e Pug / | " 304
% 205 7
Q e 95
..H.m Q _¢u_mm
- & 45 \ 205 207
m Mu 28 / v 224
nMD m aﬁm
y W n%_mm 57
N = \R _ﬂw
S W 5 mw @) 336
—m L] /T..u...@ 299
_.Nr. n% 180 217
(4




ELEMENTARY NUMBER THEORY

A PROBLEM ORIENTED APPROACH

JOE ROBERTS

THE MIT PRESS
CAMBRIDGE, MASSACHUSETTS ¢~
LONDON, ENGLAND



c:oy\jmcjh’r © 1977 5\5
“the Massachusetts Tnstitute of Teclnnologsj

Al mg‘-ﬁs reserved. No port of this book may be

reproduced n any form or by any means, electronic
or mechanscal, mcludmg ]oho‘l'ocoptjmg, recordmg ,
or by any information storage and refrieval system,
without permission in writing from the publisher.

this book was ]ormi'ecl and bound
in the United states of America.

‘}Lnbrarxj of Congress catalog card number :
| 76-46738
ISBN O-262-68-028-0



To Marian, Mark, Katy , e~ Ruth .



Table of Contents

-

Preface « .+ e e .
Spwa| Symbols .« o o oy
1 The Game of Euchd

and the Euclidean a|<3om1-lwm .
T The GoldenMean -+ . . o
m Prime Factormzation and Primes

20
IV Square Brackets -+ + « .+« 27
v Kronecker Theorems +« « + « 35
Vi 'Bwth , Skolem Theorems  + -+ 38
Vil The Game of W\jflwoff' . 46
v T, 0,9 « + « + .« . 50
1x Fermat, Wilson , Chevalley 59
X Dms|bt||+\3 Criteria  » + o+ T4

.
3
.

]
.
.

Xi Squares -+« .« . . . .17
Xt Sums of Powers =+ =+ « «+ . 88
xi Continued Fractions o4
XIVMore on Primes «  +  +  «  « 147

.
.
*
.

xv Quatermions, Complox Numbers,

and Sums of 4 and 2 Squares 167
xvi Brun’s Theorem - =« -+ - 186
xvit Quadratic Residues « « « . 192

(K]
8s
205§
308
428
47s
595
61§
TS
94§

99s
"os

"nss
195§

221§
248§
2555



xvin Exponents , Primitive Roots,

and Power Residues « 2y
X1X S:pwa| Primes and the

Lucas - Lehmer Theorem -+ 222
xx Pel Equation « . . ... g8
xxi Weyl’s Theorem on Uniform Distribution 236
il M3bius Functions <« . . . g3
xXi Some Ana|\3+|c Methods -+« 249
xxiv Numerical Characters and

the Dirichlet Theorem - 26

280s

300s
308s
315§
245
3318

3465

References = =+« o« o« . s
Ihd% . . . . ) . . . 3695



Prcface

This book 1s dcsusmd so that 1+ may be used
in several ways : 1t can be used for self study,
as a cswdz for fuform\lts directed work | or as
a suyylemcnfanj text or source of ?roblcms for
an ordnary first or second course n number
fkwms . The am of the book 1s similar o that
of Aufgaben und Lehrsdtze aus der Anaﬁjsw

b\j Pé|\3a and S,uﬂs .

A considerable part of the work consists
of sets of Problems culmmaﬂn% n well known
theorems. In this way much of +he material of
an elzmchfar\s course in number fheor\j s covered.
Moreover, many theorems not of ten met nsuch
e|emcn1'am3 courses, but which require li++le or
no %rw‘l'er so?htshcahon, are included.

A lar%e, port of the book may be read 5\3 a
student with little orno co“uyz mathematics .
In the carlier poarts of the book such a student
would only mfrcquzn-l'hg find it necessary to shp
a problem because of s dependence on some
sywa\ mathematics not in his bachc&rounc\.



i

Later in the book, especially n the last half of
and in xvi, xx1, xxin, xxiv the reader will need o fairly
3ood workmg knowkdcje of hmiting processes as met
n e|emen+am5 and advanced calculus. Some cha)mts,
such as w1, xv, and xix, are qurte technmical Thouﬁ‘ﬂ hot
advanced so far as the mathematical fechmqucs used
are concerned. Most cl«a]ofcrs are mcle]ozndzn‘r of
one another and even a mathematical baﬂmner
should find v rela‘hvel\j easy to leo and choose
at random. Nevertheless, cach chapter 1s
written with the thought that most readers
will wish to work it fhroucjh in detanl .

The solution section (pp15-3565 )1 des:gneA
10 serve two functions : the first is to complete
the }woblem section 1n a way 50 as to make of
the two sections together a self contained ex~
position of the topics discussed ; the second 1s to
offer to the student wishing towork on his own an
oyporfunmj to ( spar1n<3|5 Yuse it for hints and
ideas. This section should be well thumbed rather
than well read. After saying this 1t should be added

that many of the ProHems are of considerable
d'fftculhj and a reader unable +o make any hwdwa\j



with a problem should not feel quilty about turning
to the solutions for hely.

A}aymdal to the text 1s a rather extended hist
of references, most of which have some direct bearing
on of least one })roblem . Tt must, however, be
emthsvzcd +hat the hist 1s not intended to be
comy|¢+z and contains only those references
farmlar to the author and felt o be Joarhcu|ar|t3
relevant to the material presented. Turther
references on virtually every topic mav be found
n the e):fraordmarn|«?~‘usefu| compendium LeVeque
(19743 - Symbols suchas v, viz2, ViR appearing
at the end of @ reference indicate, respectively,
the reference 1s a general one for much or all of
Chapter v, 15 relevant to problem 22 of Chapter
wil, or 1s mentioned 1n the remarks ’for C |1a3:+e,r il

Finally , a word concerning +he forma‘l' and
style of the book 18 1n order. It has |on3be¢n'rhe
outhor's opinion +hat The forma‘r orf amathematics
book 15 of greater importance than 1s %enerq“vs
recoam,zecl . Consequenﬂ\s y when the om:or‘l'um‘hj
arose to have the manuscript hand calhcjmjohd it
was decided o proceed with this even though it

i
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Was necessary fo bagm before the entire manuscript

was completed. This has led to some stylistic

disoclvan'l'acy.s inthe final Toxt. However, fhou%k

thar occurrence is regretable, they donot seem

1o be a serious deterrent o the 3¢nzm| aims of
+he presentation.

Thoucs\w the author can make no claim to have
written a book ona por with that 5\3 Po|\3a and
S,zujS, mentioned above, that work has consrsfanflxj
been considered as a modal for excellence. 1+ has
been an inspiration from the buynnumﬁ .

Great thanks are due to Greﬁor\s Maskarinec
for undqr‘rahmcl the arduous rask of ca||uc3myhm‘j
the manuscript froma hand written manuscript
of quite different appearance. Throucjhouf, our
workmcS relotion has been excellent and left noﬂ\mcj
to be desired. Thanks also are due o my man
students who, over the years, have worked +|1roug|1
various versions of parts of this material and to
helpful col‘eacsuzs for thar criticisms .

All comments from readers desngned to hzlp inthe
mprovemant of the work will be csrqfefun\j received.

Joe Roberts
‘Porflanc',Oreo.\on 1975
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other notations used in the text.

for mfcgers :

a| b means there 1s an inteaer ¢ such
that bza-c ;

azb (modmY) means m)a-b;
nlz1.2:3.-on; olzy;
(g)= aB)‘ , osbsa;

Z 1s the set of posthive infegers ;

‘3“’ stands for qreatest common

dwtsor ”

[u,v] 15 the least common multiple

of uand v ;

LHS (RHS) left (ﬂcj‘ﬂ') hand side .
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I The Game of Euchid & the Euclidean Algorithm

Consider the sequance of sets (duplicate
Uements are permitted )«

(18,35 ] > {4335} >{s 35} —>{s,11} —
{s,3 1—>{2,31—>{2,1]—>{01}.

Each set inthe sequance may be obtaned
from the Pruedmc3 one by subtracting some
positive mncjrq\ mu\h})\c of one of s damaent's
fromthe other. Whena set {a, 63 of non~
negative integers arises in this way from another
such set {m,n} wesay itisa derwed set of
{m,n]. A sequence of sets, like the above,in
which each sef 1s a derved sef of the preceding
set and ih which the last set contains 4 zero
will be called o derived sequence .

1f {a,6 ] 15 a derwed set of {mmn] with
least value for a+b we call v+ a minimal derwed
set of {m,n]. Inthe above sequence {43,35]



15 not a mimimal derived set of {78,355 while
{2,33 15 a minimal derived set of {8,33.The
passage from any set toa derivedsef is colled

a move and a move to a set one damant of
which 1s 015 called a winmng move .
Throuq\woui- ,all Inteqers areto be non-negative
and msn . Further, T =1—‘;45- .

1. Noting that {m nl={n,m]foralimmn
we se that :
1) {m,n} has t derved sets , where t1s the
largest posiive inteqer forwhichtmsn 1s ¥rue;
i) im,n} has eractly one mimmal derwed
set,whichis {m n-tm} wheret1s asin (1) ;
i) f {a,b] 15 o derwed sef of {m,n3 then
the greatest common divisor of aand b 1s
equal Yo the greatest common divisor of m

and n ; n symbols, (a,6)=(m,n);



iv) every derwved sequance starting with
{m,n} ends with {o,(m,n)}.

2. 1§ two ?\axjers ,50Y A and B, start wrth
{m,n} and alternately make the moves of
a derwed sequence | A moving firs+ and each
desiring o make the winning move of the
sequence then we call the :Pia\j re,sul'l'tmj“'fhz
game of Euchid”. The fo\\owmg asserfions
are +rue of this game :

iyt at any staqe of the game a set occurs
in which one demaent 1s a positive integral
multiple of the other then +h¢y\a\jer next tomove
can win by moving to the minmal derved set ;
i) vk 15 not always +o a player’s advan+03¢
Yo move +o a minimal derived set ;

i) f hare s a winning strateqy for A then ot

each play he must sddect one or the other of :



the mimmal derived set, or, The derived set whose
only derved set 1s the minmal derived set

#) when 1<3<T Thare 1s a unique move
from {a,m} and that s toaset {r,m} whare

m
= >T.

3.9) The player moving first inthe qome
of Euchd starting from {m,n} ,o<m<n, can
force awin for himsdf if andonly \f 5T 5

1) when a qame starts with {m,n} +hen
player A may force awmnif Z-=1orlyt
while if nuther of these 1s +rue player Bmay

force a win .

4. An efficient method of computing the great-
est common diisor (hereafter denoted gcd)o’f
two positive inteqers a and b 1s Yo compute a

derwed sequence bujmnmcj with ia,E} and inwhich
wach other dement of the sequence 1s the miniml



derwed set of The ym&dm% one. Thusifasb
andazqb+r,0sr<b, whare g and rare
inteqers,the first move would be {a, 6}—>{6,r},
'Pu'\"\'mcs a=r, b=r 1 =qo,T=Ts ,ete. one
finds the qcd of a and b 1s 1, whan

To = ol + T O BTy
TyE Q1T Q< BT,
Te= QT+ Ty 0< r,<r,

Taea® QueeTnoi¥Th O < H<Tnoy

rn-1= qnqrn +0
This process s called the Euclidean Afgomtﬁm :
In the process the ged of the starting numbers

is the last non~zero “ramainder .

5. Using the Euchidean a\gorﬁ-hm s not hard
fosee that given any posrive integers a and b
there exist posttve infegers x and y for which

(a,b)= ax-Bﬂ .



We coll XPressions ke ax - 5\1 or ax + B\j

(inear combinations of a and b .

6. Itisinteresting to ask how efficient the
Euchidean algorithm s for the determinationof
the ged of two numbers . Information about
this question is qwenin a theorem due to Lamé.
To provz-rhe,-rhwmm we will make use of the
Fibonacct sequence U, Uy, Uy, -+ defined by:

U,=U, =1,
Up, o= Uy, 4 Uy, fOr nso .
iy Formz1, u,,,, 10", so u,,,, has
at least n+1 base 10 digits ;
#) 1f n steps are used in the Euchdean
algorithm defermining the gcc[ of r,andrn,
.37 >0,using 7, as the first dwisor then

Yi2U, 5



i) (Lamd (1844]) +he number of divisions
needed b\j the Euchidean a\%or\ﬂwm n ftndm%
the ged of +wo numbers does not excead five
fimes the number of base 10 digits in the
smaller of the +wo numbers ;

#) The maximum number of divisions
allowed by (1ii) 15 actually used in computing
the ged’s of (8,13),(89,144),(987,1597) by
the Euclidean algorithm; note that all
numbars involved are n the Fibonaces sequence;

v) if the Euchidean algorithm 1n computing
the ged of a and 6, a>b , b having t base
10 d\ﬂﬂ's,fahzs st steps Thenthe number of
base 10 digitsof u s = ¢ ;

V1) l '1%-‘5 | < 71;5 3

Vi)  Up,,>10u, for n2y4

viil) for t 24, U, >10% and, therefore ,
Uy has morethan t base 10 digits



L

ix) the Euclidean o\gorﬁ'\ﬂm when aPJohecl
o +wo numbers the smaller of which has at
least 4 base 10 d\%r\'s hever fakes as many
divisions as allowed 5\3 Lamé's theorem ;
he. Lame's theoram 1s not “best poss ble **
whan GPPlIQA +o numbers the smaller of

which 1s 2107 .

Remarks .
The qame ofEuclnd is due to Cole & Davie [1969]
and has been fur%er ano\l\jsd B\j Sjaa'mnacjzl
[1973]. The theorem of Lame was first ]arovecl b\j
him 1n 1844, lee. re,su|1' n Fo(ix)Is f_ar from 1-|we,
best Rnown result of1|1|s kind.The interested
reader mncj\ﬁ‘l' consult Dubisch [1949], Dixon
[1971] , Brown [1967] , or Plankenstanes [ 1970 ]

fcr furﬂwzr mforma‘hon anA relarences.



1 The Golden Mean

_r ., m

The pont € dwides Iy t 4

aline su}m@m AB into “extreme and mean
rotio” (Euchid , Book v, Definition 3) when

m _ m+r
r ="m -

Such adision of a line segmant 1s sometimes
called a 3ofcfen sectionora gofd'm cut.The
ratio Ffor such a division 1s called the ﬁo[&n
mean or the go(c[en ratio. A mdqncjlz whose
sides are nthis ratiois a ﬂofcfm rectang&.
In the following we again use T for the

irrational number 252 and use T’ for s
« con}uga'i'e,” 1—'2[5- .

1. focr<mand Bz then B=x .

2. TP=14T, T'=T-1,and T = -T'.



10

3. 1f randm are PosiTIve numbers with

Pod 0T then T hies strictly befween -

and XL Further, no other number shares
this property with T evenf randm are
constraned To be ntegers.

4. Consider the sequence

m m+1 2Mm+4+r Iam42r sm+3r .
Ty m )y M4y 4y 2Mm4r ) am+2r)

where each +erm has a numerator which isthe

sum of the previous numerator and denominator
and has a denominator which 1s the previous
numerator .

1) |f C= mm{r,m} e c=rif rem and
c=m if m<r thenthe numerator of the nté
term1s 2 nC and therefore , when 1+ and m
are positive both numerator and denominator

increase wthout bound

i) qven 3 consecutive ferms of +he sequence,



S04 5, ¢ TS true that
acf-Ec:-(cf-cfe) ;
1) |f & =|mt-mra-rt| then the sequence
of modul, ofﬂwz SUCCRSSIVR Juffexe,nce,s n

+he qiven sequence Is

i d u L X ] -
mry m(m+r) )y (m+ri(am+r) ) )

) the sequence converqes to T .

5, Cons‘cler 1-\««, sw\umcz of *uoin Tl\e
s3mwa| case m=r=1 .

1 2 3 5 8§ 13

The sequence 1,1,2,3,5,8,- of

denominators 1s the Fibonacct seczmnce

and Is o|eno+¢d b\j UoyUs, Uz, o+ (SR T ¥6).

1) U2 Upy, ¥ Un fcr nzo;
W) (U Un)=t for nzo;
1) unz-uh_luhﬁt(-i)n for nz1i

W) M, 2N

"



Unet S
V) |“L'u,: -T |< U7
vi) BT as n—»00 .

"Mzu,,+u,T fornzi g

6. i-a) T
by (-1)"T
i) (Binet 1843)

Uy =%{ t“”-tm“} fornzo.

-(n+1) -1

7. Consider thetriangle
nscribed ina rectangle
as shown.
1) |f‘rh¢,1'r|ahg\cs AB,C P
are Qqua\ in area then P and Q cut thar

respective sides in the golden ratio;
#) f ,in addihion, a =b then the large
rectangle 1s golden.

8. The dna%onal of o ruju\ar Pw+a3°n with
side 11T .



9. The |w3+|15 of the
segments of the dark
2132a3 lihe in fl'\e

“star- ;pen‘l'aajmm ”
are as indicated. Further,

the process may be continued mdeﬁmﬂl\j both
in the nward and outward directions. The

duagonal of the large pentagon is of |mc3141 ¢,

10. One may cut a square into four preces, as

|nc||ca1'ed, insucha way
thot the four preces may
be reassembled into a /

| non-~square reci'am}‘z.

e ( Sc|1|e3e| ) A'rnm}mna to carry out the
13 8

clecom})os ihion of #io with

cllmensnons as shown ot +l\e / #

3

ru3|—w+ leads to a surprising 8

result when one constructs a modeJ; o




/ 1 1 1
lz'i) t=1*-t_-1+1+'%-1+1+ 1 =...’

1
142
and the “pieces” of +he \tmmncj “ continued

1
fraction” 14 T are

1+
1++
1+.0-

_1_— 1 —l 1 -i R X ]
1, 1+1=2, 1+———4—14_1_-2, 1+F'1_—'3,
+—-
1

with +he cjv\ua\ one qucj Anes

Wy s mhre,M reasonable To write

1
1+ __11___
1 .
+ 14

T=1+

13, Formz21 n221:
1:) Umsn S Upm s Up 1+ U U, )
0 Un., divides U, _,

m, (un-l }um-i) = u(n,m)-i ¢

“. Using matrix mu\h?\awhon one has

(1 1 \" (un un,i) ¢ :
= orn2.,
10 Up.1 Uy



5. Let A, be the set of all those subsets
of {1,2,+ ,n} containing no pair of
consecutvg inteqers. Further, let ﬂ(n) be
the cardinality of A, and let f(n, k) be
the number of dements in A, having eractly
R dements. Then

1) cj(n)=cj(n-1)+3(n-2) fornsz ;

) §(n) = Uns, fornz1;

1) +the number of S‘hr'm%s of kR 7’s and
n-k 0’s in which no two 1°s are consecutive

is qust f(n,RY;

w) the number of ways of placing R1's
nto n-k+1 boxes so that no box has more
thon 1 dement 1s cxacﬂ\j f(n,ﬁ) ;

v f(n,kRY = (n'?;” ) whenzksn+s

and 1s 0 otherwise ;

vi) setting () =0 when s<t we have

un=§::(”;ﬁ ), fornz1,



vit) the sumsin the
indicated slant rows of

Pascal’s +mam3|e are .

051
152015 6 1
7 2125252171

consecutive +arms of

s

the Fibonacc 5QquUANCe.

16, Let U be the Power series
14 xrexieaxesxteaxenxte...
Then:

, 1 -
i) U converges o TTx-x? for Ix| <7

W) 1-7<1-7<2 = ris { 1-11:x - 1-ssx} y
whereg r4s=1=~v1s;
i) from (ii) one sees
U, = \/_1__‘5_{,:111'1_.(:: n+1} ;
(comJoore with  F6 (i) )

10000
W) ~5899

VY 1+2 43+ +USU, ., 2.

=1.0102030508132134559:-.



Remarks .

1. The Fibonaccs sequence seams to have
or'\ﬂmor\'e,d N connection with ‘szfamous
rabbit problem posed by Leonardo of Pisa
(Fibonacer) in 1202. One phrasing of the

]orob\m i1s as follows .

one places a powr of rabbits ina
confined area. How many pairs
of rabbits can be yroc\ucad Inayear
f ewery month cach pawr begefs a
NawW Pair which from the second

mon+h 1Fself becomes productwe ?

It will be noted +hot the sequence of numbers
obtained for the numbers of pairs of rabbits
at the ends of consecutive months 15 Just the

Fibonaccs sequence .



2. The P»}fkaﬂorwhs were @

50 Taken by the properties of

+he star-pentagqram ( see ¢.q%9) that they

used it as a sym bol ofreco%mﬁon and

brotherhood. In his book SctwceAwaﬁemnﬂ

[ 1954 p.101] van der Waerden +ells a charmmcj
story of this .

3. The “Parac‘omca"’ &uom?osﬁ-ncn of'
* 1l seems +o qo back to Schlegel [18¢87].

See also Coxeter [1953] .

4. The fmquzn‘\' oceurrence, in a wide vamehﬁ
of settings, of +he ﬂon meah and the Fibonaccs
numbers has lead in recent years to a new
mathematics )ourna| ,The Fibonaces Quor‘\'erhj.

Besides This Sourna\ +he interested reader



might consult any of the fc\lcwm% for

further information : Coxeter [19537,

Gardner [1959], Pacioli [1509, reprint 195¢],

HunHe\j [1970], Archibald (10187,
Tkomyson [1952].



T Prime Factorizations &~ Primes

A positive integer n which satisfies
an equation n=ab, where a and b are
inteqers |archx than 1, 15 calleda composite
mtege,r. If n s nauther com?osr\'e, nor
equal +o 1 ¥ 15 called prime.

1. Every infeqer larger than 1 has at least
one prime divisor. (This prime divisor may
be +he number 1+self . )

2. Each m‘l‘e%er \arﬂer than 1 1s ather prime
or a product of +wo or more primes ; 1.¢.each
infeger \aﬁjer rhan 1 has g prime factorization.

3. 1f a prime number divides a ?roclucf of
Two inteqers then that prime must diide
one or The other of The two inteqers.
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4. The prime factorization of an nteqer
larqex fhan 1 15 umque except for the order
in which +he factors occur.

5. Gwen any m+u3¢r n+haeisa Prame, fad’or
of 1+n! cxcudm(j n. Therefore there are
mfmt‘l'd\j mqn\j Pmmes .

6. The last conclusion of #5 also Tollows
from observing that every Jomme,facfor of
1+ p.-pg, where eachof Py Pe is prime,

differs from each oﬁm i Pe- (This proof
was qiven by Euclid in his Elements.)

7. Gwen a positive m‘\'eﬂer R 22 *here exists

a string of k consecutive composite integers.

8. 1f p,,+-,pg 15 any finrte collection of primes
The number 4p, -+ pe-1 contains aPﬂme,faC\'or



22

of the form 4k +3 and +his prime differs
from each of pi,+,pi. Therefore, there
are mfml-\'e,\\j many 4k+3 primes.

9. Let Foz2¥ 41 for n=0,1,2,++ ,These
numbers are called Fermat numbers .
) The base sounit’s diqt of 7 n22, 157
iy 1f 2™ 41 0s prime then m 1s a power
of 25 1e. 2™ +115 a Fermat number whenever
+tisa prime
) f\\ouc}\w Fermat *hou%h‘t oll F,, fobe
prime this s not the case since as Euler
first observed | 641 15 a prime divisor
of Fs;
#-0) T Fo=Fn-2;
BY (F.,Fm)=tfor ngm ;
V) (w-B) mplies the nfinitude of the

number of]ommes .



