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. ANSWER (390):

There are (%) = 455 ways to select 3 distinct vertices from among the 15 points. All
of these selections give vertices of a triangle with positive area except for the selections
consisting of 3 collinear points. There are (5) = 10 ways to select 3 points on side AB,
(5) = 20 ways to select 3 points on side BC, and (§) = 35 ways to select 3 points on
side C'A. Thus there are 455 — 10 — 20 — 35 = 390 triangles with positive area.

. ANSWER (062):

If the remainder is the same when each of 702, 787, and 855 is divided by m, then m
must be a factor of 787 — 702 = 85 and of 855 — 787 = 68. The only common factor of
85 and 68 greater than 1 is 17, so m must be 17, and the common remainder is = 5.
Similarly, » must be a factor of 722 — 412 = 310 and of 815 — 722 = 93. The only
common factor of 310 and 93 greater than 1 is 31, so » must be 31, and the common
remainder is 9 # 5. The requested sum is 17 4+ 31 4+ 5+ 9 = 62.

. ANSWER (069):

Any 20 consecutive positive integers have units digits whose sumis O+ 1+ 2+ --- +
940+14+24+---+9=2(14+9)+2(24+8) +2(3+7)+2(4+6)+2(5) = 90.
Therefore d,, 420 = d,, for all integers » > 1. Thus one only needs to calculate d,, for
1 <n<20,and

(di,ds,...,doo) =(1,3,6,0,5,1,8,6,5,5,6,8,1,5,0,6,3,1,0,0).

Therefore
2017 20 20
> dp =101 dy— > dy =101-70 — 1 = 7069.
n=1 n=1 n=18

The requested remainder is 69.

. ANSWER (803):

Let A, B, and C be the vertices of the base triangle so that AB = AC =20 and BC =
24. Let D be the fourth vertex of the pyramid, P the foot of the altitude of the pyramid
from D to its base, and M the midpoint of side BC. By symmetry, P lies on AM. By
the Pythagorean Theorem, AM = /202 — 122 = 16 and DM? = 25 — 122 = 481,
Then AP? + DP? = 25% and (16 — AP)? + DP? = DM? = 481. Thus

AP? + DP? — ((16 — AP)? + DP?) = 625 — 481 = 144,
and so 32(AP) — 256 = 144. Solving for AP yields AP = % Theretore DP =

/625 — (2)” = 221/3, and the volume of the pyramid is £-22+/3.1.24.16 = 800v/3.
The requested sum is 800 4 3 = 803.
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5. ANSWER (321):

The integer parts of the two representations must match, so @ beight = b b iwetve. This
implies 8a + b = 12b + b, from which @ = 2b. Because both a and b must be
positive integers less than 8, the only two possibilities for the ordered pair (b, a) are
(2,3) and (4,6). Forb = 4 and o = 6 the fractional part of the number equals
0.46yetve = 15 + 197 = 5 = 0.30cighi, 50 d would be 0. On the other hand if b = 2 and
a = 3, then the fractional part is 0.23yelve = % R Ti} =S % = 0.14¢jgpt, and ¢ = 1
and d = 4. Indeed, 32.14¢jg1 = 22.23weive. The requested number is 321.

6. ANSWER (048):

The vertices of the triangle partition the circle into three arcs with degree measures 2z,
2z, and 360 — 4. The chord fails to intersect the triangle if and only if both of the
chosen points are within the same arc. This occurs with probability

14 11 2z \ 2 2¢ \? /360 —4z\>
l-—=—=(cx] +{—) +|——) .
25 25 360 360 360

Substituting y = 155 transforms the equation into

11
2 + (1 —2y)2 = —.
Y+ (1-2y)° = o
The solutions for y are é and % and the corresponding solutions for x are 36 and 84,

respectively, so the requested difference is 84 — 36 = 48.

7. ANSWER (564):
It follows from

(o19) = (- i)
= 2 (0 -win) = 22 (E)C)

at+b<6 at+btec=6

For given values of a, b, and c, the term (°) (7) (°) corresponds to the number of choices

when selecting a elements from {1,2,3,4,5, 6}, b elements from {7,8,9,10,11,12},
and c elements from {13,14,15,16,17,18}. Thus S is equal to the number of 6-
element subsets of {1,2,3,...,18}, namely () = 18,564. The requested remainder
is 564.
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ANSWER (041):

Because ) and R are on the same side of line OP and ZOQP = LORP = 90°,
points O, P, @, and R lie on a semicircle with diameter OP, as shown. Because the
radius of the semicircle is 100, the length of chord QR is less than or equal to 100 if
and only if the arc of the semicircle between () and R has central angle of no more than
60°. This happens exactly when the inscribed angle ZQO R does not exceed 30°; that
is |a — b| < 30.

