation, only the indices congruent to contain numbers congruent to In 

other words,  

This tells us that in a valid permutation, the congruence classes are simply 

swapped around, and if the set is a congruence class for 2, 3, or 5, 

the set is still a congruence class Clearly, each valid 

permutation of the numbers 1 through 30 corresponds to exactly one permutation 
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of the congruence classes modulo 2, 3, and 5. Also, if we choose some permutations 

of the congruence classes modulo 2, 3, and 5, they correspond to exactly one valid 

permutation of the numbers 1 through 30. This can be shown as follows: First of all, 

the choice of permutations of the congruence classes gives us every number in the 

permutation modulo 2, 3, and 5, so by the Chinese Remainder Theorem, it gives us 

every number Because the numbers must be between 1 and 30 

inclusive, it thus uniquely determines what number goes in each index. Furthermore, 

two different indices cannot contain the same number. We will prove this by 

contradiction, calling the indices and for If then they must 

have the same residues modulo 2, 3, and 5, and so modulo 2, 3, and 5. Again 

using the Chinese Remainder Theorem, we conclude that so 

because and are both between 1 and 30 inclusive, giving us a 

contradiction. Therefore, every choice of permutations of the congruence classes 

modulo 2, 3, and 5 corresponds to exactly one valid permutation of the numbers 1 

through 30.  

We have now established a bijection between valid permutations of the numbers 1 

through 30 and permutations of the congruence classes modulo 2, 3, and 5, so 

is equal to the number of permutations of congruence classes. There are always 

congruence classes so 

 

Problem 15 

Let . A real number is chosen at random from the interval 

. The probability that is equal to 

, where , , , , and are positive integers. Find 

.  

Solution 

Table of values of :  
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In order for to hold, must be an integer and 

hence must be a perfect square. This limits to or or 

since, from the table above, those are the only values of for which 

is an perfect square. However, in order for to be rounded down to 

, must not be greater than the next perfect square after (for 

the said intervals). Note that in all the cases the next value of always passes 

the next perfect square after , so in no cases will all values of in the said 

intervals work. Now, we consider the three difference cases.  

 

Case :  

must not be greater than the first perfect square after , which is . Since 

is increasing for , we just need to find where and the values 

that will work will be .  

 

So in this case, the only values that will work are .  

Case :  

must not be greater than the first perfect square after , which is .  

 

So in this case, the only values that will work are .  
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Case :  

must not be greater than the first perfect square after , which is .  

 

So in this case, the only values that will work are .  

Now, we find the length of the working intervals and divide it by the length of the 

total interval, :  

 

So the answer is .  
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