10. No mﬂgral Po\\jnomuq\has on\\j prime
values for all sufficiently largentegers. (By
“m+u3ra\ })o\\jnomna\” We mean a Fo\\jnom\q\

with inteqer weffraents.)

W (Luthar) Weite x,, = p, ¥ Py
n21,where Py s the J‘ﬁ prime humber,
1) Prssd 2N+t for n4
i) x,sn* fornz1;
W) Prer®2 (n+RY)+1 \mj:\\q,s
a) Ryo ;
b) 'pn_jéz(n-rﬁ)-(zjn) for
osfn ;
¢) x,<(n+k)*;
w) (n+ﬁ)25xn< (n+ﬁ+1)2 'm]:hcs
Pn+l>2(n+ﬁ)+1 :
V) for nz1 theress a square s+mc,+\\3

between x4, ond x,,,, -

23
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2. (Grmm) For each l;., 25ksn , ]ou+
R if 2<ksn and ks prime ;
* an f + f nl +k
Y prime Jactor o] % +1 otherwise,
1) Cfﬁ, nl+k ;
#) qglh!‘t}' ) 25}’511, \myltes ]'=fz ;
) qz,w "1” are PQU‘W\S@ distinct ;
W) 14 s Poss:b]z +o select n-1 parwise
clnshnc‘l' Pr:mz c’wlsors, one from each of
n!+z, ~,*n!+‘n .
Remarf;s.

1. Results such as the one J:rove& IN¥ 8 are
vzmj SJDQ,CHJI caszsﬁefa 3er\<u~a| 1'|-\e,ore,m of
Dirichlet 4o the e’[fu‘l' that wu\j am+|wme+uc
Pmﬂmsswh a, a+5, a+2b , a+35,w for
which (a,6)=1 ontains Ihf]m‘i'eltj mamj

Prnmes (see XXIV ).



2. The ohM known prime F, (see o) are
those with n=0,1,2,3 4. There are 38 values
ofn fcr which T, 1s knownto be comyosri'e.
These are: 5 through 16,18,19, 23,36, 38,39,
55,58,63,73,77, 81 117,125 144,150,207, 226,
228,260,267, 268,284,316, 452 1945 . The
number T, has more than 30 000 ch%ﬁs ond its
character 1s hot known. until very mcm't"\j
(1911) 7 was known to be comPosd'e, but its
fac'i'omzahon was not Rnown . In 1971 +his
number was fac‘l’orecl b‘j Morrison and
Brillhart and it was founcl that F, =
340 282 366 920 938 46D 463 374 60T 431 768 211 457
2(59 649 589 127 497 217 )(5 104 689 200 685 129 054 721 ).
The humber ofc‘nad-s N Fous ceeds 10°% bu+t
nevertheless i+ 1s known thot 5§.2'947 41 s 1ts
smallest prime divisor, Turther mformahon

about Farmat Joramq,s may l:e, founcl N XX .T|'\e,

interested reader mujl-ﬂ' alse consult Smr]amslm [19644,6].

25
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3. Despire the truth of the result in "o 1
has recently been Provu\ , 05 0 CONseqULNCR
of Matijasevich’s solution of Hilbert’s
Tenth Problem that there do axist nteqral
polynomials whose]aosbéwe ranqe consists
precsddy of the prime numbers . ( S

Dawis [1973] .)

4. Problems #11,12 are duz,rzsloechvelxg,
to Luthar [19697 , and Grimm [1961,1969].
For related work +o #12 see Tust [1972] and

Cl}SOUW,Tt}dcman (1972].



IV Square Brackets

The largest integer not exceeding x 15
denoted by [x].Thus (7] =3, [+]=0,[-7]=-4,
ote. This funchion appears in a number of
dwerse settings . In this chapter we setforth
a number of 1+s properties aswallasuse it in
expressions for various other number theorehc
functions. Throughout the chapter weuse
m,n,k for nteqers and o and B for

arbitrary real numbers .

-

c x-t1<[a)saxand [o] s < [x]+1.

r

[xen]={x]+n .

. Mts[H-]+1, n>o.

4, [%] =[%] y N>0.
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5. Nontegeris doser o o than [+ 4] .

6. =[-oT1s the smallest inteqer not less than o,
7. [o]4[p] s[4 p)s[x]+[R]+1.
8. [ax+p]+[x]+[p)s[2x])+[2p].

o. [o][p) = [op] < [][p)+[] 48],

for x>0, pvo.

10. When o<ks o, [¥] 1s thenumber of
positve mwya\ multiples of k not sz,xoe,edmgo‘.

. When &> [&]-[ ] 15 the number
of nfeqers m Sa+\sf\3\nc3 Ppims.

12, [o<]+[-o‘] = { o if &isan m*‘«wyw :

-1 otherwise.



3. [a]-2[$) isatheroor 1,

4, [%]-[-—%‘—] =n.

7 ()4 [+ E)+ [°‘+n]*"'*[°‘*nT'1]=[“°‘]'

9. [mos[mo+R] s 4 [moy Botim]
=( no‘]+[no‘+%]+ e [ not L_m;nnn] .

20. When n and m are of opposite parity

S: (- l)fnx]+[mx] (?,;x% )( [mx]) C{X o.

29
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2. [Tn]=z[T[Tn]+1] , whnT= 1+

22, (Skolem) [ﬁ[(1+71—;)n+—5—]]=[(1+ﬁ)n] :

23. U, = [@r(—zi) +—2—] , whare u,, 1s

rhe n+13¥ Fibonacet number .

24, I pi1s a prime number +han the \’\\3‘1&6‘\'
power of pn nl s [-’};—].»[%]4.[%]*

25. Problem #24 may be used +o show :

iy () s aninteqer ;

(ny+-eng)l .
Al ngh IS an mi'eqe,r y

iy (Catalan) (M4mY) dwides (an{‘)(z,{l) .

)

26. NI APrIme f and on\sj o mzj([%]-["ﬁ"]) =2,

27. (R.A\%m) The number of primes not

zxc%dmcﬁ n1s :}i [ ag [1 AT] ] .

=z



W

o for X trmhona\ )

Zaml H
28, lim [cos*m!mx] {

1 for X rahona\.

29. If Nis leq, number ofsoluhons of‘rhe

system xysn, o<x o<\1 +hen

N=[a]sfa] e e[2] e £ 7] - [V DT

10. For b odd there 1s an nteqer such
that :
iy 05 %- 5‘1<T fahdor\ltﬁ f [¥] s even;;
i) -£<x Eq<o;fano| onluj f[“ 15 odd .

i) G{‘ (2] - (@136 d-1 where
J= (Q’B),

i) (Ersenstein)
6-1 a-1

$[2]+ L[] cenbon)

whzn a ond bare r'e,lqhveltj ]orwm odd

)

Posuhvz m'l'ech,rs .

3
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32, Le¥ (a,0)= 1 and suppose ax.+ 6\3; 1.
Further, considar the equation
(X) ax + B\j =k .
A pair ofm'\'eojers X,y sa‘\'tsf\jmg (x) 15
called a solution of the equation and +f | 1n
addition, both x and Y are non-negqatve,
we call X,y a non-neﬁatwe solution .
i 1f x Y15 a solution of (*)then
there 1s an integer t such that
x =R%,+ bt ,
Y= fujc— at
¥y +he numbaer of honmu;a’rwe, solutions
of (%) 15 given by N'= 14 [22]4] EOE“] ;
iy for ko y (%) has no nonmcw_\a’rwe,

solutions preasedy when there exist 1, s,

osr<b,oss<a suchthat
R=ar+bs-ab ;



W) (X) a\wmﬁs has a non~neqative solution
when Ryab-a-b but does not have a non~

mcjahve so‘uhon when E:ag-a-g 3

v) for exactly ta-1)b-n) positive values of
k does (X) fonl to have a hon ~ neqative

So|u+10h .

Rcmargs.

1. There 1s a wide literature on square
brackets. The interested reader might
consult +he fo”owmﬁ : Bang [1957]; Beatty
[1927] ; Coxeter [1953] Fraenkel [1969] :
Fraenkel Levitt, Shimshoni [1972] ; Graham,
Pollack [1970] ; Graham [ 19737 X Skolem

[1957] ; Watson [1956].
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2. The result in #22 (i) qoes back +o Frobenus
ond Schur. Similar results have been soua\w‘t for
the cjweral linear for-ms

O, X, +AcXp =M
but even for k=3 the 3%0‘0[ solution 15 not
known. For an introduction +o +he literature
the reader m\%k‘l' consult Brauv‘,Sl‘iOCHuj [l%‘z])
Erclé's, Graham [1971] y Hofmushr [1966], Lewin
[1972,19737 | Roberts [195¢] , Bateman [ 19587,
and Note 14 E‘j S‘no‘e.m in Netto [1927] .



v Kronecker Theorams

Tor x a real numbar we write (%) for +he

fmctwna(_part- of x5 e, (XY= x-[x].

1. Let o be irrational and put Pu= (nax).
Then:
1) 0<Pn<1
) P # P for ngm ;
1) given €50 there are positve nteqers
nand r suchthat | P, -Po..|< € ;

W) qiven €0 thare 1s an » such that

n=1,2,...

P.o<eor1-e<P.
V) (Kronecker's one dimensional theorem)

{p”pz’...} 15 dense 1n the open unit inferval,

2. Define the mappIng \f of the Plane into
the urit square by f (x,y) = ((x),(xj)) :
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Further, suppose &,  irrational and
Pz f(nonp),n=1,2,--. Write PQ for
the vactor from P to Q and [PQ | for the

|zm3+h of this vector.
Then

i) Pi#R,forn#gm ;

i) f PaQ =B, Riur then f(Q)=Posr ;
i) f P,Q=mP, P, +nP, P,,s then
FIQY= Pivmrans ;

) f P, P, ond P, B,s are not Joaro\ld
and L1s the greatest of thar lengths +hen
wvary pont of the unit square 1s within £ of
some point of the form Piimrans , wherem

and n are nonm‘u}oﬁ-wc un-\'qczx‘s .

3. Let B,P;,+ be as in¥2 and suppose
that the only +r|]o\q, ofm'huaus r,s,t
for which ra+sp4t =015 0,0,0 5



e, &, (3,1 are ra.twnafij mc{zymcfmt—.
Then
i) & and (3 are irrational ;
i) given €50, there are integers n and
suchthot |, P, |<¢;

i) for 0<e< mm{(oc),1-(o<),(g3), 1-(p) ]
and n,r as i (1) the vector B R, Qqua\s P Rar;

w) for e as n (i) thare are mf\m‘\'e\\j many
posrhve, m‘rqqrs r such that | P, Piarl<e ;

v) i 15 not possible that mf\nﬂ-d\j many
of the vectors P, P, appaaring in (iv) be

paralld ;
v)( Kronecker’s two dimensional theorem)
{Pl ,Pz,m.i is dense inthe unit square .

Remark .
For expositions of the theorems in this
cha]oﬂr see Niven [1963] and Harcl‘j and Wrnjh-r

[1962].

L



Vi Beatty, Skolem Theorems

Let s() bethe sequence [ ,[2a], [304] -+
and let A(x) be the set of distinct ddements
of s(x). (Inthe following we use 2 for the
set of posifve nteqers and, as before |
for“’z—‘g.) Then ¢ for o<,§3}:>osn+|ve) :

1. A(x)1s Prwsd\j +he set of non~nu3q+w<b
nteqers when o<x< 1.

2. A(o‘)nA(m=¢\mP\‘es &1 and po1.
3. A(xysA().
b A(1+vE)EA(VE).

5. A() nA(gS) IS an mfmﬂ'e set when both
o ond Boare rational .



6. (BmH\p If XIS posqu, ond irrational
and &+ 4 =1 +hen avary positive integer 1s n
q,;coc-k\\g one of S(x), S(P) and These sequences

have no du};\lcoi'e Terms .

7. A(VI)NA(24+yz)=4 and
A(VE)UA(2+y3)= 2 .

8. A(TYNA(T*Y=d and -
A(TYVA(THY=27 .

9. (skolem) The three sequences (nz 1)

{(zlznm)}, {(c(=n))}, {[T*n]]

are mu+ua\\\3 chs]omi' and thar union 1s Z .

\

10. If AszA(T)and A, .= {[‘czn] \ n eAm}
'for mz0, +hen the A, are d|s3om+ n pairs
and thar union 1s 2 .
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we If i positive and irrational and
%.‘4-%:1 and f Aoz A(x), A,z {[531{_] ‘neAm}
for m2o,then the Ay are disjoint in pairs

and +har union is 2 .

2. 1§ A(x)NA(RY s finite and A UA(R) = 2

+\\w317+% =1,

3. A(u)nA(m non-e,myhj and 'f\m-\-q, IS
ncompatible with A(x)UA(3)= 2.

4. (Bang) A neccessary and sufficient
condrtion for S(ax), S B)tobe com}:\emm'i'qr\j
(e A(YNA(RY=d, AIUA(RY=Z) 15
thot o and @ be positive irrational numbers

such ‘Hﬂﬂ“‘—&--‘-% =1,



\L

I5. (Us'pms\z\g)Anm'\'ue,shn% result o\onc)
the lines of ¥6 and #9 1s the fo\\owmcs
+heorem ?rovgd b\j uspmsk\j n 1927,

There do not exist 3 or more numbars
v Oy suchthat S(ox, )+, S ()

are non-ampty d‘slomi- sequences

&y
which +aken +oc3@+\'\er contain each
posu-l-we m-\'use,r }:rectsq.l\j onee .

We prove +his fo\\owma Graham [1963]. In

fact we shall assume s m23, o < <o, and

S(X1),+++, S (On) are non~empty d|530m+

sefts exhaushm} +he inteqers without

duplication and shall show that this leads
to a con'i'mdtc'l'ton.'l'hroughom, m 1s the

least positive iInfeger not in S (o).

i) &, =1+J whare 0<J<1 ;
i) S(ox,) does not miss any pa of
consecutive m‘i'ujq,rs;

iy (Mm-1)J<1£md

L/
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w) m s the first dement of s(x,) and
X, =m+e, 05€<1 ;

0 if x1sa posthive integer not in 5 (o)
the nex+ )oosrhwz, m+u3qr not in S(x, ) Is
uther x+m or x+m+1 ;

viythe next dement ofter [na,]1n S(ex,)

s uther [nog]em or [no]smea g

vii) the ¥ :Posrhve, integer missing from
S(x,) 15 the Rt Joment in §(x,) ;

vii) the assumption is talse .

6. Lot  and (3 be posiive irrational
numbars and suppose a, b,c are infegers
5uc\‘\+ka‘\'§+—g—= C#1,a%0, (a,B,c): 1.
Vur+\wer, let o= (a, 6) 1 S
and denote the shaded -
rw%ancjk inthe c]m%ram

b\j S.

1-XT1
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iy if b<o and c=othen A()NA(RY# $ ;

#)1f b<othen ax+6tj=a+5qus¢,s fl«rouﬁhs;

iy if b>0and ¢>1 then a7¢+5\j= a+b-1
Passes '1'|'\rou<3h S.

7. Let &, 3,a,b,¢,d, s be as in F16. Then :

i) there are inteqers u and v such that

a(u+ gf):-ﬂ(w- %) ;

0 f oo 2er §)- [ur )],
Xn=—f bw Wy Yo - & W, then {wi,wz,m} is
dwse, in [0,1] whn\q,-rlr\zjamn#s (%nYn) are
dense on the line suﬁmmﬁ' jorning (0,0) fo

(85

i) |f c#0 and q 15 a fmed \Meﬂu thare

are nteqers s, uy,v; suchthat dt+sc=gq

ond au,+bv, -cft

W) tf Knm= K +%5+u > 0(,

Y nm= Yn = ME4v, + 5 *hm

(’“nm,\jjnm IS qlwa\js a ?omf on ﬂwq,hm ax+6§1:¢j;
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v) the POINtS (Knm Ynm ) 97 dense on
ax+6uj=3 ;
viy if uther 6<o,c¢o or byo,c>1 then
there are mf\mi-d\j many points (%nm,\jnm)
S
viy f b<o orif b>0,cv1 then
ANA(R#¢ .

8. 1f 1,&,% are rohona“\j lhdejoend@ni'
(e f there does not exist a‘rrs})\e a,b,c
of integers not oll zaro such +hat

a+ 6%%—5‘3— =0)
then A()NA(R) # ¢ .

19, (skolem) If o and @ are posrtve irrational
numbers +hen A(a) NA(B) = § if and on\xj f
there are positive infeqers a and b such

+\wa’r—§+%=1.
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20. (Skolem) This spwq\ ase of \JsPensk\g’s

theorem (see ”15) was Provul B\j skolem [ 19517 .
There do not exist positive irrational numbers

*@3,¥ such that A(x), ACB),A(Y) are

]oonrwuse d!SjOlh‘i’.

21, (Ban%) If & and P are ]305|+'\’¢ rrational
numbers then A(x)N A(SB) # ¢ |fahé on‘% ‘f
the line seqmm‘l' jorning (,0) and ( O;P)

?asses 'l'l'\rouﬂh o |a++|csz, Pom'l'.

Remarks .
The material crf'fkns clwa}yhzr is drawn f"‘ma"‘l‘j
from Skolem [ 19577 ,‘Bancl [1957] and Graham
[1963] . The interested reader mncﬂhf also consult
Niven [ 19637, Connell [1959,1960], Us}amslzts
[1927] | Graham [1973)] and the refumces qven
inthe 1% remarlz at the end of (AN

For #10, 11 see Roberts [1973].

4§



vit The Game of wythoff

Consider the sequence of sets ( durlumﬂ,
elements are Pe,rmrffecl )
{78,38}—{70,35]— {10,257 —{50,5]
—{s5,5]—>{0.0}.
Each element n the sequence may be obtained
from the Pru&c‘mcj one b‘j 5ul:+r-ac+mc3 a
posifive inteqer from one or the other of the
two elements or \Dv_\ subfmchna one and the
same Posﬁ'wc m+u3¢r from each of‘rl-\q. Fwo
ddements . When a set {G,B} ofhon~nuﬂa+w¢,
Inteqers arises from a set {m,n} none of these
three ways we say {a, 53 is a derived set
cf fmmni. A sequence of sets, as above,
in which each set 1s o derived set of the
Prmdm% set and which ends wit+h {o,0}
IS ca”eé a c{zrwec[scquence. The ]aassaiq,
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fr-om any set to a derived set 1s called a
move and a move +o {o,o} 1s called a
winning move If two P|a\jus, A and B,
start with {m,ng and a|+zrna+e|tj make
the moves of a derived sequence, A moving
fn's‘r, and cach c]esmmj to mal:zflwzwmnmci
move of the sequence, +hen we call the P‘mj
r'e,suH'lmj the game of‘ijtﬁob’[. We are interested
I khowmg +he conditions under which +he
P|a\jzr moving fars+, A for us, can foru a
win For lﬂmsz|f. Nohmj that {m,n} = {n,m}
and assuming all integers are hon - neqative

WR I'Y\th Pt‘@\’@ :

1, If A can \wvz amj of.?l-\c 'FoHowmcj }NH’S

+o B then, mﬂardlzss of B’s move, A canwin :

{123, {353, {9,717, o0}, {8,133,
{9,153, {n,18].
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2. If {a,s} 1S a set of&nshnd' noNn~zZero
inteqers not in +he listn *1 and if the smaller of
a,b 15 < 12 then there 1s a move taking {a,b ]
Ihto one of the sets histed n *4 .

3. Inthe game ofW\jH-aoff s+ar+m% with
{m,n} ,ymsi8, n=18, A wnforczawm

for lmmszlf 1fomd onM |f {m,n} does not

k-4
aP]Dear n 'r‘w, list+1n®1.

4. There emists anmfinte sequence of sets,
of which the first 7 are these listed 1n * 1,
such+hat A can alwa\js foroz, 0 WIn for
hnmsdf tf'qné on|xj 1{: he starts from a set

not 1n +he sequence .

5. The sequence qven in ¥4 is just
{Ine],[nT")] n21, Tatp s,



Vil

Remarks.

The game of Wy ‘ﬁoﬁrwo\s fwsf introduced
b\j W\jfhoﬂ: [1907] as a variant ofﬂw qame
olem (see Bouton [1902] ). T+1s discussed 1n
Coxater [1953) and has been ajmuahzd by

He“adq\j [19¢8] and Connell [1959].
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v T,0, ¢

The number theoretic fur\chons T,0,9

are defined as fo\lows :

T (M) = humber ofposﬁ-wz mwaml
diwisors of n =}"ﬂ1 :
o (n)=s sum of‘\'\ﬂe. ?osv\-we m‘t'wjrql
divisors ofn =c§hcf ;
P(n)= nhumber of Poss‘hvz m+u)v-s
not excudmci n and rela'hvd\j

]m-tme ton= ¢ 1

]
(a,n)=1

1. If(a,6)=1+km:
1) ’t(aG)z‘C(a)t’(B);
iy o(ab)yzo(mo(b) ;
i) @ (ab)zP(a)p(b) .



2. If & 15 a non~neqative inteqer and p 1s
a ?"lm@ 1"’\@“ :
1) ‘C(P“) T+

i) o(pyr P

i) Qp™)= P 1~%) .

3. Let n=p S poe. Then:
iy TAny= (&, #1)(Ke+1) 5

. . ,0(3-)1“1 - ﬁj—l:—,l ,
i)y o (n) ﬁiﬁ—w ( }Tlrn p-1 ) ;

i)y P (n)= nﬁn(i-%) .
4. If T(n)is odd then n Is asquare .

5. d =nit™
] d“n [ ]

6. T(2"-1)2T(MY.

7. T(2"+1)> ‘C*(n), where T¥m) s the
humber of posrtive odd divisors of‘n .

51
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3 - 2 .
8. F % (dy= (cﬁntccf))

9. For nyo,

T(1)+T(2)+ -+ T (M) = [%] +[%]++[%]

vn]
=2 1 3]-[vA)
(x+1)t
0. If o, (n):dzlhc{‘t-r‘ﬁeh o.(n) =;;1: }")1-1

i 1f aso, 651 then

o), o@b)  c@ob)
a ab =  ab )

. 1f a0, b0 then
N ab_
o@o(byz I do(-3).

13. O(1)+0(2) 440 (n)= [ 42[ 44 n[ 1]

4. 9(5186)= P(5187)=P(5188) = 2592 .



Vil

5. 1) Fornzi, @(My=n(n);
i)y fornz2, ¢(ni<n ;

iy fornzs, Q(m)+P((n+)) <2n?.

6. For n>2 we have

)}
mb. M= TnPn) .

1emsh

7. If Q(n)|n then nis of one of +he forms
1,2%,2% 3P |

8. If @ and b are \arjer +han 1 and cisthe
product of the distinet prime factors of

(a,6) then $(ab) = 9(a)P(b) o3

§3
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22. The for-mu|a for' P(n) grvan in *3 |m:f>lws

fl-\a-i- 1-‘% numbu of Pmmes 1S ln‘f;m'l'q, .

23, (Sc“\mm\) Let N, be the num\m-ofsoluhons
af-rlﬁe, equahon Y(xY=m. Then +he sequence
Ny Nz, =+ 15 not Eoundd as can be seen
fr-om the fac‘l' +hat ¢ ]3 P Fi P ?g
IS mde}w«duﬁ' of] 1s 3< . Here f" Pe

are the fwsf R Prlmcs n 'rlwr natural orc]er .