0] P a

Each pair of values a and b corresponds to a unique point (a, b) in the ab-plane, with
0 <a<75and 0 < b < 75, and vice versa. The points in the ab-plane that meet the
requirement are those within the square that satisfy the relation —30 < a—b < 30, that
is, the shaded hexagonal region within the square, as shown. The two triangles inside
the square and outside the hexagon are both isosceles right triangles with leg length

75 — 30 = 45. Hence the requested probability is 1 — ‘;g—z = % The requested sum is
16 + 25 = 41.
ANSWER (045):

Because 100 = 1 (mod 99), a,, = a,—; + n (mod 99). Thus a, = >} _ ok
(mod 99), which is equivalent to Mﬂ. Because » + 10 and » — 9 cannot
both be multiples of 3, a,, is a multiple of 99 if and only if one of the following holds.
* n — 9is amultiple of 99. The least » > 10 is 108.
* n+ 10 is a multiple of 99. The least » > 10 is 89.
* n+ 10 is a multiple of 9 while n» — 9 is a multiple of 11. The least » > 10 is 53.
* n+ 10 is amultiple of 11 while » — 9 is a multiple of 9. The least » > 10 is 45.

The requested minimum is 45.
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10. ANSWER (056):
Let 22=2L — ry cis(6; ), where 0° < 61 < 180°.

Z2—21

If 2z is on or below the line through 25 and 23, then 2=22 = r, cis(f,), where 0° <
2 z—2z3

0y < 180°. Because ry cis(0y) - rocis(fy) = ry - ro - cis(@y + 02) is real, it follows
that #1 + 6> = 180°, meaning that z1, zo, 23, and z lie on a circle. On the other hand,

if z is above the line through 25 and 23, then Z=22 = rjcis(—02), where 0° < fy <
180°. Because 7y cis(61) - racis(f2) = r1 - 7o - cis(01 — 62) is real, it follows that
01 = 05, meaning that 21, 22, 23, and z lie on a circle. In either case, z must lie on the
circumcircle of Az 2923, whose center is the intersection of the perpendicular bisectors
of Z1%3 and 7173, namely, the lines y = 2283 — 61 and 16(y — 91) = —60(z — 48).
Thus the center of the circle is ¢ = 56 + 614. The imaginary part of z is maximal when
z is at the top of the circle, and the real part of z is 56.

OR

Let z = a + bi, where a and b are real numbers. Then the given expression is

23—z Z—2 604160 (a—18)+(b—39)i

—2 z—23  —44i  (a—78)+(b—99)i
44151 ((a—18)4 (b—239)i)((a — 78) — (b — 99)i)

This expression is real when the imaginary part of its numerator is O, which means that
(=4 +150)((a — 18) + (b — 39)i) ((a — 78) — (b — 99)i)

has imaginary part 0. That happens when

4((a—18)(b—99) — (a—78)(b—39)) + 15((a—18)(a—78) + (b—39)(b—99)) = 0,

which simplifies to (a —56)%+ (b—61)2 = 1928. Thus a+ bi lies on the circle centered
at 56 4 614 with radius /1928. When b is maximal, z is at the top of the circle, and
a = 56.
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ANSWER (360):

In an array with m = 5 rename all entries less than 5 as L and all entries greater than 5
as G. Then one row of the array will contain the entries 1.5G in some order. The other
two rows will either contain entries LI and GGG or contain entries LL.G and LGG. In
the first case there are 3! = 6 ways to permute the L5G entries, 1 way to permute each
of the LLL and GGG entries, and 3! = 6 ways to permute the three rows of the array.
In the second case there are 6 ways to permute the 1.5G entries, 3 ways to permute each
of the LLG and LGG entries, and 6 ways to permute the three rows of the array. Thus
there is a total of 6 - (3% + 1?) - 6 = 360 ways to arrange the four L, four G, and one
5 entries in an array with m = 5. For any one such array there are 4! = 24 ways to
replace the four L entries with 1, 2, 3, and 4 and 4! = 24 ways to replace the four G
entries with 6, 7, 8, and 9, so @ = 360 - 24> = 207,360. The requested remainder is
360.

ANSWER (252):

Let T be a product-free subset of U = {1,2,3,4,5,6,7,8,9, 10}. Firstnote that 1 ¢ T
because 1-1 = 1. Assume 7' is nonempty and let ¢ be the least element of 7. Note that
if t > 4, then the least possible product of any two elements of 7" is 4> = 16 > 10;
hence any subset of {4, 5,6,7,8,9, 10} will be product-free. Counting the empty set,
there are 27 = 128 such subsets.