24, Let n= ]31““ ~-~Pﬁ°‘ﬁ and write P(x,n) for
+he number oﬁaosﬁwe m'hu]e,rs not excuclumj

X ahd mla‘hve‘sj prime ton. Then :
t)(Lciznclre) P(x,n)=
(-1 [F 105 [ ) o0 [0 ]

1(1

it) the expression fer 9(n) given in 3(#1)

Is & SPQClal Case Of(t) )



vily

Wy TIxX) +he number of}ammes not
cxcudmﬂ x , satisfies :
TX) e T (VR) =1+ @ (%, PP,
Whe.m ]31,~~~,J:)t are all the Primes not

zxc.udmcj NI

25. If g(n)=zn, one calls n a
]Jerfecf number .
i) 6,28,496, 8128 are perfect ;
) 2"-1 prime and n prime lmJolsj
2™ (2" -1) s Fuf‘wf 3

i) 117 n Is even and ]w'fuf thenthere 1s
a k Jfor which n =z 2%7%(2% -4 ) and each of k

and 25-1 IS I:)mme,}

Wy n ahhﬂ”'h} it was offm stated +ha+
waery even ]oerfec-r numl:ex zncls in 6or 8 and
that no two consecutive even Pvfec‘k humbers
have the same base 10 fmal &lcjrl'; the 1% +}sou3h
hot the 2 of these assertions i1s true 3

55
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V) ﬁﬂ%: 2 +f and °n‘”3 nfn s yufeﬁ ;
V1) lf n 1s odd and has no more +han 2

c]tsfmcf prime fac-tcrs thenn s not }w'fed .

26. Let H(n) bz‘f‘n \'\armcmc mean of‘rlﬂ@

. 1 - 1 1 .
al\HSOi'S Ofﬂ, ‘OQN H‘n)-t(n’d'rln d’ . Tl"m .

V) H(n):”:‘;?’ and H 1s mu|+|]a|1ca+we;

)y H(n)v1 fcr nv1 and H(n)y2 e.xce}:'l'
for' n=i,4,60rmn prime |
) 11’: m=2" 7 (2"-1)1s }qu‘l"rl'\m H{m)=n;
) |f n= 242" 1y 15 even then
H(2"™M.1)< 2
) (Labowle,) lfh IS Qven and

na R (HML ) then n s Jozrfcc‘l-.

27. 1) If' f s & mu|1'|}3||ca+tvc arithmetic

fuhchon , e, nf f(aG) =f(a)f(5) for (a,ﬁ)ﬂ)
then +he f‘unc-hon 9 Jefmed b\j ﬂ(“) s Eﬂ f(cf)

is also mu|+sP\1mflvz ;



vily

1) sz mu\h}:luca*waﬁj ofa” offl«e follcwmﬂ
funchons fo”ews from (1) 2

T(M), o(ny, | T (d), oy(n), o%(n),

where o%(n) is +he sum ofﬂn odd divisors ofn.

Remargs.
1. The result in *23 will be feuncl n

Sierymslzn [19e4a] .

2. As seeh 1n ¥25 (1) the N }w'fu;f numbers
are oll cfﬂw form 2V (2" -1) where 2115 prime.
Primes of‘rkas form are called Mersermo}:mmzs
and will be discussed n xix . There are orwlu] 24
Mersenne primes khown and ‘rlwztj are for the
following values ofn 2,3,5,7,13,17,19,31,6l,
89, 107, 127, 521, 607, 1279, 2203, 2281, 3217, 4253,

4423, 9889, 9941, 11213 /19937,

5T
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It 1s m'l'e,ms*mq to note that until 1952 the
|ar<3¢s1‘ hnown prime was 2'*" -1, a humber of
39 dl%l‘l‘s, while the |ar<3q,s+ hnown prime ‘l'oclmj
is 2'99%-1 g number of 6012 cluid's.ﬂwzm are
on|\j the 24 even ]oe,rfch numbers corresyonc]mci
to these Mersenne primes known and 1t 1s not
kRnown |f odd Pe,rfwl' numbers exist. See
M¢ Car+|-v\j [1957] . The result of”zs(vi) may,
however y be c.ons\derabl\j \m]orovd. Also 1+
has been shown that no odd Perfed' hum ber

<10 exists (se Hags [1973] ).

3. Tkz marmn msuh- in#¥26 18 due to

Laborde [1955] .



X Farmat, Wilson, C‘«wo\lus

1. Let P be a prime. Then :

) pl(m+n)?-(m?+n?) :

) JDI mPeom ;fancl °n|\3 ‘FPI (m+1)P= (ma1) ;
W) ( Farmat’s [i+4]e ” 'rlnwmm)

?Im?’-m foro«“mz1.

2. ‘F'or']:) a ]omme,,
PI (m,+~~o+mﬁ)]°- (m,?+-~-+'mﬁ}’) ,
and Fermat's little +heorem 1s an immediate

consw]ue,nc.e, of?lﬂls .

3. When pis an odd prime then :
:p] mP+n? 1m}3||c,s le mPen?,

4. ( Golomb) Let there be given a collection
of l:cacjs th d)ﬂ:emn-l' colors from which we

w‘sh o malw non~onz-co|or' nulzlaces of
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exactly p, pen, beads . The number p s
to be a prime . Then
iy there are nf-n linear P |enq+\w strings
of non=~one-~color beads ;
i) The number ofélsﬂnqunshauc necklaces

-~

o} the desired Typets "1;;" ;

iy nfen (mocl}:) (Fermat’s theorem ) ;

w) nPzn (mod 2p) forja odd .

5. Let n be an arE|+|~ar\j m'mjzr larﬂe,r +han
1 and put N z(n!) . Then:
1) zve.r»s ]ornmq, fad'or ofN’ﬂ s odd and
cjr'w‘i"er than n ;
#) N+1 I N™ 41 for ™ any ]:)osrhve odd
m+qer ;
W) 'f-.P Is a 4G+3 Prlmz faci'or of.NH
+hen PI Nk and +his contradicts Fermat'’s
+heorem 5

i) there are mf;m-fz\uj many R+t primes .



6. Let p be a prime and suppose (n,p)=1.
iy f na sng(modp)-rlnm asb (mod]o) ;
) n]"-t(:P_l)[ s (P-1)| (mod?) )

#) nPrz1 (mod P) ( Fermat's theorem ) .

7o Lot Ay, Ggpm be re|q+wq,|\j Pmme,-l-o m
and also be mcon%ruem' module m in parrs .
rurﬂwu, Suppose (n,m)=1.

D) \f na;sna, (mo&m)f\nm 129

#) N, e Gy E By vt Ay (MOd MY
) (Eu'er) n¥msz ¢ (mo& m) fcr‘ (n,m)=1;
#) Farmat's theorem 15 a s]owq| case

of ().

8. when a 15 an odd inteqer
iy atz1 (mod 8);

i) ar* g1 (mod 2%) fer X952,

ol
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9. Defme X b\j
¥ (:p“) for p an odd prime
X(p™)= and for pr2, 0sxs2;
%kP(P“) for P2, X2,
%(P’d""Pﬁdﬁ)g lem f%(j’.d'),“‘, 'X(]Dad“)3°
For mvi,modd) (a,m)=1 :
iy q*™zy (moclm) ;
) m a prime |m3:|te,s ‘P(m), m-1 ;
1) *P(m),m-um]:hzs X(m)m-1 ;
W) 'X(m)l m-1 |m]:|lzs z"‘".-n(modm);
V) the converses of (it and () are fa‘%

as can Iae. s b\j +akmc3 m=5¢land m= 34y .

( No wamyle of ﬁP(m)Im-i for ccmj:osrl‘em

is known . )

10, If P IS an oc]d })r\me +|'w,n

21’%151 (Mmod p)or 27 s (mod]o) .
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i) Sumoosz nyeé ,n:ag with 1casb. Then:
a) b<n-3 3
G) \f'a=g+ken 2a<n-3
) ‘f“ IS comjaosrl'e and 26 then

-2yl
A8 15 an even integer .

12, SuPPose, (a,m)=1 and pisaprime. Then:
i) ax =1 (modm) has a unique solution
MO&UIOM;

) |f, I (1), agti (modm) ﬂ»m
x ¥ 21 (mod m) and x % a (moém))'
W) 2.3 (p-2) 51 (modjo) ;
w) (Wilson’s +|1wr'cm) (P-i) l=-1 (mo&P);
v) for n>1,nisa prime |fancf Ohlt) uf

nl(n-1ls1.

3. Wilson's fk@omm may be used to show
rhat the congruence X" 4120 (mo&P) i

Solval:‘e whm ]3 IS a '4[;1'1 ?r‘tmz.
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4. Let p be an odd prime and mark P }:omi's
umfcrmhj sPa&d onacircle. Let Tand R be
the sets of all p-gons ond the recﬁular p-gons
msyuhvd\j. Then :

iy the carc,mall'hj of'!' IS %(P-l)! ;

i) +he cardmahhj ofR Is %(]3-1) ;

1) +he carclma]rl'\j ofT-R is disible B\j P
W) (P~1)!s -1 (mocl:p) (Wilson’s theorem ).

5. ( C|zme,n+) Let m,n be Posrhve, m+u]e,rs.
1) (m+n-1)!s(-1)"hl('m-1)'. (mod m+n) ;
iy (nhf((m-1)tea)a(nl-1)(n-1)Im=

nl((-1)"(m+n-1)l+1) (modm+n) ;
i :f P and ]94'[; are odd primes +hen
(P’£)=1> k IS ven, and

(R ((p-1yla)s (Rls)R-1)tp 2o (mod p(pehy)

) the converse of (1) may be fa|se wen

+‘wou3|1 (P’E)” and R 1s aven )



V) the converse o[: (W) s true when ]oancl
P+£ are prime +o R! ;
V1) let m be an odd m‘l'cwjzr 15 +hen
$((n-1ls1)4n 20 (mod n(n+2))

nf-and Oﬁl\j lfn ahd n+2 are Odd ]or:me,s.

6. Let (a,m)=1 and SUppose s 1s the
smallest m‘i'u)e,r t for which ats1(modm).

Then |fa"51 (moclm), s]n.

17.4) a" s (modm) for all a ,(a,m)=1 )dozs
not 'm}’l‘j m 1S prime, as one can see with
m=561

i) 1{: a" 21 (modm) for some g such that
at# 1 (modm) for any t, octam-1, t lm-1)

T"\m miIs Prume.

8. 2P51 (mod p?) for the primes p=1093
and P=35II .

o5
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19. A composite n which divides 2% -2 s
called a yswdo})rume.
i) 241, 561, and 161 038 are ]oswdo]ommzs;
#) every composite Fermat humber
F.z2t #1,n20,1sa jaswdo]ommz ;
W) |fn Is an odd Joswclojomme then 21 -1
IS & |m~<3zr one ;

W) (Erdss [1950]) |fn=

22P -1
3

y whare prsa
prime >3, then nis a ?swdoPmmz 5

v) there are mﬁmi’d\j many odd Pswc‘ormmzs.

20. Let Fand G be Polxjnomiak ihn variables
with |n+e43ra1 coeﬂ:ncneni's. We say F 15 congruent
to G mocfu&vy, and write F=g (mo&y ), |f
respective coefficients in Fand G are congruent
modulo p- We say Fis quwa@nf to G mocﬁ.«[o]a,
and write F~G (moc]y), if for all |n+¢3ra’ choces
Ci,**, Cn 1T IS +rue that

F(c,,,Cn)EG(Ca,om,Cn) (modja).
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We say that F 15 recfucec{mocfy ufho variable
appears in F to a power larqger than p-1. Here
p will always be a prime .
i-a) F£@Q (modja) |m]3|lq,s F~g (moclja);
by +he converse of( a s false ;
<) avery ]oolxjhom‘cﬂ Fis czquwalcmf
mod p to a reduced Joo|~jhomm| F* where
deq F's deg F ;
c[} sf F and G are reduced Pol\jnomaals
n one variable +hen FaG (mod P) |mjo|les
F2G (modp);
Q) |f Fand G are reduced Jooltjnomlqls
N any fmd'e, humber of variables the
|m5)||cq+lon n (cf) is valid ;
iy let F be aPo|jnomm| in 1 variables and
Suppose the ongruence F (%, %, )20 (mocl]o)
has exacﬂxj one solution (X520, %n) = (A4, G1)
modulo p (e +he components are faken

modulo:p).
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Defme H and g B») H
H (% %n) 2 T (2= (%200,
G (%, ¥n) = 1= FP g 0 %0).
Then
a-1) H(a, =, an)E1 (mod}:) ;
2) 1f for some {,157sn, x,¢ay
(mo&}o) then H (Xyye, X )20 (modJo) ;
b) #~G (modp) ;
) Hs C-;*(mocfp),wkm G* 1s the
reduced form ofG ;
dy deﬂ H:n(Pq):dwj q*sc’u] g
= (clecj FXp-1)sons duj F;

i) (chwa.||¢,\3) |f F s GPOI\jnomml hn
variables with c’ujru, smaller than n +hen
the congruence F (%:,+,%4) 20 (mod p) may not

have v:acﬂ\j one solution;

W) |f F I1s a non-constant form inn variables

(e, |fa|| the terms of.F' are of'-lil»é same dacjmz)
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and |f cluj}'<n then F(xl,-",x,,)so(modjo)
has a non~+rivial selution (e, a solution
with not all X80 (mod P) )5

v) (Warning ) let F be a ]ool\jhomml hn
\aarmb\es of olujrez T, wkv’e ren, and let ]o
be a prime . Sum:ose, F %y, Xn )zo(moJJo)
has quctlus s solutions, say ( a, M - a9,
15iss. Then:

a) uf H(Xy, o Xn) =1 -F?'i(xi,n-,x,,)
then the reduced form oF H,say H¥ s
MKy k) s £ (1 (-0 )P

by the I’\lch’\Q,S‘f dzﬂr’m termn H*i1s

(-1)"s x Pt xn}M}

¢) SIhck r<n and clegr% Her (]o-1)
# must be true that f’l s |

d) f Fisa polynomial in n variables
with c‘q F<n then the number ofsolu'hohs

of F(%y,0,X4) so(mod Jg) is divisible l"_] ]o

69
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Vi) B\S carzfu\ examination of (v-a) one
mav prove, as in Wy, the followmos +heorem.
If Fisa Pol‘jnomm\ in n varables with
du} F<n and (a, D we,a, 9y 1518 s,area”
the solutions of.‘F(x“m,x“)so (mod]o)
then for each por 1, R (15 fsn, oﬂés:p-z)
the prime p divides the sum é (ay " .

vity Let F, oo, F be ]oo|\3nomnq|s nn
variables with rq.qu,c‘I'wz clujrus T,y
Y4 dr,<n. SMJ)j:osz, fur-flwcu‘, +he
svssﬂm
(X) F(X, %, ) 50 (mod p), e | T, (%,,,%,,) 70 (mod p)
has at least one solution. Then :
ay the system has at leas+ +wo solutions;
6) +he number of’ solutions of (%) 1s

d\V!SI EIQ« b\j JD.



Remarks.

1. The arqument in *4 was qrven b\j Golomb

(1956] .

2. Inrespect to ¥o (i), as we observed | no
exam]oh ofa composite m for which ¢(m)|m-1
is Rnown . Howaever 1n 1932 Lehmer showed that
such an m would have to be odd | squarefru, and
have at least 7 prime facfors . The 7 has since
been raised to 11, If, in addition one assumes 3
divides m +hen m must have at leas+ 212 Pmme

fad'ors . ( See Lieuwens [ 19707 )

3. Gauss in his DLSCIMtStf’LO‘HzS Arithmeticae
had +he fo”owmc} to say about Wilson's theorem
(see ®1iz M),

It was Tirst }mblls‘ad E\j WarmOj and
attributed to Wilson .. But naither
of‘r"mm was able To Prove the +‘1eorem,
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and Waring confessed that the demon-~

stration was made more d |ﬁ:|cuH' because

no notation can be devised +o express

@ prime numbaer. But in our opinion

rruths ofﬂms kind should be clrawn

from the 1deas mvo|v¢d r'a+}1¢,r than

from notation.

The })roofof wilson's theorem in #iy qoes back +o
+he Danish mathematician T.Peterson who yrovzd
i inthis way 1n 1872, The En%‘lS\‘\ mathematician
A. Ca\jloj y amoamn‘tM mclz}oe,ndem'M yqove @ sitmlar
})rocf about 10 Years later. ( See Dickson's J-[tsforf]

V.T pp. 15-6 )

4. The result in #is(viy1s due to Clement [1949]
and that in #15(4i) +o Tkatev and shinzel (see
MR 32 1159, erratum p. 1154 ). There has been
considerable work on related Problems ( see

Le,\’e,ctuz [1974]v.1A50).
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5. Primes P with 277z 1 (mocljo’) , S&® *18,
are of interest in connection with Fermat’s
last +heorem ( do there exi1st mﬂ%us x,4,%
with XYz #0 and X"’f\jn= z" for ns2)smnce
In 1907 Wn@fémch showed that nfjo 1 @ prime
and %% y=2*, xyz #0, then P satisfies this
congruence. For more recent information
and fur+h¢r references see Brillhart, Tomascia,

Wunbemﬁex [1971] -

6. for furflner mformahon on yswdm

]ornmes s Bchr [1951], LeVeque [1974 v.1 At8)],
and Rotkiewicz [1972].

7. Further extensions oF the Chwa“u@ -

Warning theorems, see #20, may be founcl
in Bomwc‘w, Sclwf'arwtch [1966] .
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X D!\’!Slb!‘t*\ﬁ Criteria

Let Sp(n) be the base k dacjrl' sum ofn .

1.1) 3] n-S,(n) ahcl,'szmf.ore,
3|n |fandor\|»3 nf3| S.o(n) ;
if) 9| n=S,(m) and, therefore
9|n lfand on|\3 afg]sm(n) ;
) su}a}aose C{I k-1 ; then cf]n- Se(ny, and,
-r%oxzfom, J]h |fand on‘v_‘ \f JI Se(ny.

2. (Alwis) Let P beaJomme la\'%o‘ than 7. Then:
) (6,S1(p))=1;
1) the sma”e.si'y with comjoosﬂ'e 57(33) IS 4801
141) for- P< 100000 the onlxj PosstU@ com}aosﬂ'e

value of S,(P) IS 25,

3 Let Eg(n) (0g(m)) be +he sum offlwe dlﬂﬁs
of the even (odd) powers of kinthe base k



X pansion of n .Then:
i) 11n=(Eom) =0, (n)) and ,+herefore ,
1| 1f and onlxj\f 11‘ Eom)=04(n);
i) Suppose cf] R+1 3 +hen c£|n-(Eﬁ(n)-Oﬁ(n))
and , therefore , d |n 1f and only 1f
d:\ Ei(nY-Og(n).

4. Gwen n write Q(n), R(n) forthe quotient
and remainder obtained when one dvides n
by 1000. Thus n=1000Q(n)+R(n),
0<R(NY<1000. Thwn:

) QY= 1555 y R(n) = n - 1000Q (1) ;
iy1f ¢=7,11,0r131hen ¢|n ‘fandon\“ if
c|Qn)-R(n);

i) the above leads to a workable disibility
criterion for dd’@rmmmc} the dvisibility of
anumber exceeding 1000 by 7,11, or 13,

T8
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5, Let Tﬁ(n)-ufi‘i, where Sﬁ(m 1 as

above . Then:

1) Tg(n) 1s an m+¢q¢r 3

iy if R s prime then T(n) 1s the highest

power ofﬁ d\\n&mﬂ nl

i) the highest powerof zin nlis n-w

where v 1s the number of 1's inthe base 2
expansion ofn ;
iy of R 15 a prime and nza+a,R4-4a,k

0say <k, then k|- - alall .



X Squams

I The fo\lowm% Qquah‘l'les are s’:ecnal cases
of a smple a|3ebm|c |den1'r|~\3.
32 + ql =5 2
102+ 13122 213241y
2% +22% 4230247 = 2574 2634 277
362+372+38%439% 440" = 412+ 427 + 4324442,

2. ( S.prague)
1) 128 IS hot a sum ofunequd squores ;
i) 1f 129 5 15 192 then n1s a sum of unequal
squares all 10% ;

i) 1f 129 sN €256 (=124 +10%-129) then
n IS 3 SUMm ofumquql squares all s10%;

W) 1f 29 sn <256+ 11° then n1sasum of
unqqua‘ squares all <n? ;

v) f 129 sn 2256 + 12 +122 then n1s asum

ofuneo‘ud squares all €122 5



viy every integer |arc3er than 128 15 a sum
of unequal squares.

3. Let € be the unit aircle with center at
the origin and let Ly be the s+r'mc3h+ hve of
slo_pe A passing 'rlwroucjh (-1,0). T’u\-fker, let C’
be ¢ with the point (-1,0) removed and let P
be the intersectionof C’and Ly . Then

iy as A runs over all rational numbers the
point Px runs in a oneto one fashion over all
points of €' both coordinates of whichare
rq-honal N f&cf +he corresj)onJmce IS

A H 11;)7:2 )HA’)’
#) of %,4,3 are non-zero integers with
%ccl umh3 and ufx’-nsz:%z thenthere exist
relatively prime nteqers 4, v of opposite

parrty, such that erther

x=vi-u?, Y= 2uv Z=us v’
or the same expressions wrth x and Y m‘hzrchonjecl .



4. T\we. sum cfz odcl somuams IS hVer a square.

5. (Thue) Suy]oosc, pisa prime not dwaclmﬂ
a and As{(mm) | osm<yp ,osn<@g.
Then

1) there are distinct elements of A, 50y (mn)
and (m'm"), suchthat am+nzam’+n'(modP) ;

ity there 1s an dement ofJ\,sow) (%:Y) such
that x\ﬁo and ather oY =¥ (mod?) or
oYz-¥ (mod P)yne. there exist x, Y such
that 0<x<vp, o<y<yp, ay=1x (mod p).

6. ( szm\tzaﬂon - Vihoqmdoff,
Scho\;& ~ Slﬂomb«m} )

1) If (a,m)=1 and e,farem‘huﬂers |ar<jer
+han 1 sa'\'nsf\jmcj eﬁm«af, fsme ef then
there exist XY such that o<x<e, o<y<f,

atja-"! x(modm);

ii) #5(fi)1sa syecml case of (i) .
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7. (Fermat) As we know from 1x #13 , when
pisa wR+1 prime, there 1s an a such that
at+1 20 (modp) ; selechn% such an a and
then c‘woosmg X, as in ¥s(ii) we conclude
xtuizp +hus ewery 4R+1 prime s the sum

of two squares.

8.i) If prsa 4ﬁ+3j:mme1-hen p=xtey’is
not solvable in inteqers X, Y
) |f' pisan odd prime then P IS rqyresen?able
as a sum of two squares 1f andonly 1f
})51 (mod4).

9. Let P be an odd prime and suppose
(a,0)=1, a’+6250(mod}3). Then :
1) for all U,V
(au-i-gv)z-iv(av-gu)zso (modj:) ;

iy %*+1 20 (mod p) s solvable ;
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i) all odd divisors o{a sum of +wo
m\ahve\»j prime squares are of the form

wk+t.

10. 1) The result in Fo(1ii) o‘!uaranfu,s the
existence ofm um+z|\3 many le+1 primes ;
ify all prime fac#ors of the Fermat humbers
F.=2° +1 are offhe, form 4k+1 and from
+his we may also conclude the existence of

mflm-i'd\3 many primes offhz fcrm k4t .

i ) The set ofPosrhvzmnﬁoxs which
are sums of-t-wo squares Is closed under
mu\ﬂ?lnmﬂon as can be seen l:\j mu |1~‘P|\3m03
out the ‘cf‘l' side of the congruence in (i)

and thaen fac‘i’orm ;
1) +he formulae of’z(ﬁ) may beob‘l’qm@d
from the nden'h-hj IMPllcﬂ' LYOR

&



82

12. Let the canonical prime factorization of n
be qoen b\j neeSp S p g P g Bt
where the pi ore 4R+1 primes and the g; are
4R+3 primes. Then :

i) if n1s representable as the sumof 2
squares thenall By, 1245t are even;
iy of all 3y, 1{st, are even eachof 2%,
1oi,,... ’:Psots’ qlf’i’...’ Cttﬁt s a sum of 2
squares and, therefore, 1 1s a sum of 2 squares ;
iil) an ivteqer s the sum of 2 squares if ‘and
onlxj if its canonical prime factorization

contains ho 4£+3 yrumz to an odd power .

3. We write n=[@ 1f n 1s representable as
a sum of 4 squares. Thus 25=@ and 30 =
since 25 = 02+ 0%+ 0%+5%, 30= 12+ 2% ¢ 3%+ 4%,
The product of two sums of u squares 15
itself a sum of 4 squares, as can be seen bﬁ

veruﬁjmg the lden+l+\3 :
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(a2+a,% +a,2+a, A+ A +A A ) =
(63 A3+ GsA, +83A;+8,A 4 (4,A,-3,A - 2,A,+a,A,Y
+(3,A340,A4~0,A;~a,A, )+ (0,A4-A,A+0,A~3,A).

i, Let P be an odd prime. Then:

iy Az {n’lcsnsp—;!},Bz{-:-m’]osmsi?g

then there 1s an element of A which s congjruent
modulo P to on element of B,

) there exists an's, o<s<p, such that
sp=a,°+a,'+a,7+a,% for surtable a, y B2, 03,0,

i) for s and the aj n (i, f s> 1there exist
AL AL AL A such that aj EAS (mod s ) ,
-}s<A(sts, 15§54, and, for suitabler,

o<r<s, rs=A2+A T+ A LAY,

iv) for r and's as in (il (i), rs>p=0), where
the summands on the m%hf are all congruent
to o modulo s*and, therefore,, rp = [ ;

v) p=Ul;

vi) every posrtve integer may be represented

as @ sum of 4 squares.
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5. A fr\}:\z OfM‘i'Q%ers XY, % fcr which
'+ 22" 1 called a Pythagorean triple. when
the inteqers have qreatest common divisor 1 we
call the trip le Prumtw& A 'h-tan%le whose
side )wcjﬂws form such a +r\}a|e is called a
Ptjtﬁaﬂorwn tmanﬂ& T+ 15 clear that all
P\jﬂﬂaﬂcman +r1Jo|¢s are |n'|'e,‘jm| muH':jal@sof
j:rlmri'we, frl]ﬂzs. De.fmz the three matrices
U,A,D b\j :

w(433) M(311) o(377)
2213/, 2213/, 2213/,
show that (%, Y,2')1sa })rtmnhveP\j-rhacjorwn
1-r~|j)|e lfand onl\j |f 1,4,5) &,
where & 1s a fmhz, Produd' ofmq+ruc¢s each
factor of which 15 one of V,A,D. 1.¢.show
that every 'P\jﬂwa%oreah Tr\}ﬂe, 150 +the fo”owmcs
array where the lines \wc’ma tothe rtcjh'r from
any tri Ple corr'zs?oncl to a]:})kjm% to 'r\waﬁrn}a]e
ather the matrix U (for u,j)), A ( for across) or
D (for down).
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(9,40,41)
(",24,15)<(1os, 88,137)
(91,60,109)
/ __105,208,233)
(5,'7-,'3)—(55,%,73)<(297,304,425)
\\\\ (187, 84,205)
(95,168,193)
(45,25,53)4(107,214,305)

\(H‘r, 44 ,125)

(57,176,185)
(39,80,89)<—(377,336, 505)
(299,180,349)
(217,456, 505)

(3,4,5 —

\ (459,220,509)
(175,288,337)
- ) )

(77,36, 85)(319, 360, 481)
(165, 52,173)
(51,140,149)
(33,56,65)_(215,252,373)
(209,120, 241)
/(us, 252,277)
(15,8, 17)—( 65,72, 97)(403,396, 565)
\ (273,136, 305)
(85,132,157)
(35, '2,3'!)<(|33 ,156,205)

(63,16,65)

(21,20,29)—(119,120,169)<— (697, 696,985) —

8s

(X

.
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Remarks.

1. T m]ohcﬁ' ih the solution of*u IS an 1dcn+1+\3
showing that the product of +wo sums of 2
squares is |+s¢|fa sum ofz squares. In¥y3
there 1s an |d¢n+1+\j showmc} the samefhmafar
the Joroducf of‘rwo numbers cach ofw\mch 1sa
sum ofu squares . There 1s alsoan 8 square
|d¢h+|+\3,'rlwouqh , 0s Hurwitz f\rsi' ?rovzd in
1898 ,Tl'\zre can be no such ld@.hﬂ‘hj ;‘:o‘_ values
ofn other than n= 1,2,4,8. ( See Curtis[1963].)
Dickson [1919] cites Degen as Imvmcﬂ been the
flrsf to give (in1818) such an s square danhhj.
Coxeter [1946) formu\afe.s the |c]w+|+»3 as fo”ows :

“(al+alteerant( B 4B, et b, )

= (a,bo-a,b,-a,b, - --ab, )+
T (a,b, +a,b,+ a,b,+a;b,-a,b,+a.b, -ab, -a.b, ),
where the € tm?hzs summation of seven squares
gven b\j ujcluc permutation of the suffx numbers
1,2,3,4,5,6,7 |wvm05 o unchana«d Y



X

2. For a number of other nteresting results
concerning sums ofsquams see Pall [1933]
Tauss k»s [ 1966,1910,1971], Zassenhaus, Erchhorn
[19¢6] ,and the mference,s at theend cfxv.

3. As we showed in #2 (fc||owm3 Spraque
[1o47-9 (B)] ) T‘-\e lar%q,s‘l’ mhzcjer not +he sum
ofumqual squares 1s 128 . (See also Dressler

[1972,1973] .) A recent computer })roof (see

Dressler, Parker [19747 ) has been given Fo show "

that 12 758 I1s the |a\~c3es+ m+¢/.3¢r not +he sum
ofunw‘ud cubzs . T]wa'r a ssmnlar \ar%es*
m+u}q.r exists for Gé powers is Provac]m Xi .
4. The result of#e will be founc] n

scholz , Sl—»omlw-oj [19¢6].

5. The bmuhfu‘ cllsPla\j o{a” 'P\j't'haqorwn
Trn}:hs is due +o Hall [ 19707 .
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xit Sums of Powers

1 (Tarry) if b+--sb,’ ¢4 xc,t for all

t sahisfying o<t sm, we wrrte
B,y B By oor o
Tor examjok, 1,4,6,7 22,358 since
P44°46%4 702 2°43°45°48°%, 1 41446 47 2434548,
14ul4 6’ 47224374 5748% |

1) If 61,~~~,5n'-'-‘c1,~-,cn then for all ﬁ,
biyer, buycith o c ph ™ ¢, ¢ Byth e, buth ;

i) byyoer by, 2 €yyeery €y of and on\\j if for all x
(b 4xY 4+ 1'(6“47:)'" =(CAX) #oen(c 4x)" ;

fil) for every Joosrhve Inteqer m there exists
a posrtve integer n ond integers b,, -, by,

Cyyos*, Cn such that 61,-",6" 2cyy e, Cn

2. Define a sequence a,,a,,a,,--- by :

o if the base 2 representation of n
an = has an even c||3;+ sum ;
1 otherwise.
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using ¥ ,S'\'arﬂnqwﬂ'\'\ 12 2, and ?a\imcs h
succ.q,sswe,\»} zqua\ to 2, 25,23, -
one obtans
}H=2,3
1,4,6,7£2,3,5 8
1,4,6,7,10,11,131622,3,5,8,9,12,14,15
1,4,6,7,10,11,13,16,18,19,2,24,25,28,30,31 =
2,3,5.8,9,12,14,15,17,20,22,23,26,27,29 32 ;
an&lﬂ, " %mera\ L
£ (1-a,)nt =L a,,.n*, 1stsk.

nsi

3. i)y Withthe a,, as in*2 and ar'\wi'r'o,ms
nteqers T and s

R4 R+t

:}'1 (1-@p.)(rn +s)® =:§1 (1.,‘,1(1-11+sfc for 1stsk ;
Ay 0 (1) We mmﬁ m})\au (rn+s) 5\3 'P(n),
where P 15 any ]:o\»snom‘q\ of clq,cjr-u, not
wwzdmﬂ R .
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haz

4, 1) The odd m‘\'zo)crs from 1 1o 2R 1 inclusive

may be s:p‘rt' into +wo o|1530m1’ equinumesous classes

f&, ;g {B Ry 6 Gu so that for all x

(6147:) 4o -+(62r,4x)9' = (Bzﬁ“ﬂi') +~~-+(62a+:+x) ;

iy for all +he 55 of (i) there exist even m+e3ers
dy,e,dy so that notwo of‘rhe k- 25 numbers
, ke ysisk ;
wy let E' and d; be asin (i) e~ (i) and
J@fme L,,R, 1505k b\j
= (x+d,+b ) t o +(x+cf Bza)
Riz(md’”ﬁzg“) ot (x4 4D, e )F‘ ;
then L.=R, for each i, 1512k, ancl, furfher,

the 2k Produc‘l’s U,”'U&,W‘\U’Q each O; 1s

Si"c{' are u]ual,w}\em 151’52

erther Lior R;, are equa| ;

W) zac\w ofﬂwe Producl’s U, - Ug in (w) s
a sum of k¥ powers of terms of the form
(r+d:*5i)°~(x+d';+ 6;&) 5 each zj sa’nsﬁes

15i0s 2k
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further, for x suffucnm’rM larqe and even,

all of these terms are odd and distinct from
each other ;

) let b;,di,x beasin (iy-(ivy, ancl:pu'l'
s>l Lg; then s may be written as a sum
of odd £ % powers in 2k ways , no two of

W"\IC"\ s\'\arc a common summancl.

5. Let s be a number \wvmg 2oy com})]e‘l'el\j
distinct re]aresem‘ahons as a sum of odd kP
powers, and let these sums of odd R powers

be S;,e00, S,6, .
{y For eacht, osts 2k the number ts
is a sum of odd & powers ;
i) ‘f the base 2f m)orese,n‘fa‘hon of the
positive integer m 15 given by
m=t,+t, 2%t - 2Ry , ost <2k
then ms =15+ ts L t,s 2®4 ot 15 g sum

of R powers ;

9
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Wy n (%) in the rejomszn‘l'ahon of ms as a sum
of ﬁgspowers ho+wo summands are equal 5

W) Gven a Joosmve inteqer R there 1s a\wa\js
a Joosrl'm lrﬂ'ujer s such that all ]oosd'we m‘l'ujcr
mubts P\es of s are sums of unec’ual g powers .

6. Setting Srzs£+(s+1)ﬁ+m+(rs+1)ﬁ, 0sr<s,
where s 15 as 10 ¥5(w), we see +hat wery .15 a
sum of unequal kP powers, and, conse,qucnﬂty
sihce every sthiy S.zr (mods) and very
m'l'uju y gk may be written in the fovm
ms+S, , we conclude :

("Spfague) Given a ]oosrhw m+e:ju' R
there 15 a joosﬁ'nve inteqer N (= sher)
for which all |am3er integers are sums
of unaqua| kt powers ; 1.e. for cach k
all suffme,n+|t3 |ar3e inteqers are
representable asa sum of unequal

ﬁ”ﬁ powers .
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Remarks.
The results n #1-3 go back toProuhet [ 18517

and have been o_\enerall;w.cl COhS\dQJ‘aH\j In recent
Yars ~ see Lehmer [1047] , Roberts [t@éﬂ],erﬁhf
[1959]. The results in Fu-¢ are from S?raﬁue
{1947-9 (5)]. F'ur?lwx mformqhon alaouquud
sums of like powers , see ¥ 2, may be found in

Gloden [19u4], Lana‘er,?ar\zm,Sz\fr1c13z[|961].

9



xim Continued Fractions

J-rhz Jorodud' LoXyeXye 000 o X, b\j omrH'mS ZRIQ
or more disjomnt pairs of consecutve factors

‘\xj %5 from the product 1s denoted by E (X, %y).
This quantity, as a funchion of the %, 1scalled

’fhe Euler 5mck:d7functwn .

L ONe sars tmqulo,fd\j +hat ¢
\

o E(%) = %5
| E(xo,xt) = Xo X+ 1
L E(X Xy X2) = KK AKX,
E (Xoy Xy X2y X = XX, X, 5,4 KX, + X, X, 4%, %, +1 5

The sum of the products obtained from

| E(Xoy X1y X2, X3, Ky) = KX, 000,06, KX, X, +
- The number of summands appearng n

| E (%o, *+,%n) 15 denoted b\j Enii. Thus



E, =1
E,=2;
E,=33
E,=5;
Es=8.

1. Suppose nz 0. Then (]orov\dm3 n Wy, (vi), o
(vit) the presence of an X, or X, n E(-+) Is -~
ferpreted as making +hat bracket equaltol) :

1:) E(xo’ ...’x") = E‘xn,' ";Xo) p
#yfornzi,
E(xt’)"'yxmt) = Rnas E(xo,”' yxn) ¥ E(xo) * °:xn-1) )

#Wyfornz2,

E(’Q, ...’xn)E(x"...,xn_b_E(xc’...,xn_bg(xu. . xn)
= ("ﬂn-l ;

W) fornzs,

E(x% e ',XW)E(X',, "'»Xn-z)"s(xo ,’”;Xu.z)E(x“’",Xn)

=(-1)" %y, )

95
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v) for o<s<tn

E( %oy e, Xn)E (X500, %)= E(Xoye e+, X ) E (X5, * 2%, %)
=(- ”t SHE(xoy'";xs-z)E(xtm‘”,xn) ’
vi) for mzo,
E(Key++ XngXim* X0} = E (K22 X ¥ E XKoo+, Ximc) §
vit) for m2o, E(%e,**,XmXnes, Xm,+++,Xs )

= E(x°)"')xm) {E(xé)'";xmﬂ)" E ( xoyn.)xmﬂ.)} .

2.1) 'Pu++mﬂ Eo=1 we find
o=E, =1 E,=E, +E, fornzo;
#) E, = Uy, Where Uy, 15 the n+1% Fibonacu
number
W u, r { “4- et (1 J-)nn}
=% {C‘:‘)w(";‘)-vs "y s
WY @) Uy Uy, = Ut = (17
B) U= Uy Uy, = (1)

54'1

2
C‘) uwuut-sn-utﬂu =(~ 1) U Wty

n-s+4

for o<s<t<n

dy wr+u,2=u,,,, formzo;
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) Uy, (UptUp) = U, L. form>o ;
f) Upes Upoy Uy, (3U, FU,) = US
9) U2y Py (3U ¥ U ) = Uy ;

v) Define the sequence a,,a,,d,, - by :
a,=a , a,=b ,a,,=a,+a,, fornzz,
b fornzz2.

Then a,=u_a+u

Tl-l n-i

Gvenan arbrtrary nfinite sequence
Aoy Qy,Q; -+ Of realnumbers suchthat a, %0
for 21, we definetwo new infinrte sequences
PP PorPis & G Gs{or iy

Qs fo\lows :

P2=0 ’P’l =1 ,’Pm=E(a°'...,a,,,) formzo ;

7.2=1, -1=°,<Zo=1 ,c{,,t:E(a«l,m,a.,.) for mz1 .
Noting that p, and G for msn depend only
onthe first n+1terms of the a 7 SRqULNCe We

seethat de, -, an deternine Paaye jPn and
VEIAARL A



Wewrite [d,,++, a,] for the (finite) continued

fraction

a°+ 1
a,+ 1

Q,+., 1
Q*a—,‘ ,

and write [a,,a,,a,, -] forthe mfum’cc continued

fro.ctwn

a.+

a+ !
a,+ 1
a3+ oo

1t should be noted that while it1s clearthata
finite continued frachon always denotesa real
number in an obvious wom it 1s notat all clear
that an nfimite continued fraction denotes a
real number in any reasonable way. In rtain
cases we will find that hm [a,, -, an] exists
and , inthose cases , we shall denote the imit

by [@e, @4, - -] and call Hisfraction convergent.
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When an infinite continued fraction does not
convarge we call ¥ dwcrjent- . Foreach finke or
ifinite sequence of a, the quantities G2 are
called convergents tothe c.ormsJoondmj fime
or infinite continued frachion. The reasonfor
this ferminol o9y will become clear in J)rob\cz,m
#3 badow.Thus if & =[a,,.-+,ad|or x=lm[a, @y ay],
it bang assumed inthe second case that the
himit exists we call the 52 comvergents to o .
The a,themselves are of ten referred toasthe
Pan"bta[ 7uotumts of the continued fraction.The
continued fractions infroduced +hus far are
offen referred to as sumple (or mﬂu[ar) continued
fractions. Untl we ﬂmv’cx\md'hz notion ery
reference o @ continued frachion should be read
as o reference Fo o simple continued fraction.
In the -followmcj y unless stated to the contrary,

all &, {21, are to be positive.
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3, In this JaroUem In every context in which &
and Pj or q¢ occur +o¢3e1'her it 15 +o be jaresumed
that -1;% Is an existent convergent +o ..

1-a) [ oy, an) = -% for nzo;
) [an,~,a,]= ;%31 fornzi;

i) Pﬁzaﬁya"+?“'zz for k20
96 = 4eqe-1* 9&-2

*Pn-1 .
9 o 31+ S35

- a)forn’o Prn-s- pmqn-(-t)“

ancl lﬂ' a}::: I: %n%n- ;

6) for nzo, P“‘lwz']’n zqn- (-1)"an

'pn Pﬂ- - ‘a" .
and I -5t = Indn-z )
v) _yl q:<%{<".<%ﬂ<. Y PEEE
<EmHce<qERE

*tn

Vi) for |n+z5ra| aq, fl\e su}ucncz -g”—‘;, -%—jrq%,
Pu-1*2Pn ... Past%n g
An-1+2G4n) " In-1 “’“nﬁ % q%? ) 177 Ones "’qﬂ’ —gﬁ-
IS monotone an&,'rhemfore, Apyy IS the ]arﬂeﬂ'
posrtive integer ¢ for wl'uch 52 gt —2—"—*19&

n-1 "'bcln

are on flwe Same Slcfe ofu 5
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gy 1 _& _1_ .
V”) In(qn+ qn+s) < \0( dn \ < dn9n+1 )

vit)ay | o= 22| ¢ | ox - 22|

6) 1 4uox = pul <| uesX = Prai| ;

) im 22 and him Z22 onst but are

qo\uo,\ if and on\‘j \f nqnr —>00 AS N—>00;
) Jim [@,-++,a.) exists if and only vf

Ol"‘l””—_) 00 &S N —>090
N P _ 14 L (A Yl
7“) dn Ao + Qoqs q;‘lz". ‘lz‘Ls ‘ln-i‘ln ’

fornz1

xil) if all agare ntegers and ay>ofor fz1thens
" a) Py and qs arerddatvdy prime infeqers 5
6) | }3,,| and CI" fend o mfumhj withn ;
€) In Z?.Tforn>?. ;
d) hm (o, an] exists ;
%) nthe following all aj,éi, and ¢j are
infeqers and, for f2 1, are posrtve mtegers.
a) If a;=b;,for ogjsn, a,<by, and
X =[ao,as -], B=[bs,bs,] then x< B when
nison and o> when nisodd
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6y f cjsajsﬁj forjzoi-\qu for x=[a,,a,+],
[Co,bsy <, b5, €4,B5, 0 - Js x5 [ Boy €4, B2, 05 B0y ]
) if x=[ae,a., ], where ery ajis 1or2
then —‘—*Zﬁso‘s_ 14V3 .

4. If « 1s arational real number +he Euchdean
algomﬂwm may be used to comjouh, wtegess
My doy o+t an With @3>0, {21, for which
x =[ag,an, 1] = [“‘v’ **) ey a#] . Further,
no continued fraction with integral a, other
than these two s equal fo o .

5. If & 1san arbr\'mr\j irrational real number
there exist m\'cgers Aoy, - wWith a;>0, J’z 1,
for which =l¥"3o[“°’a"' v an] .

Further this $equUeNCe IS uNKque .
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Remark . Continued fraction expansions
of the form [a,,a.,as,-+] (fimite or infinrte)
in which all a, are inteqers and all aj,{21,are
]oosrth, m+eqer5 are of jaarhcu\ar interest.
In the fo\\owmc} ,whenawer one refers to the
continued fraction expansion of a real
number it 1s that S\m]o\cb continued 'fmc;\'ton
e pansion i which all a; ore m‘\'uiers ond
all ay, j21,0re positive inteqers . We shall
use the abbramation scf for “simple
continued fraction”.

6. i) Using the recurrence rdations n
#3 () demse a simple schame for the
rapid computation of the convergents
of o continued fraction.

i) Usethe schame of (i) +o compute all the
convergq,ni‘s to[2,2,1,3,1,1,4,3]. (No‘\'e,‘ﬂ'\o‘l’
the last convergent equa‘s this continued {raction.)
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#) Use the Euchidean algom'\'hm Fofind+he

scf expansions of Z-and 33423 .

) Reduce the fractions 1n (17) Yo lowest
ferms b\j usIng the results of (14, (1) and” (xtt-a).
v) Compute aj, 0sj= 5, for the scf expan~
sion of T and find the 1% five convergents % ’
0<j£4.Then using —%’- << -%} , show
|m-£2 <3107,
vi) Using the results of (v) for -% ,-%
compute -%- b\j ma\zmc3 use of #¥3(w1).
vii) Find the scf arpansion of the Golden
mean 455
vity) Compute & 1n more famibiar ferms 1f
x=[a,a,2a,a,2a ] =[a,a;2a] ,a>o.
i) For & a posrhwe nteqer ,expand x=va*-2
na simple continued fraction ; use the result

tocompute the scf expansion of V23 .

2
®Y[2,1,-+,1,3,1,-,1] = (%

n-31’s n-2 1’s
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T (Sude\’s convvcswcz-r\weorzmof 1846 )
Let Go,ds,d2, + be an mflm'l'e, sequance
of positive real numbers with +he ]3055\\:\@
exception of 4., which may be r\e.cso-\'wq,,ond
Pi
let a, be the hﬂo\ca‘ corwczrcim'\- of-\'ke,
mftm'\'z continued fmc‘hon [d6,a1,02,5+ ] .
1) Su}:}:osq, :t; Qn COMVRrges . Then :
) f ag<1 ather
qﬁ< QR-r or qﬁ< ﬂ.ﬁi .