Next, suppose that ¢ = 2. Then 4 ¢ T, and 7 and 8 can be in I’ (or not). The remaining
elements of U to consider are the multiples of 3 and 5. The possible subsets of T’
that contain only multiples of 3 are @, {3}, {6}, {9}, and {6, 9}. Similarly, the possible
subsets of 7" that contain only multiples of 5 are {§, {5}, and {10}. Thus there are
2-2-5 -3 = 60 product-free subsets of U that contain 2.

Ift = 3, then 1, 2, and 9 cannot be in I". Any of the 6 values in {4, 5, 6,7, 8,10} may
or may not be in T, providing 2° = 64 product-free subsets with 3 as the least element.

Therefore the requested number of subsets is 128 + 60 + 64 = 252,

ANSWER (059):

Each of the sets {2, 3,4,5,6,7}, {9,10,...,24}, and {32, 33, ..., 62} has the form
{n+1,n+2,...,m n} and contains no perfect cubes. Thus Q(7) > 1, Q(3) > 8,
and Q(2) > 31.

For a given m let k be the greatest integer such that k% < Q(m) — 1 and m - (Q(m) —
1) < (k+ 1), It follows that mk® + 1 < (k+1)3, s0 (m — 1)k* — 3k — 3 < 0.
Solving for £ and using the fact that & is an integer yields

kg{3+¢ﬁﬁiﬁf

2m — 2
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For m = 2, 3, 4, and 8, it follows that £ < 3, 2, 1, and 0, respectively. Because

m - (Q(m) — 1) < (k+ 1), it follows that Q(2) < 33, Q(3) < 10, Q(4) < 3, and

Q®) < g

By definition Q(m) > Q(m + 1) > 1 for all m. Thus Q(m) = 1 for all m > 8. Also,
< <

2<Q(7) <Q(6) <Q(5) < QM) <250Q4) =Q(5) =Q(6) =Q(7) =2
Finally, Q(3) = 9 and Q(2) = 32. Therefore

2017
> Q(m)=32+9+4-2+2010 -1 = 2059.

The requested remainder is 59.

ANSWER (896):
Simplify the first equation as follows.

log, (log, 2) + log, 24 — 128 = a!?®
log,,(2410g, 2) = 128 + a'?®
log (224> — gl28 . g0
a

224 _ aa128.aa

@) = (@)

Qb
Thus a® " = 23, Letting @ = 2135 shows that (2%> = 23 which reduces to

3128 = b - 2°. This implies that b = 6, s0 @ = 254, and

128

2(@ 256)
256 3
r=a" — (264) — 9102

Then z = 0 (mod 8). Euler’s Theorem shows that 2'°? = 278 = 2561 (mod 125).
Because 3 - 42 = 126 = 1 (mod 125), it follows that 128 and 42 are inverses mod
125. Thus 256 and 21 are inverses mod 125, so z = 21 (mod 125). Because z = 0
(mod 8) and z = 21 (mod 125), the Chinese Remainder Theorem implies that z =
896 (mod 1000).

ANSWER (145):

Let the given triangle have vertices (0, 0), (5,0), and (0, 2+/3) in the coordinate plane.
Then the hypotenuse of the triangle lies on the line 2v/3z 4+ 5y = 10v/3. Suppose
the equilateral triangle has side length s with a side that has endpoints (s cos#,0) and
(0, ssin ) for some ¢ between 0 and Z. The midpoint of that side is £ (cos®,sin @).
The altitude of the equilateral triangle to this midpoint must have slope <% and have

sing
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length @ s, 50 there is a vertex of the equilateral triangle at 5 (cos 6 + V3sinf,sin 0+
V/3cos ). Because this vertex lies on the line 2v/3z + 5y = 10+/3, it follows that
5. 2v/3 (cos 0 + /3sin6) + £.5(sinf + V3 cos ) = 10+/3, from which

20v/3
8 = .
7v/3cos0+ 11siné

Let A = 4/(7v/3)2 + 112 = 24/67. Then there is an angle « such that cos o = %

and

20V/3 203
A A

s = - = .
cosacosf +sinasingd  cos(a—0)

g 3 : o o 20\/§ o 10\/§
Thus the minimum possible side length occurs when 6 = «vand s = 5= = 2.

The minimum area for the equilateral triangle is @sQ = %. The requested sum is
754 67+ 3 = 145.
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