1~-0agp 1-ag )
B) thare 1s a R, and an A such that

qe<qs(1-5,) "o (1-a5,) TS AT (aif)

Q

whaen ssE° and k= 149> i,.sEo )
¢) Im [ao,, Gn] does not exist.
) Su]a]posz :Z;an d\vexcacs.'Puf ¢ =min { 1041}.
Then: a) 9e2¢€ for- k20
by 92 Qa-2* Cadg for R21 3
) e a7 C 2,0 for k23 ;
d) qﬁqﬁ-p%zi.ﬂan for k23 ;

Q) 1l‘.\_n;ﬂm[ao,---,an] exists.
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Wy (saudel) ,1'.9&[“”’" ,an] exists if and
only of g A dwerﬁes ;
W) him [+, an] always exists whenthe

aj are all inteqral ,aj >0 forjz1.

8. (Best approximations of ¥ kind)
A fraction whichis doser to a real number

o than every other fraction withequal or
smaller denominator s called a best approx-
imation of furst kind to o . If % 1s o best
approximation of first Rind +o oc we will
write “ % s a BAl+o .

1) Suppose a ,6,c,d,x,1j are positive

m+<u3ers.‘rhen
a)f %< {ji<§r +hen x 2 W":g

b+d .
cmd1jz vy ol

b) f &< cx<-§=,5c-—ac[=1 , then ot least

one of % ,< 1sa BALltox and if oneof &,

1s closer o & thatone 1s & BAL to & .
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) Every convergent fo o 1s a BA1 to .

iy Find 5 BA1's o 1T .

w) The quoﬂen‘l's of consecutive Fibonaccy
numbers are convergents and ,therefore,
BA1's to the Golden Mean ﬂz—‘@ .

V) If %—: and —%:—: are converaenfs toa
real number o and lf-—% ,(a,6)=1, les
between them then b > 9 -

9, ( l-'ams f«'achons) Let §,, be the sequence
of all irrecducible fractions in [0,17, whose
denominators do not c)ccud n, arr'an(jec‘ n
order of magm‘l‘ude.ﬂ*\!s ordered sequence
$, 1s called the }'arey sequence of' ordern.

) Write out §,, for 12ns56.

#) The union of the &, , as sets rather
than as ordered sets, +aken over all ):)osrhve
m-l'ujers n, Is })reclsaM the set of rational

numbers 1n [0,1] .

107



108

W) Let ¥ ben §, and suyyosc% % 1. Then:
a) there 1sa y, such that
ay, = -1 (modb)and n-b BT
by for Y asin () and x,= 245 the
fraction naxt following §in §,1s %g ;
¢) 1t 1s easy to find the fraction following
== meach of §,; and §re;
d)if € and % are wwreduaible fractions in
[0,t]with be-ad =1 +hen Fand % are
consecutive dements in §r,, where m=max{b,d}.
wy 1f £ ¥ < cmd these are nuqhbcrmﬂ (ne.
consecutive ) fmd'tcns in §,, then
) b+d >n ;
b) be-ad =1
¢y (b6,d)=1;
d) bxd whenmst,
v) If & 15 betwaen nughbormﬂ dements of
P, then at feast one of these nughbomnﬂ e~

ments 1s a BAL to & .
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viy 1f -, 3, & ore consecutive elements
a) be-ad =(a+c,bsd) ;

by X = —4rc .

Yy = b+d
( The fraction —gg—appearing n (by1scalled
the Faray mediant of thefrachions -§-and -§.
It will be noted that the Farey mediant of

two fractions alwcujs lies berween them . )

vii) All fractionsin .~ §, are Farey
mediants of fractions in §,, .
villy Write out @, using (1) o~ (vir).
w) Let ¢ and-gbe nughboring fractions
in §,, and SUppPOse < ox<—%-. Then:
@) if anement of §,,, N P, 1s a BALfo X
then that dement 1s equalto 25—
B F—1s1n §,, 8 &, Fisa BALtox if and
only if 1t 1s closer to o than each of 4-and %
x)Find allthe BAl’s o m (approximately equal
o 3.14159) wrth denominators notexozwma 125,

109
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10, 1) Let & hie between naghboring fractions
Fand-Fin §, ,n>1.Thanat lkastone of the
fo\\owmﬂ nequalities 1s frue .

oml< ke ) o=l ke
i) If & 15 @ real number and m is a posite
infeger then there are relatvely prime nteqers

s and t suchthat |x-3= m yo<tem.

I (H.J.S.Smth proof of Termat's 2 square
Theoram )

1) With the sole exceptionof 1, every rat~
ional number has a simple continued fraction
expansion with last parhial quohient >1 5

i) Let p be an oddymme, andlet 1st=s,
where s=[ £] . Thenthere are positive integers
o+ +, aysuchthat a,>1,a,>1 and

-{— = [a,,~~,an]

_ E(dma,)
E (ai’...,an) )
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iif) Let p and s be asn (#). Then thare are
zxacﬂ\j s fimte sequences @, e+, an wWith
Re>l y An>1 a.nd})=£'(a°,~--,an). Further,
@yt ++, G 15 0N Of These sequences when a,, -, an 153

W) When p= 1 (mod 4) then s 15 even and, since
p= E(Jo) yThare extst aoyc o+, a,>1, ay> 1 such
that p =E(d., - *,ax) and ag=a,  forosjsn;
1 Qg *,n 1S :pa\mdromnc-,

p= E(ag, ", Am, Amayy Ay * **, Ro) W01 (W) 1S
impossible and , therefore P= a*+b* for
surtable a and b, when pe1 (mod4) ;

vi) The above proof 1s constructve. Use it

o represent 13 asa sum of 2 squares.

12.1) 1 n %10 () wetake x=-%, (a,b) =1,
m =[VF ] thenthe s and t of that result sa‘hsf\j:
a) o< (at-bs) +t<2b
by (at -bs,t) =1 when b divides a®+1 5
) o<t VE
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i) Every divisor of & number of +he form

a*+1 15 asumof rdativey Prime squares ;

) (Farmat’s 2 square theorem again)
Wilson’s theorem aucwan'\'us +hat every
prime of the form 4k+1 divides a number of
the form a+1 and | therefore , by (i) must

be @ sum of rddatively prime squares ;
W If (a,c) =1 and b] @®+ & thanthere 1s
an nfeqer u such that b divides (au)?+1;
v) Every divisor of a sumof rdativey
prime squares is isaf such @ sum and If 1+
15 respectively odd , even must then be of the

form 4R+ 1 4ke2.

13. ( Best approximations of 24 kind)

If a and b are relatively Jomme:])osﬁwc
ntegers ond |xb-a|<| e -¢| for all pars ¢.d
of m\o'hvd\j Prime posrhve integers sohsf\ynﬁ
d<b and ﬁ- 54 then ¢ iscwalled o best
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then b>qe, I“-%I ’I%-&‘l

13

approximation of the hind toox . We
abbraviate +his lost phrase by writing “ 4
IS a BA2 to x”
1) Every BAZ o X 15a BAL 10  ;

#i) The converse of () 1s false ;

w) Let + be a BA2 o an irrational number
. Cearly uther #1sa convergent to x or
it lies in one of the open ntervals (see dia~

grom ) determined by the convergents fo .

i | ! ! n
LY T i T T t ¥ 4 veoe

Po P2 Py, X | Ps P3P
QP 92 94 95 93 91
Further,

) = - fl"' IS noi'J:)osmb\e,,

by >-E1s not possible;

) if §1s strictly between 252 2‘;‘_‘ and f;::i

qea1

1 .
ond | ‘lﬁ Rk ks1 ’

d) the suppositionin (¢) 1s unrealizable ;

qu,,_

) wer\j BA2toxisa convcwcjenf tox .
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w) Let +h¢,-%,— balow be The convergentsto
the irrational number o . Then :

Q) l o“in"}’nl < l o‘qﬂ-l-Pnd' )

B) qﬂ | 0“1"-1 'Pn-1| + cln-1|°“1n _.Pn| =1 )

¢) when £ % £2L then

5|o‘cl,,-,—}on_1|+c1n-t|o(6-a|21 ;
d)when 1 £b=g, then
6 ‘ o‘qn—t "Pn-q\ + %ﬂ-t‘ uqn _Pnl =1,

¢) for all positve integers a b with
1 ﬁE.‘.Cin , \O‘ﬂn'ﬁnlﬁ |xb-al ;

f) wvery convargent to o 1s a BA2 to « ;
(the simphiaity of this arqument 15 dueto
Drobot [1963] )

v)' A frachon 15 a BA2 to an wrational

number & f and on\\j o itis a convergantfo .

14, At least one say <+ ,of each paw of
consecutive convergents to satisfies

|o‘-%| <‘2—15_'2 .
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15. 1) Let o be a real number and § be a reduced
frac‘l'lon sa'hsﬁjm% | o - —%] < ﬁ-g . Further, let
[do, -, as] be +hat scf CXpansion of % for which
s 15 even, odd in the respective cases ¢ s , ¢ >x.

When ’%’.‘7, % are the last +wo convergmfs to ¢

and &= 325F%  we have 20 and
= [, a,4x]

i) If £, and &’ are as In (1) then
o%-r-‘ﬁ{'—;vz s0 0<x’<1 and we conclude
4o, ds are the first s+1 parhal quottents
n the scfe;tpanswn of X ;

#y (Dirichlet) fesa frac‘hon such that
jx= £ |<<tz then & 15 a convergent o o ;
.{o) Evma rational number 1sa convem}m’r
for uncoun-i-aEM many real numbers ;
v) a yosd’we m+e3er nisa Fibonaces
number 1f and onl\j f sni+4 or 5n*-4 15

a square .
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Pa
to & satisfies [ox — %|< NG

16. ( Hurwitz’ theorem o~ a result of Markov)

Inthe foi\owmﬂ all % are convsvmjmﬁ,

to o Also, we refer tothe inequality

| o = %’ | 2 _\7_?_1‘1? as (x). Finally ,we call

Two real numbers aiuwa[mt if +har scf

gxpansions have the sametails (1.e. 1f

X =[ae,ay, -] and p=[ b, b, -] +henx ond

p are equivalent if for some sand t it 1s

+rue *hQ"' “54:‘ = Bt*j f'or jz Q ) .

i)a) If (x)i1strueforn=s-1andn=s
N L L
+hw 75’( ‘Zs-% ¥ ‘Zsz\'s 9s-19s ;

b) under the conditions in (a) cach of

9s-1

55 and -%ﬁ— is1n the open interval
(s/?z-i w/?ﬂ) .
y 2 )
) if (x)1strue for n=s-1,n=s and

n=s+1then a,, = %-1—1’;‘— <1

d) at least one of any three convergents

1 .
9. )
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¢) (Hurwitz) of 15 irrational there are
infinrtely many irreducible rational numbers
4 such that |- 2| <55 .
#) Hurwitz’ theorem s false 1f we replace
NG E\j any |ar°c3er number. Tn fac+,|fo<g3<1
then there are onlxg fnnd‘cl\j many wreducible

rational numbers & such that

$
| “2‘[5— -%l < GEFET -

ii-a) i | o -%| 2‘@1\1/—,%—”—4 forwcho{:

n=s-1,nzs and nzs+1 then Asp <M

6y 1f & 15 irrational erther there are
mﬁm-l'd\j many irrecucible fractions +
sahsfv)mg | - £ | < Tromees or there 1s an
s, such that a,<m for allsss, ;

<) (Marlzov) |f0( s irrational and not
@qqulcnf fo 2455 then there are mfmd'e'\j
many irreducible rational numbers +

1

such +hat |- <Zase

(1.e. afone removes all real numbers

ny
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Ly "- 125 +hen the Hurwitr’ +heorem

equivalent to
1s no longer besfyosmb\cz ond infact, +he
V5 of that theorem may be replaced by 2vZ )
W) Let [a,,a,,-+] be the scf expansion of
anirrational number o and supposethe %
ore the convergents fo . Define
Y(X) = hmnf qn| qnX 'Pﬂ‘ .
Then :
a) #3 (i) c}uomn‘\'us V(X)£1
6) Hurwitx'+heorem cjuumnfus v(x) < 71-5-;
¢) for & not equivalent o 11'2—‘/5_,, (Hi-c)
quarani'&s V(XY= 7%' ;

d) (41-b) cjuqr'ani-us that uther

V(&) £ Te==or for all ag with s sufficently
large we have as<m
¢) f infinrtely many ajare 23 then

1 *
Y(x) £ 73 )
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v) With the same notation as in () and

putting o‘nz[an,,,am,~~~] wehave
o + Pn-
Q) X = [a’°y' * "y ey an+°71n] = o(: 310: + ‘1:-11
Qnd,*hQrQ«fOf‘Qa, ‘1"" an‘-'PﬁJ = W 3
b) 1f a; 22 forall but a finte number of

j then for n suffmm’r\g large,

= [ Ry Qegy* ] #[ O, Ay ey *+, 2]
<[2,0,2,1,]+[0,1,2,1,2,+]
£ 1+V3 4 13‘,—5 = 2V3

and  therefore, »(&) 2 &

¢) v(x) cannot lie befween ﬁ and 7%- .

1
Inlgno ol

Ramark . The results i problem #16 are by no
means exhaustive of those khown For further
details one may consult Cassels [1957 ] chpt.
The extreme simplicity of the above arguments
s dueto Forder [1963] and Wright [1964] .
For results likethose in (v-¢) and further
references see Cusick [1974] .

"o
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17. (Pemodic scf s )

When a; =a. for ]'>s we say t+hat
[@e,a;,00+] 18 yerwcﬁc wwh}oerwd Gppyyt o B
and write [a,,,a,”~~~] =[a,, +,a,, mt].
'For_purd\j j:extodtc scf's suchas [W{.‘,]
we convmhona\lxj write the above with s = -1,

9 If o 1s a periodic sef than x1s a

quadratic irrational ;
i) \et o be a quadratic irrational which

15 @& 2ero of the integral ];)ol\jnomxal
f(x) = Ax®+Bx +C ,where theinteqers A,B,¢
have no common factor >1 5 further, put
& =[@,as,+ ] and o, = [Rasy@nogy* ++] + Then

a) X, '5 a quadraticirrational forallnzo ;

b) 1f , 15 a 2ero of the mﬁgml Jsolﬁnomual
AXE+Bx+Cp, (AnyBr, CaY =1 Then

B2-4A,C,= B -4AC ;

1. all &, have the same diseriminant ;
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) n(6) A= gif (B | Co=q. i f (522
and this imphies that A,C< O ;

d) there are only fmﬂ-d\J many distinct
1'm:p|o,5 An,Bn,Ch s

Qtheare are posttve m1'uj¢rs R andn

such that o, = &g, and, therefore, o 1s pertodic.

i) For P,Q,,D m+uj¢rs with D.a positive

non~square , the number o = P"‘r- s a

quadraticirrational. The conjujwte ' of

1$ 3\\7@\ b‘j X'z -O:IB A quodrcxhc wrational

&, >1,satisfying -1<o’<O 15 called
reduced . Thus LQ‘:—D— 15 reduced whaen

P\f— _P+VD_
<01 —x—

~l =z
The quanhhu &y, are defined as in (i) .
a) If &« hasa purdy periodic scf expan~
sion then o 1s reduced ;
b 1f xisreduced and & = a .+ é—o +hen

X, 15 reduced |

12
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o) f o 1s reduced soalso are all &, ;
) 1f & 15 reduced and has a non ~ purely
j)emodtc X pansion
X = [, o r, @5, Ty 77, Ong] | A R
=a -a,, and,tharcefore,

thun X, = Xyt

/
S-1

Xy =X, =Qg =gt )

s+t-1

) under +he h\jjoo+h¢s\s of () the
conclusion obfained 1s impossible .Consequantly
a redued quadratic irrational must have a
purdy periodic scf Lxpansion |

f) necessary and suffiuent condifions that
a quadratic irrational o have a J:urd\j j)U'\OdiC
scf expansion isthat it be reduced ; 1.¢. that

xy1 ond -1<x<Q .

w)a) Are the scf expansions of -L;@ , “3—""3 ,

“"- Purdtj ]ou‘loduc7

b) Compute the scf expansions of

1+3\/T§ and = ( 1—3\/'5 )";
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¢) 1f & 15 reduced then the period of -()”

15 the reverse of the period of .

v) Let QD be positive inteqers withD>Q?
and & = -—‘g— be ierational . Thenthe scf expan~

sion of o has the form [a.,a5, 7, a5,2 . .

vi) Let Dbe a Joosrth, m-\'ujw such+hat VO
is weational . Then, 1f a, = [vF] ,
a) ;/Fla,‘ 15 reduced ;
by VB + a, 15 reduced and s scf expansion
puriod isthe reverse of that of ‘51_ =

¢) The sef expansion of VB 1s of the form

\/-6 =[a'o;a‘£;a2)”’?“z,ai ,za'o] .

vii) Let D be a Jaosrhv@ mhﬁer with VO

irrational . Then we may write

VO = [a,,’a“... , a,i_l,za,;l =[CL¢,CL,,°--.J ,
where R 15 The length of the minimum :pemod .

123
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Further put, asusuad , &m =[dmn dme, 7.
Finally, suppose x,’--Djf = [ where X, >0,Y,50.
Then

a,) 215 o conwerquit to VB, say 3§ =C{; ;

b)Y with s as n (a) :

A if A x*+B,x+C =0 isthe integral
quadratic equation with (A4, B,,C,) =1
satisfied b\j Xs than

As=1, BS=4(C4D) ,C,=p%-Dq.k;

B) X;=— 4B, +VD ;

) -+B,=a,;

D) Ay= Afs4s for ]’zl 5

E) s =-1(modR);

¢) all positive \n+¢,3m\ solutions of
x? —Dtjz =1 are contained inthe sequence
{(:Pﬁ-t y Ciﬁ—t) , (Pzﬁ-l, Gak-s) (P,g_,, q;ﬁ-’l) ) } 3

) VD =[5, 0, Ry, + a,:?fﬁ] y ond ,

Therefore ,
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Pir-1= R Gth-1 ¥ k-2 ,
Dqth-1= GoPrios * Peg-z
P~ Dqe = (-0
¢) x*~Dy*=1 has nfinitdy many positive
solutions and +he totality of positive solutions
onsists preasely of the Farms inthe sequence
of (¢)with odd subscripts;
f) find the least positive ntegral solutions
o : A) xz-zzl,]z:i :
B) X2-|31:12=1 H
¢) x*-33y’=1;
9) dwdoy an ana\030u5 ‘t'he.omj for the
equation xz-DEf:-i .

18. Suppose a and b are posthive rddately
prime inteqers with a >b and -%=[0.°, e+, @n),
22 .

£y E,<b,where E,15+he number of sum~

mands In E(X,,***,Xn) ;
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V5

wWy et T+= 1; and nohngﬁ'hcﬁ- T2=1+T

n
deduce T'< Ep

V74 CO E
my n< + 3
) log L5 )

w) f 10" 6 <10° then n<st

v) (Lami) The number of divisions required
to find +he ged of fwo numbers by means
of the Euchidean a\gorﬁhm never exceeds
five fimes the number of base 1o digits of
the smaller of the two numbers

vi) inwestigate the best :poss‘b\c nature

of Lom¢stheoram.

19, (The urde dtaaram)

Cormsyondmﬂ +o each irreducible
fraction £ 1n[0,1] construct thearcle,
(¢ ), of radius ;1,;& and with center at
(£ ,38) . Then C(F)1saurde lying above
and +cmgm+ +0 The x-axis at -% .
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1) C(E) , C(F) for % — are uther disjont
or tangent and are tangent precisddy when -
and ¢ are nughboring fractionsin some &,
(s ?9) ;

w) the point of fangency between Fangent

abred

Cil‘du 1s The rational :pom+ ( 6T d? ) B’i({’ ;

) a vertical line infersecting the x -axis
afx ,0exs1, wts mf\mhz,hj many of the
arcles if and only f & 1s irrational

iy SUppose +he wertical ine cu+fm3 the
x-axis at the irrational o cudsthe curvi~
Jinear +mcm3\cformed b\j parwise tangent
arcles above 4, <, 7 where O < << 1.
Then
@) F<XL 75
b)Y ¢=a+c, f=5+d :
¢) uther o<d<b<for o<bad<f;

127
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dyif o<hz< of<f The vertical line above
1-x euts a similar friangle with arcles
corresponding +o some fractions ¢, %, %
wﬁh%’(?‘%k%ond o<d'<b '<f E

Q) rational a}:})rommahons to & lead to
e,quq\lﬂ good rational approximations +o

1- and vice versa .

20, Lot & %<§ , o<dc 6<f,qndsu:pjaose
the urcles above hese fractions (see *19)
are Pa\rwtse+an3m+ with A, B, C the x~
coordinates of the respective ponts of
tangency of the pairs

a4 < ., & & , ¢

brd 1+ b f 9 Fod
Further, SUPPOST X 15 irrational and that
+he vertical ine above & cuts the curvilinear

'\'mcmﬂle formed b\j the thrwe ardes .
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i) Diagrams show dmr|\5+hcj:>055\b\\|+\j
of A£B<C aswailasof B2sA<C;
#) A<C and B<C
#)a) A<B when £5 155
6) A>B when £¢ 255
#)a) A< B imphes =< %d‘ ;
6) A >B imples |o<-?"|< ‘_?}F 5
v) (Hurwitz) for & irrational thare are
infimtely many irreducible fractions

such that \0‘-%‘<?16‘ .

Remarks . The geometrical proof of Hurwitz’

theoram which is presented in %19, 20 qoes back

to Ford [1917]. See also Rademacher [1964] for

an exposition of the proof. Aninteresting

discussion of These urdes , sometimes refer~

red 4o as Ford arcles, will be found mZGlluj
[1928].
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21 (Klun's geometrical interpretation of
continued fractions)
Let L be aline +hrouc5h the origin with
irrational slope & and suppose x=[a.,a,,+J-
1) Points (x ,13) are bdow (above) £
precisdy when y < xx (Y >XX);

7y Consider -\'hcyom*\—s R = (qn,pn) ,
where =15 a convzrﬂw'\' to & ,and show
the vector from B, +o P, 15 a, Times the
vector from O +o P,

w) The triangle OR,, B, has area - and,
tharefore, contains no latrice yomi's other
than its vartices

W) A thread a\ong L when pulled +o+hem5h*
or Ief+ and constrained 4o stick at \QHK.Q,Pomi's
(other+han O ) sticks on the lower side of L
Ppreasely on the wven convergant ponts and
onthe upper side of L precssely onthe odd

comm'ﬂcmi- Joomi-s .
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22. ( Some expansions due +o Euler & Hurwitz)

1) Let £, (%) denote the value of ;Z: R X S

n+sy!
whare @, = m7 whenthe series on~

verges .
&) £, (X) exists forall x 5
BY fn (X )~ (uns2)f,, (%) = 4x2f,, (%)

fornzo;

oy _ et
) ﬁ(?ﬂ 2xX Q}x_i )

2X
d) %‘%1_= (%) %% ) forx%0;
Wy)let x=[a, a,, -], where

Ro=2

)

a3n= a3n+1=1 )
Ayp-1= 2N,
T\'\US,O(‘:[Z,I. ,2,1,1,4,1,1,6,1,1,8,1,"'] .
P
Furfhas, et the convergents of & be a7
jzo.‘rhm :

@) {ymﬂ:(tmn)_pm_z-rﬁn_s fornzz;

Faner =(4N42) G5, #q,  forn 21,
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b) “f P, IQ,15the nt® convexﬂm-t--‘-e LXI%
then P,= T(Psnu ‘lannqu,n- 5 (P3n+1 "'13“”),
Q) x=2 .
nt)a)—a—Q +4 -[v" IVZ 5V, TVE W, ] ;
by \’_(i;*:) [2,3,10,7,18,11,26, ]:s
not ?Qmoduc ;
¢) ¢ 15 wrrational .

(This })roo‘f 15 due ¥o Richard E.Crandall L)

23. (A matrival approach)

I.Ller A=(25) andwrite K{AY=< when
c¢%0,and KZ(A)=-5-,whm dxo. If
K (A A) = & wewrite K (A) = x,.
Similarly for K,(A,++-). If K(As ) =K (A =
we write K(Ap) = . Tnthe following,
x=[asa,,].

1) 1fthe % are convergants To & then

(3 3m) =G (1)
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0y [an, @] = KL (3B ] 5
W) f A=(2 6) K, (Ap)eex omd cx+d %0,
- *6 L 4
then K (AAA, )= S2b
i f RA = (52 Y for & a number +then
K;(Ai'”) =X \\‘\'\JD‘lQ.S Ki((E1A1)(ﬁZAZ) '")= X,
for { Rn} an qrbr\'rm'j numerical sequence ;
W K (A;r) = & then
Ky (CAAADNAARAY - (A, A,,, ,A,n Yoo) =
viy ek A A, (P"r”) =Pn ;¥
by 14 +A,\
| K (Po) =Ko (P | = 55055
vit) lef B, be as in (v, |der Af=1 forall 7,
K(hmP)=x,6 B=(¢ f[) s then
a) §nSn —> 00 A5 N —> OO 3
by a’+c? %0 implies K (RB) —>
¢) b+ d 50 implies K (BB —>o ;
d) B has no zero column |mj)hes
K(ImPBB)= &
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viii) if all AL have dererminant 21 B 1s non~
smgulqr y K(A+ =)= ox,and C,.=B A B forallr,
then K(BC,Cpov )=

wy let ad-be=21 o<d<c jthenford21,
(28)=(§ )1 L) forallx; ford =1,
£) = (0 oPNE ) = (PN G
xyunder the condrtions of (ix) There 1s an
nteqer a, and Posifive inteqers n,a,, -, dn
such +hat

(L) = (D@D~ (Y

- [2M-1+¢X 2Mm-1
u. PU+ Am- ( 2m~1 Zm'l"x) 'f'e\" m:i,z,stc and

1 - fn(’ﬁ o
suppose 1A, = (ﬁ,,m d) - Then

) ﬁn(x)=cjn(-x) ond Ry(x)=f,(-x) ;
ie) f,06)= L2 5F

REO
n-RYen-R-1Y1 g,
by gn(m’a}; (n-RYLR T x5
fn(x)
W)YA) Tmn s — et 3

ﬂn(ﬂ’
5) n(n+1)e(2n-1) - Q’X/z )
w) K(AA:+) =" forallx;
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v-a) (a2 = ()M a)ie)
5) for' ﬁ>o,
[1,R-1,1,1,3k=3,1,1,5k-1,1,.] 5 7% ;
¢ye=z[2,1,2,1,1,4,1,1,6,1,1,8,];
( The method offlms ]or-oHcm is due +o
Walters [1968] 2

24, T We wrl'\'z%_ %-%J-"'For the continued
frachon b.
a,-_Bs
a -—L
2
o b
aq- a e
F'ur'l'lwu', let Cns= 76:_ %_%_ %“ and defme

Go =1
-1zt Po=© P":a“P""'g"P“"g fornat.
q_1=° 1031 1‘" =aﬂ‘1ﬂ-,' nq‘n-z

Finally ,in all parts below we assume all a;

and 63 Jaosrhve and anzGﬂH for nzo.
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i) Cordafornzi;

i) for nzo
Pu2 Prost Bov+-bn ) a2 qm+6 bn so
}3"’6 P I S Bn,q,,- ot B,D,4 4 b, b,
and strict inequality holds unless ag- by+1
for 0 5§ +n,in which case @quo\ﬁ'\j holds ;

1120} ann_ }Jn " q% -6 {or n20 so
- P"—l + Bc 6 .
‘[ dn-1 dndn-1 )

# 9n=Pn2 Gur”Pros 21 for n204 further,
for a gwen n, q ay=bg+1 {orjsnﬂwn
both inequalities are equalities | otherwise,
ot least one o{-’rhe.; mq,qua\r\-\es s strict

v) \‘m Tn exists and 1s a\wo\sjs £1;
f a,> 6“+ 1 for some n than lim 5‘:5 13

vi) when a,= 0,41 for oll n 4hen

b+ 6.0, 4+-+b,--- by dwerges
\mp\tes Un 13
&= b +b,b,+- by gn+-~-\m}3\‘¢s

fpn 1
q"—) 1~ X ,
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o. Letr all a;, b, be positive inteqers and
suppose a, z by forall nzt  with strict
nequality ho\dm3 mfm\hb\\j often.

Write &, = f:-;gfff - and proves:
1) 0< Xp<t forall nzt ;
uyf any ;15 rational so also are all
others
i) 1f rand s are positive inteqers and

&= then there 1s a positive inteqer t<r

L.
r )

W) &, 15 wrrational ;
6, b, b

are posrhive inteqers, and if a, 2 byrifor all

suchthat &, =

sufficently large n,with strick inequality

nfinitdy of fan, then & 1s irrational

25,7 f——-A (ST < Y- R
R=T Cim GG ™ GG Cpatln )
n
Z =_C;_ (P Ci€3 . Ln-2n 3

1= ¢4, — G+Cy— Cpoq+Cyy
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oo
7 1
i) L2 ,gc&- converge Yo &, 3 respect~

wely f and only if +he right sides in (1Y, (i1)

converge o o, 3 ;

1 1 3 4
C=24 ¥ 37 3+ G+ S5
=2+ 11 M
i+ ’
2+ 2
A3
4.'.__4_
5+ LX)
V)—LL = 1'1 .
1+ 32
24+ 57
24 57
+
: 24 9%
2+ XX

26. (Lambart’s 1761 proof of the irrationality
of ) Define f;n(x),for' each rwljaosmvzm,
b\j :

x? x4 x$
ﬁ»(x) =1=2Tm Y P im(man T 263 im(manyma ¥
»xs
2% m(mat(maz)maz) ~ °

) g 2R
- (-1Y" X
- 1+ﬁzs:x 2Rt m(mat) - (mrk-1) °

‘e




X

Thaen:

1) ﬁn(x) exists forall x

P fm 1(X) _ - x? fmu‘?‘) -1

") fr:(x\ = (1 22m(m+1) fmmo) =
1 X¥Y2Pmimat) w22 (mei)mad) x?/2*(me2Xm+3) ..
1= L - 1= 1 - )
gy S 1 xE X X* .. - Fanx .

f2 8y 1= 3= B- T- x )
W) W15 no¥ rational | since f ™ waere rat~

onal, say 4= - for positwe ntegers m

and n, t+hen

m_ m?* m?* m?
n- 3n= Ssn= Tn— """y

whicdh 1s not POSS\b\L since the mcjh-!- hand

| =

svde 1s irrational.

27. (Some irrational ertranscandental
numbers)
I. If & 1s a real number whichisa zero
of an integra) Joo\\jnom\al of degree n but of
no such yol\jnomnal of smaller degree then

& 1s savd +o be afﬂégrazc of c(eﬁrw n.
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All numbers algebrasc of degree >t arethus
wrational . A number which is irrational but
not algebraic of any degree 1s satd fobe
transcendental . A simple cardmohhj argu-
ment may be used to prove the existence

of transcendental numbess .

T. Let o be algebraic ofd&gru,n and let
f bean tnﬂgm\Joo\ﬁnom\al of degree n
having o as a zero. Then

1ythere s an m‘\'eﬂ\“a‘j)o\jhomtal 9 such
that f(x) = (x-x)G(X) , g(x) %0 ;

W) there 1s a positive § such+hat if
x-Ssxsx+S then G(x) %0 ;

i) thare 1s a constant M and integers

a,b with b >0 such+hat
()
| =5=| 55| > =5= 5



W) (Liouwlle 1844
If &5 alqebraic of d»ujrmn than thaeisa
]oosrhve/ constant ¢ such that |« --ﬂ - for

all mﬁ-ui\ra\ cL,B with 650

IO i) « =§° 107" 15 irrational
i) an wrrational number s called o Lrouville
number if for cach Joosvhve, m'\'e,c_su n and constant
¢ >0 thereis arational number —E‘- b o, such that
| =4l <=2 Every Liouvitle number is ranscendental;
R =g°am1o'm" 15 transcendental whenthe a.,

are ntegers satsfying |a,| <M for some M.

I 1) ot o=[ae,a,,+] be anrrational number with
convargents —f{—:;-\-hm Wf avﬁ”xl:q forall R21,
& 15 transcendental ;

i) using (1) ochibi a Franscendantal number
i) f ag, 2 (2%, agf” for kz1and a,a,,are

arbifrary then [as,d,,dz] 15 transcandental .
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28. Inthis :prob\cm x ranges over the irrational
numbers inthe interval [0,1].  We write

x =[O, &y (X),a(X),--] sothat cach aj(x) 15 o
Posihive m+o.5¢r. We denote the ]oroba bnmj that
a,x)=R by P and the probability that

(ﬂ-1(x""’, “’t(X))'-"(a'ﬂ."“J a‘t) b\j P(“’i 1Yy a’t) 4

o
I4) 2 Re=t form=1,2,.-
and
ﬁg‘ P(at,o .o avn,l’ ﬁ)= P(a"’0.’,an_’) fo" n:z’Sno;

N\ Pr= 1 .
WY Fe= g 3
i) Pe=Pel ———=z -

W) S = lﬁrv:l.‘n"‘é\(""’ﬁ‘,\- Gﬁ(ﬁ*l)(l-eﬁ),

where € —0 as R —s00 ;
) P2 Py for k22 but F,,<P,.

L Lv\'-%é—’ Os jﬁn , bethe oonvqrcsm'\'s 1o
(0’ a’t"”:a'n-uﬁ] . Then
PR,y @y RY = 1/ g (R + S Ress S22);



X
17&'2
.. __R Play, o nf) _ R+ Tuar ket
‘Li«) E‘VZ < P(a“... “n-t,ﬁ)— &+2* q,iﬂv’l Rﬁs ;
n-1
Pd,,*re, bnoy, R) 6 .
m)"“ﬁ 1y < P(a nan-,,i)( (au)(&n) for R2z;

i - Pla,, ">, %p-y) ;
w2 'g E(ﬁm < pla,- .a..ni) <2:., (ﬁu)(&u) =3

v 2 P(“u"'ran«” ﬁ) —
) 3k (R+1) < Piayyee, Bues) nk <(ﬁn)(ﬁ+z) *

< M
m 9 ﬁ,Z, Pr=w™a1 3

[ 4]
1) (12"_1 P(a;,m,a,,.,,k') <o¢P(a,,~~,an-‘) ,

=-—2 <1 -
for n>2 and where 0< x =1 o< 1)

- M .
) s () Q) <X 05

154, sM
s

w) 1 f [a,,a‘, a,,++ 715 the scf expansion of
a number picked at random from [0.1] then
the serof a,,a,, -+ 15, with probability 1, un~
bounded ; 1.¢ . almost all real numbers failfo
have bounded partial quotients.

I Let f be anarbitrary positive valued
function defined overthe positive nteqers

and suypose Nz21. Thwn

) Z }(“u'"vaé-lv&)
3(‘9(1',)41) Rl P, %) c',)(twl

for toN';
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17 - 1 E(“; ity Py )E) - —2_ M
w) 1 %5 <1 3(‘?(¢)+1)f°r ¢ ,N)

@(tr+1 o) Play, -, a4.4)

¢
W) P(ay=,ay) 1T

=N+

¢
< P(a,,"',a,«)jﬂ' (1-,W) for t7N,w\1¢m

(1-525) < £ Paumyan

N+

the middle sum is over all (£- N )~+u}>|zs

(Awsry, ap) such that 1g a;<9(f),N<jst ;
iy of ¥ dwmjcs j respectely converges,

then the Probqbull'hj that a random xin[o,1]

satisfies d,(X)< §(n) for all suﬁ:lcmn‘t\\j
|ar3z nis o, resyec'hvzl\j 1.

Remarks.

1. The Parhcu\ar aﬂaroach o continued
fractions,via Euler brackets, as Presmﬂd
here Is somewhat unusual . Chmjs‘rc\l [1904]
qives a more comjaled'z discussion ofEu|er
brackets +han we have given. A qu"hcular\\j
nice c}zomd-mcql introduction to continued

fmchons s given l:xj Stark [1970].
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2. The treatment of Farey frqcﬂons 5 ¥,
follows 6\1xm1'q5 [1966] and i fact, our
exposition in many parts of this chapter owes

much to the same source.
3. For *21 s&e Klun [1924] or Davenport [ 1952).

4. Th connection with #23 one m\%hf consu lt

Matthews, Walters [1970].

5. The detarls in#25 will be founcl "

Che,nu} [1966] .

G. The natural continuation of"'zs would
be +o }:rove Kuzmin's 'rl-w.cmm which states

that for almost all real humbers X,

PSRN >
Va0 anm = T (44 5i@mn)

where i+ will be noted that the limit 1sanabsolute

constant . For csood expositions of this theorem,
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a\on% em'\m\\,s separate hines ,the reader m\cjhf
consult Khinchin [1964] omcl/cr Kac [1959] .
The saonc] of these c}wes o) vex\ﬁ m+¢mshn¢3

account ofﬂw, theorem connzc‘t'mcs i+ with

S'raﬂshcal meckan IcS and 'rke ercsod 1< -\'l-weomm.

7. The most com}olz‘m freatment of all
aS})Qc‘l's cf continued fmchons will befouﬂcl
in Perron (19547 .



Xiv More on Primes

1, (Bonse mequahh5 ) Le¥ ProPa, be the
]ommcs n ther na-rural orc\er and su]opose nzi0.

Further, let } sa+|sfs3 2£f¢n-1 and set
)V'1 =P""PJ”’-1 )N‘Z: 2})1... P]"‘-l ’N3: 3?1...:?54-1 ,
ey N PipaePiacs.

Then :
i) each of Pyt P divides at most one of
Ny Ny s
iy there s {, 24fsn-1, for which
pon-fet
WY |eﬁmg i be the smallest 3 for‘ which
]oj,yn-j’ff t,there1sak, 15k £P;s such that

Prrst P all fcul‘l'o divide Q:Pr"f'i.,'i and
therefore, p,cp,--- pis

wy the 1 1n (117) excezds 4 50 ]o,.,;z 21

ahd Pi"'Pi<Pin".Pn ;
v) for n24, Pt PurePa-
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2. (A proparty of 30)
Suppose p £V < Pau, where Pr 1S agaIn
the E"j’?mmc number . Then:
) 1f for some is kR, py does not dividen
then (ﬁjz,n) =1 and P52< n;
) 1f no composite mﬂqu <nas primeton
then p,-pa|n and,-\-hue,forc,P, “PREN;
) f n249thereisa composite inteqer<n
and primeto n ;
w) all 3305\‘\'\\?@, m*'zgers >1 and < 30 which
are primeto 30 are thumselves prime and

no m+zﬂu~ \argu‘ +han 30 hasfh‘syroyvhj.

3. (A property of 24)
The number 24 15 +he \arg@sf m-\'ujczr
which 1s divisible b\j Ry ?osﬁwc mﬂcju‘

smaller than 1ts square root.
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4. (Erdds) We write TT(x) for +he number
of primes < x and Nj(x) for +he number of
posrhvz, nteqers not cxmdm% x havmﬂ no
prime factor >pg , the 3*~5 Jomme numbes.

Then:

7y wery inteqer havmﬁ no prime fackor
>Pj1s of the form mz_pf‘mpje" , where
each €415 Oort

iy Nymy Vi -2} ;

iy Wny2 nn/2hz and, tharefore, the
number of primesis not fimite

W) Pn < 4" ;

v) The series °Z° ?—1 dwwgcs,sm% other~
W\Sc‘\’hv‘e 150 such that

2'VF 2 Ny(x) >x-Z [%]2x-L% T -

5. (Stuymskt 1953)
(x)-1+Z { -hm(i T\'(sm kT )z)m} .
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6. (Hardy 1906) Lt D(n) be the largest

prime factorof n. Than
Ay S 2R
Ty = lim him lim {1 ~(cos LTy } .

m
| -
S~»00 m~»oe R-900 J'O

7. (Moser(i959) Let p,, bethe nt prime.
Then:

oo - m(;nm
1) & P 10 coﬁnﬁvu*cjcs Yo e, R30,
- R(k+1)
where 0< f3¢<10 "2

nins+t) n{n-1) ]

iyp, =[10°F p]-13[107 7 p,

8. (Swyms\z\{wszb Let p, bethe ntb prime.
Than -

m

/ S -2
t)mgm m 10 Converges to X, kY0, where
[

0< X <107 ;
;z:)Pn = [ lolno‘:J _ 102"-1[ ‘ozn-(“J .

9. (Hartterfosl) Ler A={a,,a., } be an
arbd-mmj monotone INCreasing sequence,

Ry % Anyy, Of Joosr\'we inteqers. Then:
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i) There 1s @ numerical funchion so:l'nsfgmﬂ:
Q) f(n)/f(t) 1san m+uju'for all 1sn ;
)L ’77,",' converges to a valuo< 7y T forneo;
1) for any function j' sa+|sf\3mc3 (a),(b) of (1)
tn=lfima]- oy o],

whare o = v; Fo) 3

i) the resultsin 77,78 are speaal cases of (i),

10, (Chd)\jshw) Leb nz22 be gven . Then:

7y 2" < (’;{‘) < 2™

@) JT_ P dwides () which inturn,
dwides ijyt’ ywhare 1, = 0287 ;

wya)y 2"< Tl'npt%

VuTemP < 27

wy Tnp 2+ (Tr(x)-\/?)\nx and
Therefore , TT(x)s-i,,—z,;?;x\np»f\/? ;

V) from (Wi-a), T(2n)> %— ond,
tharefore, there exists a constant A such
that T(x)>A P2 forall x22 ;
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vi) from (iit-E) \n_p <2nln2 +£n\hp Jand,

R+1 ;

therefore z In:p <2
vty There ucts+s a ?osmvc constant A such

|

that T In p<Ax forall x22 ;
5%
vifiy thare exists a :pos twe constant A such |
that T (x) < A 75 forall x22 ;
) ( Cheb\js\ww 1852) for x22 and surtable
posihive constants A and B ,
A< TO)<B 2.

Inx

i ( A?Proxtmcﬁ'z order of pn )
Ler €50 be qiven. Then
i from Chebyshes's inequality there 1s
an %, suchthat 1-¢ (LX) "I“;x\ 14 € forx X}
i) for surtable positive constants A and B
and for x »x, ,
A(1-€) TOUTR  By4ey

wyforn Suﬂ:ldw‘ﬂ\j large
(1 e)< "'”” <B(1+e),
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) (Theorem) There exist positive constants
A and B such that
Anlnn<p, <Bnlnn;
vy from (v) one easily deduces that the

1
series 3B 1S divergent for x <1 and

convergent for x>1 .

12, (Bertrand ) Let B, =MT,;I"mp,

whaen there are no primes between n and 2n.

where P a1

Then
P < (') < 4™ fornzz
W) T p< 4" forallreal x22 3

iy 1f z <5< p s nthen p does notdivide (3);

W) v <( ) (zn)*n‘4TPn fornz23;
Vin+3
v) P, >t if 4> 8(2ny ;

vy P, >1 f n>500;

vif) (Bertrand) if n 22 there 1s aprime
strictly between noand 2n

Ui Pras< 2Pn f nz1.
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13, (Finsler) Letr B, be asin *12. Then from
(), P, > mﬁ?mg— . Serting the right
side of this me,qua\mj e.quq\ ¥o (2nY" we have

3y x<TMn)=-T(n) fn2s;
%) xlnan = 3 (In4— alnin _alazny, a
if n 22500 ;
i) SR < W(en) -T(n) f n22500;
W) TT(2n)-NM(n)< ?E:T fnzz;
v)(\-'ms\u) fn22then
<T(2n)-M(n) <

5|nn )

3in zn
viy M(2n)-TM(ny221f n26;

vid) pnn<2pn |f n24,

viid) there 1s a Prime p sa‘\'\sf\jmc3
n<p<an-2 if n24 s though not equiva~
lent +o Fr i) this 1s sometimes referredto
as Berfrand's pos\'u\cﬂ% ;

Ky T(2nY=T(n) 1s an unboundu\\\j

ncreasing func\'ton of n.
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14, Starting with Finsler’s theoram (*13-v)

one finds :
1) ﬂ(2£)< ﬁ.\T |fﬁ>1
# T(n)< 42— f n22;

W) & ‘:n <T(n)-1 \f nzz,
wy ( Che,b\jshw’s theoram cw_‘am)
,z \“x< T(xY< 4 \nx .
(These values of the positive constants in

Chcb\jshw’s theorem are far from * best

yossnblc ")

5. Consider
¥y (M) >T(mY+T(n),

1) Using %14 (W) (Chszjshw) t1s easy to
prove (X) for 192sn<sm

fiyusing *13 (v) (Finsler ) one obtains (x)
for 2215192 ,40004m;

(using +ables and a computer one gets

(x) for 2snsm, 62m 5 see Trost [1968].)

155
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16. (Assuming the result in the parenthetical
ramark of *5.)
N TP ) ST (Pran) for 2snsm 4sm;
) PmPr YPmen for 1sn,1sm;
WP P > Pruos for 154n ;
W) Pray < (Py o) whenmzt.

17. ( A special case of Dirichlet’s +heoram
on primes in arﬂ-hmc\'\c jorocjmsswns )
Putr F (%)= (x Q,‘T) net.
Then: s
{1y x"=1 =T F (%) ;
i) F,(x) 15 an mtegral polynomial of
du}r'u, @(ny;
W) F,(0)=1 form>1 ;
W) if p 15 @ prime factorof ¥, (a), n>t,
then (a,p) =1 5
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v if £1F, () and t 15 the smallest positive n
for which p| a™ -1 then s
a) tin;
by t<nmplies & -1 = (a+p) -1 =0 (modp*);
) t<nimphies pin ;
d) ]:)(n mplies T =n implies p=1 (modn);
vy Ik P, ooy pg be any finite set of primes ;
then for y suffiaently large and n>1,

Tn‘""j?t"'?k) >1 and
F(nyp, p)=E(0) = 1 (mod np, )5
thus thare is a prime p % Pt 5j sk ,sahsfgms
p=E1 (modn)
vié) for n> 1 there are infimtely many primes
nthe arithmetic Progression

Lyf4n L142n 1430 0,

18. Let F,(%) be asin*i7and let p be a prime.
Further, suppose n has exactly rdistinct
]ommcfac\'ors and t+hat Aj1ejsr, s the
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set of products of § of the r primes wtering
Info n.We put

goxy= BT 0=\ T (X F-1) -

FOxy=( -mT(x“‘-l\Tr (xe=g)ee
and €, = e ,wr\-h (m,m)= cf

i) €, 15 @ zero of order 1 of cach x = -1
for which &|m and 1s not a xero of all
other x&-1

#) 1f d 51 and has s distinct prime factors
then the highest power of x - ¢, 1n q(x)
(respectwaly for) Y 1s (3 + (§)+( 3)ree
(respectively 14(2)+(3)+- © )

() (x"-1),JL L X ¥-1)

F.(x)= ;
Tjrl"[&gx &-1) !

W) f pin then T, %) = (x%) 5
v) if pIn then

o Fux?y
}Zp"‘" AT

p-2

P
= X1 _ . .
vi) Jp (%) = < M A T Z2
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ofn=1;
vit) FL()= 9 p if s a power of P
1 f n has ot least 2 distinct
prime factors;

viii) F(x) = JL( x'% - 1)”““, where pn 1s
the number +heoretic function defined by
M(1)=1, p(n) =0 f n contains asafactor
the square of any prime. N(n) --(-l)ﬁnfn
15 @ product of Rk distinct primes ;

1x) \ek n = Pieope ,where t1s0dd and the
pi are primes satisfying p, <SPSty and
PitP2 P (sm”n -ix) 5 Then

F(X)= 1—x TT (1-x")
_(1+x+ XY (1= xPY e (1= xF)
= (14x4 4T (1 = xPoxPo Bl
(mod xFe*?y
x) (Schur1931) for n as in (ix) the
wefficent of x% in F,(x) has absolute

volug t-1 .

159
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19, (Richert) Lt S, be the sef of sums of 2 or
more of the 1 n primes , no repetitions per-
mitted. Then:

) all m'\-u3qrs betwean 12 and 29 (note
29 =124 P, ), incddusive ,are in S

#) 1f n.2 7 all Inteqers berween 12 and
294 ¥ 4P, Oren Sus

iy all inteqers 2 12 are sums of 2 or more
distinct primes

wy all m'i'ujus 27 are uther prime ora
sum of ¥wo ormore distinct primes ;

v) 6 15the largest positive m-\-uacr which
is nuther a prime nor the sum of two or
more distinct primes and 11 1sthe \arcjasi'
positive integer not The sum of +woormore

distinct Pprimes .

20. (Furstanberq) Let S bethe setof oll
m+ujqrs .Take as a basss for a'\'opo\ocm n
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5 rhe collection of all +wo way infinite
arrthmetic Progressions. Thus a setof S
15 opan if it 15 The union of such arithmetic
Progressions.

i) S with the speafied basis 1s a topo~
logical space ;

) each arithmetic Pprogression 1s both
open and closed ;

ii) each fimte union of arithmetic pro~
qressions 1s Jdosed

wy if Ap=1{ o,:_p,tz.y,m} ywhere pisa
prime, andif A=Y Ap, then the complament
of As {-1,13 3

v) thot thare are mfmﬁ'd\j many primes

followsfrom (iv) .

21 (N1col) For each positive real number x
et T, (x) denotethe numbesr of 4win primes
(p,pr2) with p<x . Then

16!
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M(R)z24 T ssn{— n+2)[50% }sm{zn[‘“ "']E)
whem [+ee] 15 1'hg|ar'qes+ m‘t'u}q,r'

not zxcudm%

22, (Willans [1964] )
D"f‘nz F(n) 5‘3 Finyz[costm 1] Then,
1 TOrn rmeorn=1
i T(nyz { fornp ’
Qo for n comyosafe,;

ii) the nt prime P" 1S qiven B\j
s “§ [ £ rm]

Remarks.

3, The Bonse mequohhj in¥11snot very strong
and its main interest is nthe sumplmhs of:'l'S
Proof and its am:hcahon o ]orol:k.ms ¥2,3.
The }orc)oer'hg ofzo qrven in #2 qoes back to
Sclﬂa+unovsk\1 who ]orove,d i1 1893,



Generalizations have been given ~ see ¢.q.
Dickson I [ 1952] PP- 132,133,137,138 and
Landou T [1909] pp- 229-234.

2. For other work on prime representing funchons,
77-9,0ne mua'n‘l’ consult Nam‘aoochr'u]oacl (9117,
Willans [19¢4] , Sato &-Straus [1970], Duc”etj
(19697, Mills [1947], and the references therem.

3. Problem #4 15 due o Erdss [1938],%13t0 Finsler
[1945], *19 To Richert (19417, %20 to F'ursfwbmj
[1955], #21 to Nicol (19747 , %22 +o Willans [1964].
Foran e;c]aosrhon of the results in #12-16 see Trost
[1968]. E);Posd'tons of the SP@CIG' case of Dirichlets
theorem may be founcl n Na3c|| [1951]and Landau
[1909]. A smw]o]e, ven more elemenfanj, ]oroof 1S
given in Niven, Powell [19767. A com]old'z Joroof
of Dirichlet’s theorem 1s GIven In Xxiv.
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4. Tahmo) n24 ‘\e(tv)\ydds p,,f1 sp:f‘, <PyPny
which 1s the Bonse inequality of *1. Aswiththe
Proyexhj ofso one can use Fle(w)to Provuhqf
when 1 5p 2 then there 1s a £, 15t 22K such
that p, P ;~-,peﬁ are all primeto n and smaller
than n. With E-.-z we see all numbers nzp,"n&e

are prime +o a smaller com]oosd'c number.

5. The Pc‘\jnommls F. (%) introduced in *7
are called ctjc[otomtc .Po[t’jnorma[é . This
Parhcular use of‘rkzse J:)ol\jnommls 30@5 back
to Bami and S\3|ve,s+e.r inthe late 1880's , The
cva-cﬂ Dirichlet theorem was fnrsf Provcd
b\j “hon - zlemw+ar\,3” means b\j Dirichletn
1837, The Ctjclo't'omac }aohjhom\als offzr
another of those curious instances where

191:@-1:‘\& \pﬁigcﬂon maj |ead ang asfr‘a\j.
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The 1% +en c\3c\c+cm:c )oo\»y\omm\s are

Fi(xy=x-1 F.(¥) = xP=x +1

Fix) = w41 F(X)2 X4 %7 X4 %20 X% X
Fix)s x¥+x+1 Fo(x) = x%41

F(x)s X%+ F(x)= x4 %%+ 1

F(xyz xlexextexar F(¥)=x'-xextoxa1,
Even this small samja\@ of datamight lead one
to conjecture that all non-zero wefficients
of F.(x)are 1 or -1, Further data up to
n=104 would support this conjecture.
Howewer, for' n=105a coe,fﬁcnm'l' 2 appears.
If one lets A, be the |ar(3¢,s‘\' modulus ofa
coefﬁueﬁ ofR(X) then as Shur })rovzd "
1931 (see "ig(x)) , lim sup A,=00. (S I.Schur,
Gesammelte AGﬁancfﬂmﬁm I p.460-1.)
This was shar})m@d b\j Emma Lehmer (1936 ]
and then later Erdss [1946] })rovcd that for
wery R there are mfmni-d\j Many n for which

Ahvhg.
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There 1s a continuing interest in these
matters and the reader rm%h‘r s Zatlin
(19e8] qnd/or Bauter L1917,

6. Similar results +o that of”\q may be
{:oumd in Dressler [1972,3] and +he refv‘enczs

contaimned theran .



XV Quaternions, Comth)c Numbers, e~

Sums of 4 and 2 Squares

1. ( Quaternions )
Let R and € stand for the fields of real
and complex numbers respectively and let

R'=§<_%§) | aandsqmmni ;

a -b -c-d
R'= 6 a -d ¢
¢ d a-b
d-c b a

C: {(a B)I aandSaremCi, where
b a

¢ 1s the crdmamj comjole;c conjuqate of c.

a,b,cand darenR } 5

In R"wewrrte 11,7, k for the elements

1000 0-100 oo-lo 0001
0100 1 o 000 00-10
0010 o -1 100 0100
0001 o o 0-100/y\1000

)

Q
(o]
(@)
1 y

Q00 L

resyec‘hsz .



with the usual operations of matrix
addition and mu\h})hw'hon :
1) € 15 a non~commutative field with
R a subfield ;
7y R s 1somor39h‘c o C ;
Wy € s \somor]:)hsc Yo R";
¥ R"1s a 4 dimensional vector space
ovar R
v) the set Q of oll rational inear com-
binations of 1,1, §, R 1s a non-commutative
subfield of R”;
) mul+|]o|aca+\on i R'andin Q (see (v))
is characterized by the equations
, jkeiy ki=g
and the fact that 11sa mu\’rs})hcohvc \dmh'hj.

i%= 3’27-(;2:-1 | Lj': R

Elemaents of Q are called rational quatermaons
while dements of R” are called real

quatermons .
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2. (Conjugqate , Trace, Norm )

fx=a+ i6+3'c+ﬁcf s a quaternion
(real or rational) we pu‘\' &:a-iﬁ-l’c-ﬁc{,
Tx=2a, N =a*+b+c’+d “and call these
the conjuqate ,trace, and norm of «, respec~
+wd5.

i) %=X \fandon\\srf b=c=d=o0;

N =N ond T zx+X

i) Nov=0 1f and only f =0 ;

w) &Tﬁ =X4+p

V) SRR

v) Nx =z &x&X

vil) N(af) = (N&)NB) 5

vii) each of &, X satisfies the equation
x-xTx+Nx =0 ; Thisequation i1s called

the _prmujoa[ equation for o .
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3. (Integral Quaternions)

In this problem we deal exclusively with
rational guaternions | 1.e. with dements of
Q (52 *1(v)). We use Z for the set of rational
mﬂqers and call an dement of Q m{:ujraf
if ¥ 15 a zero of a monic polynomial with
rational infeqer woeffraents. We put

5)=—%—(1+£+]’+ k) and define L, K, 1 b\j:
L= {a+i6+3’c+ﬁdf | a,6,¢c,d aren 7-’.} ;
H=LV {p+u\ ousmf,} :
T = set of all m+q,(jm\ quatermons .

) 15 1§ and on\\3 i T and N

are in 2

W LEHEST

w) f Asathar Lor Hand if o e A

then &, o, jox, ke are n A

W) T1s not dlosed under multiplication,
not een under left mulfiphcation b\s i3
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v) L ond H are mhz,qra\ domaimns while
T 1s not ;
vi) H 15 a maximal inteqral domain in T ;

vit) H = {aj) +¢5+Jb+ﬂ¢f |a,b,¢,d arem Z}.

We call L the Lipschitz’ and H the Hurwitz’
m‘\'ujm\ subdomain of Q. Inthe fo\\owm%
problems all quaternions unless stated
speaifically Yo the contrary areto be taken
from H . When noted -\-\muj may of+en be
even more restricted and be taken from L.
We 5\35+¢mq+ma\\\j use small Greek letters
for quaternions.

A quaternion  1s called awmtf Mx=1.
1f «=R¥ weaall B a left dwisor of o and
i x=3p we call Boa rtgﬁf dwisor of . 1f
there are units Yy N such +hat o= )0539
we call & and @ associates . If P=1 we

call pa left assocrate of o .
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A common left divisor of « and p which 1s

left divisible by ewery common lef+ divisor

of aand 15 called a (eft ged of s and 3.

In*4(v) bddow tis shown that lef+ cjc.cf’s alwa\js

axist. Foreach o, B we let (&, ) denote
one such ged of o and .

4. 4) Every dement o has a left associate
n L
#) qven meZ and x e H thare s a
PeH such that N(x-mpy<m? ; ie.
wvery “open arcle” of radius m* contains
an dement of H which 1s divisible by m ;
1) (ana\oc;uc of +he Euchidean a\gor'r\-hm)
f « and B arein H, B %0, thenthere guist
¥:,d3:,8:,9;, n H suchthat
= p¥+d,, NI <Np ;
=8, prdy, NE NP
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) 1f 31s a lef+ ged of +wo quaternions
then &, 15 aleft qed of these quaternions
if and only 1f I and Sareleft associates ;

v) for fixed o, 3 in H if I 1s an dement
of A= {o‘pﬂw | 9,y eH } such that

O<NJ s N¥ forall ¥ e A
then I 1s a left ged of ccand 35
vi)there are exactly 24 units in K and
ach of +ham 1s a +wo sided divisor of all
demants of H ; there are exactlys units
n L and +hey are tl,ti,:j,tﬁ;
wi) 1f n s arotional integer >1 and
n divides Nox then (on)is not aunit,

5. (Primes)

An dement o 1n H s called composite
if 1F may be writen as the product of two
dumants of H cach having norm »1.Non-
zero damants of H which are nather units
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nor composite are called prime. Ifxn K
has no rational inteqer divisor other thant1
then o 15 said to be primitwe .
iy All associates of aprime are prime ;
i) vf Nox1s a rotional primethenois a
prime in H;

W) pisa rational prime dwlc\mg't'he
norm of a primifive & then (o, p) is prime
n H and N((o&,p)):y ;

) avery rational prime 1s the norm ofa
prime in H and, therefore,is not a prime in K
v) Nox 1s a rational prime if and only 1f
X 15 Prime 1n Hy
vi) if 2 divides N then o= (140)( for
surtable pin 3
vii) every dement & in H may be written in
the form o= (1+ t)rmp,) ,whaere rmare non-neg
ofive rational integers,r=0 or 1) Nisaunitin A,

and 315 a primitive dement of £ of odd norm;
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viif) suppose o and ¥ are primitive and
Nx=2'NY¥, NE=p,-eps, where py,oy pg
are odd primes in 2 (not he,c,essam\\j distinct),
then there exist primes T, s in H such
that NTly=p, 1ctss and ¥= T, .. T
oz (14) Ty

ix) for o, Nox as i (viid) 1f ous (144) T, T,
where the Tg are primes in 5 and NTy = py,
1stss thenforeach t, T,and 1, are

assoctates ;

x) f & 15 a primitive dement of X and
Noi=2"p,-ps,where the pyare odd primes
and r=0ort,then there exist unique,upto
associates , primes W+, Wy in Hsuch that

&z (141) oWy Nz, for 1525
x1) non - primitive elements of H may have

distinct Pmm@fadorlzahons .

175



6. (Number of quaternions with givan norm)
i) The number of quaternions with norm
215 exactly 24 and thay are all in
) 1n this ]oarf let P be an odd prime in
Z and suppose A,B,C, D are integers (modp)
nE. Then :
a) qwen a, bin 2z the congruences
iy A+ B4 D=0 (modP) and
2) Ay (-aA+B)2+ (-BA+ C)?'-r D*=0 (mod P)
have the same number of solutions A B, C,D;

b) a,b may be chosen sothat p dwides

1+a’+6%and (2) of (a) becomes
3) B+C’+D = 2A(aB+bC) (mod:p);

) if in(3), aB+bC =0 (modp) then
thare are p solutions when B=C= 0 (mod P)
and 2p(p-1) solutions otherwise ;

d) of 1n(3), aB+bC % 0 (mod p) then

o are pp'p) solutions
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¢) the number of solutions of (1), and
therefore the number (module p) of &'s 1n
£ such thot Nox 20 (mod p) 15 (p*-1)(p+s)+1.
) In this port wewrite 121, , j:iz,fi:t;
and suppose all subscripts larger than 3 fo
be reduced module 3. Thus 1,21, a,=a,,
X, =%y, e, Further pis an odd primein
Z X =hotiy0,ri,G,4150; 15 n L and p
divides N but does not divide o .
a) There 1sa v 15923 suchthat p
does notdwide al+a,?
b) for vas n (@) and x = X+ 1%, + 1K+ 1,X,
n £ define B=ata,i, 1= X+ X0,
Y20y, 40,0y & 2%, 4K, 1,5
than 1) o= p+¥iy,, , x=n+din,;
2y f a,6,¢,d are scalars then a + b1y
and c-rdﬁ’v Lommute ;
3N f wis any of B,¥,1n,84 then

Wiys1F vy W g
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¢) p dwides o 1f and only 1f p divides
Pn-38;
d) ox = 0 (modpyhas, moduloyp, v:ad\\j
p’ solutions in C .
W) 1f p1san odd prime in 2 then aside
from assocates , there are wractly pr1

Primes in C of norm p.

7. ( Jacobr's Theoram)
Let m be an odd number with +he
ordered factorization
ms= Pt Pz Joz ft Jot )
T, &, X

where Piyerypeore distinct primes in 2
and oy, e+, are posttive m'huaars .Then
for cach o L with Nox=m there 1s a
prime fag‘\'oruzahon O = Thygoee Myge e Mo e Mgy,
such that NTly=p, for 12vst 1snsa,.
Note that the primes Ty, may bem HN L.
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iy 1f for a qiven ¥ there 1sanny such that

Thyesand Ty 0re associates then o 1s not
Pmmmve;

) f o 1s not primifive There exists o por
¥,n such +hat Ty,nes 0nd Ty are associates

i) the number of primhive o in £ with
Nozm s 8 (pr)pl e (por1) pot™?

= Sm];lFm( t+5)
) the number of o n L with Nox=m 1s
8 d?-,m”@g%m%k so(m) ;

¥) the number of & i L with Noc=n,
n an ewen inteqer n 215 240°(n), where
0%n) 15 the sum of the odd divisors ofn ;

vi) (Jacobi's Theorem) the number of
representations of a joosr\-wc nteqer n as
a sum of 4 squares , representations which
differ only in order or sign bemcﬂ counted as
distinct, 15 8 times the sum of the dwisors
of n which are not dwisible by 4.

79
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8. Write i=i,, {=4:, k=i, and put
Q= {aﬂ’tﬁ | a,bn Z} ,15t23. Than G cH
and, under the induced operations from H,
15 @ commutative su\:rma of H.1ts easy o
verify that G,,G,,G, are1somorphic. We
write G for any of rhese and shall call +he
elements of G Gaussian integers . 1+ 1s clear
that 1f C1s the set of all comP\c,x numbers
one can write ( where equality here in-
dicates isomorphism ) G=L N C ., Further,
£={o‘+izp \os,pm G,}={o<+u,53 |o‘,s’5mGz}
= {owt',p | &, p 10 G%.

1f one replaces H by G in #4-7 much of
that theory carries over, ina simplified
way (since we how have commutativity )

to G. Carrying out +he details leads to+he

Fheorem:
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f the canonical prime factorization
of +he rational inteqer n contains a
4R+3 prime to an odd power thenn
1s not expressible as the sum of +wo
rational infeqer squares ; otherwise
the number of representations as
such a sumis 4(d,(n)-d,(n)),where
d;(n)1s the number of odd divisors
of n which are congruent to §

modu\o 4.

9. Let rg(n) be +he number ofre,})msen-
tations of n as a sumof s squares and
define fo(n) b\j fs(n)= (25) ' 1r5(n). Then

iy f n=ab, (a,b) =1, then
ay dy(ny=d (a)d,(b)+d,(a)d, (b)Y
by d(n)= dy(a)d,(b) + d,(a)d,(B) ;
¢) f2 1s multiphicative ;

here d, and d; are asin™s

181
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, 8o (n) forn odd;
Hea) Ty (m)® {24 oin) for nwen,
whaere 6°(n) s the sum of the odd divisors

of n;
b) £, 1s multiplicative ;
in-a) r(2) = 4(3 ) ;
by rs(3)=8(3);
¢) re(8)=eu(f)r24(3)
d) f,(6)-fs(2)fs(3)
=g s(s-1)(s-2)s-4)s-8) ;
¢) (Bateman [1969]) the only possible
positive integers s for which fi(n) 1s
mu\hyllwhve Gre 1,2,4,8.

Remarks .
1. Clq,arhj TRE mulhphcahve and Inview

of #9(i ¢ i) each of fz,f‘, IS mu|+‘]9hca+|ve.
Using the QX pression fg(n)= (-l)n—1!6&‘(-1)"['1&3
7 7@9218‘1??112 J:hsfort,] D p. 315) 1115 easy to
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se that fg 1s multiphicative. Thus f, 1s
multiplicative pre,usq,l\j fors=1,2,4,8.

2. 1f Ass any associative ahaebrq owr d
fidd F with basis ¢,,-++,¢, one can define
g funchon N:A—F bxj the equation

N(G 2t +a,en)=alerat.
when this function satisfies the equation

N(ab)=N(a)N(b) forall a,b in A one
calls the a\cje,bm a normed a(ﬂeBra. 11 A
15 a normed algebra with identity 1 (we
\dcz,nhf\j aeFwtha1eA)one may
define a conjugate function @ satisfying
deA ab=ba , ad=Naforala,bmnA.
Further, putting Ta =a+d we see that |
each a e A satisfies 1ts monic second degru
equation x%-x-Ta + Na = 0. The ral numbars
the complex numbers and +he real quater~
nons afford three examj)\q,s of normed
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algebras with identity over the reals.
SupPose , now, A is an arbﬁrar\j hormed
algebra with 1dentity over the reals and
suppose @ 1s the conjugate of a mentioned
above . Put B =A x A and define mu\’rt}ahcm‘lon
nB by (a,b)c,d)=(ac-db,da+bc ) -
Identifying 1, with (1,0),(0,1) of 3
wch dument (a,b) of B may be written
a+J’B . 'Pu++m<3 f:"d-)’ﬁ when x = a+J’6
(The bar on the right of the LK pression
for x 15 the conquqate in Aland defmmg
Nx =xX one can prove ,when A s associa~
five, that B1s a normed algebra with
dentity over the reals. Starting with A
the real numbers | B turns out +o bethe
com]o\uc numbers.T a\amﬂA tobethe comy\ex
numbers 33 15 the set of real quaternions .
Fman\j, S‘\'ar+mc5 with A as the real qUO‘\'U‘~
nions one obtains for B +he so-called
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q\ge\om of Ca\jfmj numsers . At +his Pom‘\',
since the algebra of Cavley numbers 1s not
associative , no new normed algebras over
the reals arise. Infact, o can be shownthat
only the four normed algebras mentioned
exist (see Curtis [1963]). Consideration of
the norm funchon inthe system of m+u3ral
Cayley numbars leads fo the 8 square theorem
(see the Remarks in X1 p. 86, Coxeter [1946],
Curhis [1963] , and Dickson [1927] ). For the
qeneral arithmetic properties of quaternions,
notonly the above references but also
Redet (19677, Dickson[1919,19237, MacDuffee
[19u0], Hurwitz [189¢ ,\919] mt%h"’ be consulted.
Tma\\xj we mention +he paper b\3 TTUHH UK

(19497 and the references theran.

3. An infeger 1sa sum of 3 squares when it 1s
not offke form 4*( 8t+7),s20,tz0. Foran
elcmerﬁ'ar\j discussion see Wesl [197u7 .



xvi Brun’s T\ﬂe.or'em

Pairs of primes of the form p,przare
called twin primes. The number of primes p,
pex,for which Pr2 s prime s denoted by
T, (x). It 1s not known sf TM,(x) ncreases
without bound as x Increases. Neverthaless
N 1919 \h%o Brun founc\ an upper bound for-
TT,(x) which ,fhou%\\ mcrq,qsmqwﬂ\wou'f bound
as X INCreases , was suﬁ:\um*\ﬂ small to show
+hat the sum € %, taken over those primes
P tor which p+2 15 prime. converges. In this
chq]a'l'v' a proof of this result s gven.
Throughout , x and 7 are positwe real numbers
with 2 <<%  Rs the Proc]ucf of the dis-
tinct primes not exceading 3, a.,= nint2) for
15ns[x], and vV (n) is the number of distinet

Prame, dw\sors Of n.
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Lolet 5= 1. Then T,(x)<%+S.
(dy RY:1

2. Let S5 be the num\:uofn, 1snsx], for
which J | a,, and suppose 2k < V(R).Then S, as

mh,sa-hsfxe,s S= % (-1)"“”55.

IR VSR
3, 'Puﬂ-mcs 9(5) for the number ofn 1 a
comylu'q, system of residues mod J for which
J | ap, then for p any prime divisor of R we

have 2 for podd ;
(p)s P st
PiP { 1 for’})=2 ,
and , therefore, for & any diisor of R

p(J)> { 2" for 3 odd ;

7O for 3 aven .

4. For each divisor J o‘f R thare 1s a numbaer
g |ﬁ|51,suc\n+ho+
Se= (3+ A )p(J),

where Sy, P(J) areasin F2, 73,

187
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5. The § of*1 and 72 sa‘hs‘fms #\wunquqhﬁws

SEx(T,+T, )+ T, |, whae
N CA) M 1 - .
IR“) 22<P<75(1 )5
C)) & 1
By T, = L £ 3
i J ,\’(dbzﬁ ;zﬁ;l gd)’i S
. ,
A= 5 )£ (M),
):0 S
SIR N2k

e
A
(]
Q

oM

8. It 1s Pcssab\e, +o choose a Pos 1Tive constant
A so that ¢Aln2 51 and I }‘,<A|n\nt for
all t.

™ Takmﬂ A as 1N "6 and putting %= x %
&= (6eAlnlnx)" there 15 an x, such +\m+
for x 2 %,
2[2@A\h\n5]+?.<ﬂ' (3) ;

| "“‘fx v 242A ;

< L
QAIn(nx 3
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8. Tor A asin¥6 and 3, %, as N *7 and with
ﬁ=[z¢A\h\n3]+1
wz\wovz,for $2%o, 2RA<YX and 2R < V(R).

9.Let AR ,Xe,ﬁ \:q, asin *6-8;?\«@1 for X2%,
and all suﬁ'\c\m-&\\j \arqu, ]oosmve cons+ants

B we hove ¢
a) T, ST (1-4)et 1
1 ZP‘Ri P BZ (T{R(i—%) )2
1
<7 (}[1%)2 < (n2)?)
& L] 211 & 2¢,A\n\r\75 ]
6) Tzﬁszgﬁn(pg_z?) 3 53.-.;&“( )
2k 1
) T,= (W %ﬂ’iﬁof% & (T (A< 93,

10. For a surtable Posﬁ'we constant € and
all sufficiently large x we have

Ty(¥)< Cx (—'“\‘:x" ).
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. (Bruni1919)
a) L5, where the sumis over all primes

P such that p+2 15 a prime, converges.
by ¢ 31 where the sum is over all primes

occurring n a Fwin })mmz Fo\r‘, comucscz,s.

Remarks.
1The theorem of this chapter was first proved
by Brun [1919]. Expositions will be found
In Gchfond,mek (1965] ,Rademacher [ 19647,
Landau [1958) . Extensions of the methed of
Brun may be founc] InTrost [1961], Prachar
[1957] , and Halberstam Roth [19667.

2. The con3wc’rure that m,(x) tends+o mﬁm’nj
with x 1s called the twin prime conjecture.
This 15 the sywal case k=2, b,z0, 6,72 of the
con)ed'um : tf b, ,---,Gﬁ are hon~nu3a+\ve integers
such that for cach prime p there 15 an integer
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n with 6,+n,~~~, Bn+n all non~olw|snb\¢ ‘3\5 ]o
then for mﬁmn\\j many values of n the latter
ﬁ numbérs are G“ Pﬂh"@ . T“\O\Agl’\ 1'|1|s COﬂJQC‘th’@
has not been Pr’oved Richards [19747 has shown
that 1+ 1s not compaﬂHz with the fo“owm%
con)eci’um made b\j Harcl\j and Littlewood 1n
1923 1 T (X4Y)£T(x) +T(y) for xy inteqers 22.
An even more 3¢nzra| conjecfure ) of which the
Twin prime con)ed'ur'e 15 avay sjowal case,
goes under the name of Fz%)otﬁeﬁs H. For
details see Sucrjomsku [1964a] P21 ﬂ:

191



XVii Quodrofsc Residues

o 1) Su})})ose a>0,D= 62- 4ac, f(x)= ax+bx +c.
Then f(x} 20 (mod m) lf ond On\\j \f
(2ax+b)?2D (moduam);

#ywhen (a,m)=d = £ where t 15 the square
fr-u, qui’ of d ,-r\wen the fo“owmcs Two stataments
are e,o\uwalqm' :

a) x*za (modm) s solvable ;

by (t,2)=1 and Xza? (mod%‘) is solvable.
(Thus, solvab\\“r\s of a csemra\ ﬂuadm-\-tc conqruencg
15 reduci ble +o +hat of a pure c]uadra-l-sc congruence
of +he form x%za (mod m) which inturn may be

reduced 1o a similar congruence in which (a,m)=1.)

'Dq.ﬁm’cwn :n s a ciuac{ratuc residue cIr)
of, or modulo  m nfxzsn (mod m) 1s
solvable ; otherwise nisa c]uac[rattc

non-residue (cim’) of ,or 'moc[ufo, m.,
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Tnthe fo\\owmcs whanever we s?w\z about

c‘uadraﬂc residues we exclude o .

2.1) %2212 (mod 4s) 15 not solvable 5 1.e.
218 a qnr of 45 ;
i) x%z252 (moc\ 1575) 1S solvable \fo\no\ OVM
\f x? =3 (mod 25) 1s solvable j 1. 252150 g7

of 1575 1fond 0“\\3 \f 318 3Q qr of 25 .

3, In this Prob\e,m all congruences x?3 g (modm)
are to Sa'hsf\S (a,m)=1.This com}rumce,w\w'e
ms :p“, with ]3 a Pr\mz will be denoted b\j (*a).
Thus

(*«) x*za (mod ]3“), (a,]o)=1, }9 prime.
0y 1f pe2 +han
a) (1) 1s solvable and has 1 solution ;
by (*2) 1s solvable lf and onlx,) ‘faal(mod'-l)s
¢) (*2),when solvable | has ucocﬂus

2 So\uhons 3
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dy (*4)15 solvable if and on\\j f az1(mods);
Q) \fcx 23 then (¥as1) 1s solvable \fondon\‘j
f (*«) 15 solvable ;
f) for 23 (%), when solvable , has
Q,xac:\'l\j 4 solutions 3
q) the number of solutions of (&), &21,15:
y for o=1,a odd ;
2 for =2, az1(mody) ;
4 for 23,451 (mod 8) ;
o otherwise .
i) of pr2 +hen
a) (*1) has o or 2 solutions ;
b) if %, 15 a solution of (*«) then there
Isaumique t, os t< P suchthat x + tJo°‘ IS
a solution o{ (*oa1) §
) (¥os1) 15 solvable tf ond On\\a 1{ (*«)
is solvable ;
d) (*«) ,wkm solvob\e) has q,;(qcﬂ'\\i

2 so\wﬂons )
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fiiy (Hd]omg lemma from the -Hwor\j of congruences)
lot f be an m-\'ujra\ ?o\\jnom\q\ and SUppose
My My QL PaITWISE m\a-\-wz\\j prime ; let Ny,
s {sr, be the num\w", modulo my ,of solutions
o{ f(x)s o (mod mj) and et N bethe num\:q,r,
module MM, ,of solutions of#\w, system
f(x)s 0 (mod mg),es f(x\ =0 (modm,) ;
thon N= NNy
wya) aisa qr ofm 1fomd on\\s rf
aisaqr ofe»er\s prime dwisor of m ;
a2 1 (mod 4) whan I-tlm and 8fm ;
az1(mods)when 8|m ;
b ) when a isa cir ofm +he number of
solutions of x%za (mod m) 1s
2k of 4 fm
2k 1ff4|m and SJ(m;
e f gfm |
where R 1s the number ofd\sfmd' odd prime
factors of m .
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(Thus ) Solvo\m\m@ of 1%0'0\ ﬁuadm'hc c.oncsruences

reduces to so\vqu\m} of quqclrahc conclruw&sof

the for-m x*za (mod ]o) , where p 1san odd prime
not dlv\dm% a.)

4. Let p be an odd prime and suppose ]odoes
not dwide a . Then :
1) z)cac-r\\s one of the fo\\owmcs coNgruences 1s
valid: a% gy (mocl]J) , aPrx-y (med }3) :
i) nfa s 6 gr oﬁo*km a}%la 1 (mcd}:) ;
i-q) xP 12 (%x%-aq) (xz)-\-af;—i-l,whem
415 a ]oolxjnomnql of c\ujrw P2
B) lf a%:m(mod}))‘l'lnm (xz-a)Cj(xz)so(moJP)
is satisfied for all x hot divisible E\j P
) ( Euler’s criterion)
a1saqr of P if and OHM it
atz1 (mod P);

a’isa gnr of P if and on|\j tf
a7 01 (modp)
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Defintion : For p an odd prime not dtv\c\m% a

we write () { ' \fa tsaqrof P
-1 \fa s a anof}:.
This S\ijO\ (p) s called +he Eecjere stjmsof :

5. Let P be an odd prime not dw\o\ma ab.Then:

) (£
#) (%)*a i mod}o (this 15 also called
Euler’s criterion ) ;

Wy tfa B(modp)-r\wn( ) (%) ;

) of pfab then ()= ($)(%) ;

v-a) | fosa<l§<}’—-r\1¢n a%%b° (mod P
b) |fo<a<]o 1 then there 1sa b 0<be Bt

such that a*z5°%(mod p) ;
¢) \f (%):1 then a = b*(mod p) for some,E,
o< bsP

i) (T}) z (-1)%1

197
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(‘R@qurmcs o +\'\z result in (i) Gouss wrote nthe
ntroduction to his monumental 'Dtsqmstttoms
Arithmeticae the fo\\owmcs 2 Em}a%e.d n other
work T chanced upon an Q,X‘\'l’aorc‘mar\,s arrthmetic
ruth «+ Since T considered it +o be so beautiful
" rfsdf and since T sus?w\'zcl its connection with
N MOore Pm{ounc\ results | T concentrated on it
all my @ffori-s in order to understand the P\-mcnj:ks
on which it dz?méed and fo obtain a rigorous

jaroof )

6.1) qux») Sﬂuam 50 qr of}: ;
%) numbers congruent modu\op are uther
both Cir or both qm' of P ;
iy the Produc‘r of two numbers with the same
O\ua&m-hc character modulo plsagr of]:,w\-nle
the })roduci' of 4wo numbers with different
ﬂuadra'hc character modulo pisagnr of P



XVil 199

W) \ﬁqw Of the hum\w"s 1,2, ~~~,J3-1 are ¢[1~

and half are qnr of P

7. Let P be an odd ]or'\me,
1) |f o) = 11'%012 cf 2 -o(mod})) ;
i) %.' ( )
w-a) ot \ws+ one of a,E,aB Isaqr Of]n
when P)(ag !
by very Pmmzdmdcs at least one value
of ¥€-nx*+36%%-36 5
w ;f (ax‘o,g\,j = 1 then axo-o-ng?-o(mocl}:)

sm}:]ms (%)=(?E) ,
8. Let p be an odd prime . Then:
. =_ (-1 = (-1 .
m)(%‘I%T”a z - (}} ) (modP) and (;;)TP? 3 (P) (mod]a) ;
i) 1f Gy,oe,qs Ore the qr of]o omoncﬁ 1,2 ,~~-,%'—’
then
a) tf Pz 1 (mod 4) +hen P'a”m ,P-as are

rhe (11- of]: amonc} ?{r’,'",})q ;
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by |f pE3 (mod 4y Then p-Gsye p-a; ore
the qnr of]: among ?{—’,"-,]3-1 ;
<) af]:'='1 (mcd 4 Then the qr of }3 are
sxjmmwmcon\s distributed about & ;
0 s [(ai...a,)2 (mod}:)af]:ﬂ(modq);
(P51)! (mod P) f p23 (modH).

9 The mod}: residues of a,2a,+++, Bla which
he berwean “Eand & will be denoted by
Gy, sty Gt Ac}om P an odd prime and we
assume p does not dwide a . Then
iy the Jasl, 1% {= P5t, are parwise unqual ;
i) f Vs the number of a;,++,aps which
are nu}a‘hve +hen
(-1)"(?{—1)1 20, - dpas aﬁg(?—'fl)l (moc‘j)) ;
iiiy (Lemma of Gauss )

(%) = (-1)V, where ¥ 1sas in (i) .
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{3} Prc\:\uns *io-13the V 1s q\wa\ss that
introduced 1n 9 (il).

10, Let P be an odd prime and suppose a=2.

Then
iy Vis the num\)o'of ‘ y15]s B for
which £< 2{<P;

P
i vz[2]-[2] g{O(mod?.) if p=t1(mods);

1 (mod 2) lf ps ‘!3(m°ds);
i) (3)=(1)°°
P y

W) 215 a qr ofo“ skt1 primes and a gnr of
all 8k#3 primes.
(Fermat claimed +o have a proof of *10(w) but
did not Pubhs\w it. Euler tried to Prove i+ but
without success . Lagrange qave the fars? correct

Prcof n 1775 . )

i, Lot P be an odd prime other +han 3 and

SU‘FPOS@ asij. T"\QX\:

201
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iy Vs the numberoﬁ , 151’5—?—;3, for
which 2< 3{<P 3
iV [L]-[%] = {o (mod2) if pr21(mod 2)
1 (mod2)if prts(modn);
i) 315 aqr of all k11 primes and a gnr of
all 12kts ?mmes .
( Fermat Rnew these results but -t\nus Were
f\rsf Prow.d b\j Euler. T4 15 m‘\'ues‘rmcj +o note,
as does Gauss in his Dtsqmsﬂcwms Arithmeticae,
+hat evan afmr Euler Prow.d # 11 (i ) he was unable

fo prove #10(w).)

2. Let P be an odd prime other +hon s and

suppose a=s. Then:
YV s T\wenumbexof}', 15)’55%1, for
which $< 5}'<P or < 5}'<z}o ;
i) V= [£]-[5]+[%]-[2] 5
) 515 a gr of all 20kz1 and 20k209 primes

and 1s o qrr of all 20k £3 and 20k 17 primes.
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13, ( The Quadrahc ‘chaprccﬂ-v) Low )
Let p ana 9 be dnffo’m'f odd primes . Then:
1) lf pitq (mod 4a) then (—%) = (%) ;
1) there 1s an a such that (o, }341) =1 and
P:tq+4a3
W (3)s { () f prq (mede);
(1 'f p#q (mod &Y ;
W) (the ru\})rocd’\j |aw)
(BY (&)= T
( Bachmann in his Niedere Zahlentheorie

(v.1p 202) calls Hns theorem one of‘rkc mos+
beauhful and important in all of humber fl»e,or\j.
Euler discovered the law lmﬁ induction in 1738 .
ijmém invented his sxjmbo| In 1785 and stated
the law n the form gven in #13(W). Gauss
discovered the law mclv.joemlmf\\j N 1795, He
claimed +hat his first ]:roof, which was the
flrsi' Rnown, duded his most strenuous szor'i's

for more than a \3wr . Alfo%e:fl'\e,r @auss %a\'e
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8 }aroofs of +he law before he died. Bachmann
ca-\'a\o%ues over us proofs as of 1901 and +here
have bean many more discovered sincethat time .
Tn the 2 volume of Gauss’ collected works one
finds a +able, com}aumd by Gauss, hsting the
values of (£) for 25D $997,35q5503 . )

. Consider the por o{ congruences
xzsp (modq ), xzzcl (mod]a) |
where p ondci are odd primes. If ot leastone of
P and cI 15 a 4k +1 Prtmq,'f\'\e,h 'r]'\z‘t’wo con(jrucmces
are uther both solvable or both not solvable while
f both p and qare k3 primes +han Q,xacf\\S

onQ of 1'\'1@ con%rumces 1S so\voble .

Defimtion (The Jacobs S»Smbo\ ): Let ms= Jof’i-- o
be a Posrhve odd m‘\myzr.'\-'or (n,m)=1 Pu‘r
B = (307 ()

This S\jmbol (2) 15 called +he Tacobt 53mgof :
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5. Let m and n be 0dd positive inteqers and
Suppose (a,m)s(b,m)y=1.Then:

) 'f'.or m a prime the Tacob: S\Sm\w\ (&) 1s

the Lu}mdrz s»jmbo\ (&)

B (== () 5

1) tfa 's G qr ofmi'\wm F)=1;

) () may u]uo\ 1 without a bvncj aqr ofm;

V) 1{a55(modm)1’\wm (%)ﬂ,%) ;

Vi) (n?n)’ (%)(“%) )
i) (40 (2)(8) ;
Vi) (5) = g-x)ﬂ?— ;
K)o (&)
D (e

6. 1) Caleulate
O ()5 B8 o (8

iy which of +he fo\\owmcs congruences are solvable;

a) x2z 89 (mod 197) 3 By x2= 197 (mod 89) ;
<) x*21050(mod 1573) 5 d) %= 1573 (mod 1050} ;

¢) X*2 1i (mod 219) ) f) x*z 219 (mod i) ,
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7 Let F(R)2X* 4%+ 41, Then :
i) no prime <4 diwides any value of f(x);
#) all values of f(xyn absolute value < 412
are prime
i) (%) 15 prime for 80 consecutive nteqers.
(The Po\\\jncmta\ In 717 representsa prime 4506
times 1n the first nooo values of x. T+ was discovered
N 1772 l"j Euler. A somewhat “better " prime
representing ]:o\\ﬁnomaa\ 15 %24% + 72491 which
m})rzse.nﬁ's @ prime 4923 Times inthe fsrsf 11000

values of x. S Buﬂu [1939] , Szekeres [1974].)

18. ( Theorem of Zo\o+arsz)

Let p be anodd prime and suppose A 1s g
reduced residue s«js-l'e.m modulo P.F’or each m1'e%<zr
a not divisible 5\3 P there 1s 0 modulo P recip-
rocal a-?and an dement T in A Conqruu\'l' to q,

Thus
aa 'z (mod}a) , a =d (mod]o) @ eA.
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Tor each m'\'q,ciu' D not dimsible b\j }9 WwWQ clefme
mq?}amis 25, To of A into A b\j

Za-Da Tod = Da-! .

)

1) Zgo,To Ore ?umumhor\s ;

i) Ty 15 an mvolution ; 1.e. T, =T ;

W)  Zo=zTeTy

W) 1f g 1S the number ofe\&muﬂ's \nz}af
f"xo.d b\j Ty +hen

W{z fosaqrofp;
Q o'f‘«qxw\se ;

V) dq,fmm% the smﬁm’cum of a permutation

T, Sgn T, fo be 1 or -3 de}amcimcj on whether
the permutation is eenor odd we see that

sqn To * (yEE SqZ,® R
Vi) X 32

vi) sqn z°=(—}%) ;

207
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vii) ( Theorem of Zo\o#ereﬁ )

Disaqr of P |fono\ on\v) ;{-\'\w least
Posr\'wz restdues of D,2D, -~-,(]o-1)D onstitute
an een permutation of 1.2, L Pet

XY nohnﬂ +hat A can be any reduced S\jS‘l’Qm
ofmsduts modulo P We can use +he above to

(T\’Q, mda}nnclm'k waluations of (—]g) and (J%) )

19, (Quadratic run}wocrhj +heorem from
ZO\Ofarsz‘s -rlw.omm) Let A* = (1 2,0, T y
A= {-?—;, ,-1% , and put A= ATUA", De.fmz
Z.asn*igandcall a’,a" an nversion nfa’< a”
and Z5a'>Z.a" . Then:

iy 1f a',a" 1s annversionsoalso s -a” ,-a’
) Inversions occur in poirs zxce]:‘r for those
of the form -a,a ;
Wy ( Lemma of Gauss ) sqn Zy% (-1)"’)whqxe
N 15 the number of elements n {D,2D, -+, #'D}
with st abselute remainders modlo p, m A” 5
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W) 1f N 1s the number of dements in
{ 9,29, ,%7q } with neqative leas+ absolute
residues modulo P and V15 the number of Jements
in {:p,z}),m,ﬂ'z—*})} with nuthve least absolute
residues modulo 9,9 an odd Pmmzcj\s-\'\nd from
P, than
(BN 0™
v lot XY safisfy 15xs Py, 15y s 954
then each par X,y leads o e.xac#\»j one off\ﬂe
fo\\owm% four mw\uoh'\'ws
g5 -py<-¥
TReqropyee
0< gx-pys< =3
Py
Vi) +he number of parrs 7:.13 in (V) le,admcj to
the first of the mquqhhes 1s the same as the
number \wcjmcs tothe last of +he inequalities and
the number oquws sahsﬂmq the second
(third ) inequalities is Just B (V) 5

209
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i) ( the Quadratic reciprocity Jaw )
BN

(The theorem of Zolotareff qwen in 718 was
fn-s+ ?row.d b\,) Zo\o-\-arq,ff (18727 . Inour
discussion 1n * 18, *19 we have Tollowed Riesz
[1953], Cartier [ 19707, and Frobenius [1914]
(see Gesammelte ABR. 1968 pp e28-6ua ). For
other recent Treatments of Zo\o'i'amff 's theorem
alon(} other lines s Rade,macl'\er) Grosswald
[1972] |, Brenner [ 19737, and Roberts [19697 )



xvin Exponents, Primitive Roots

o~ Power Residues

when a and m are m\qhveM prime }oosr\'we
inteqers Euler’s theorem assures us of the
existence of positive inteqers t for which
at 21 (modm). The smallest such t 1s called
the ¢x porent ofa mod m and will be denoted
b\3 R.(a) (or lus'\' P(a) when the modulus s
understood ). The number ofmoc] m solutions
of P.(xy=t s denoted 5\3 Y (1) (or just Y @®)).
1f P(a)= @ (m)one says +hataisa )ortrmtwe
root ofm . As we shall see | not all m have

Pmmﬁ-we roots. T\wrouc}hou? We assume (a,m)=1,

1. Inthis Prob\e,m P(a) and Y(t)are used
for B,(a), ¥, (£) . Than:
iy a®za¥ (modm) if and onl\j \f
szt (mod P(a)) ;
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1) from ¢4y
@) a’s 1 (modm) tfcmd on\»s 1f
s50 (mod P(a)) ;
by P(a)|¢im);

Pa)

¢) a,a’-,a are mconqrum‘\',modu\om,

solutions of x7

Pa)
iy P(ak)= (&, P@) )

W-a) Y(t)=owhen tfP(m) ;
5) twm’\l»’(t) \P(m),
) of Pty #o then Q(r)sy(t);
V) ,fm=P, P a}amme,i-\w,n
a) 1If Wp(t)#0 then P(1)= 4 (t);
by Pp(t) = 9(t) for all ¢ suchthat tlp-15

£ (mocl m)

i) ey prime p has e,xac,'f\\»s ﬁ(’(]:-x)

Pmmvh\!e roots.

2. Let P be anodd prime and & be a Pcsrh%
m'l'eﬂu- Then
iy f g 15 @ primifive root of]o and If
9(p%)
g F 11( mod]o ) then g 1s a primrive roﬂofp ;
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1) |fc1 IS o Pram\'\-we root of? then one of
9,9*psa primitive root of P*s

iy wary Pmmﬁ-wz root of ]32 is also a
primrtive root of P for x> 2 ;

) |fc] 1s o Pmm:hw root of p° the odd
one of q, g+ p* 150 primifive root of 2p°

while the avan one 15 not 5

V) very number of rhe form P°‘ or ‘z]:)"‘
has a primrtive root (recall that p here 1s odd);

vi) on\\s 2,4 and the numbers S?u\f\w\ "

(v) have Prtmr\'wz roots.

3. Let P be an odd prime. Then -

1) every Pmmr‘rwc root ofoms ?osﬁ'we
mhﬂr‘a\ power of pisa Frnmﬁ'we root of
all smaller positive m‘\'ujm\ powers of P

#) when c} 1S a Pmm\-hvz root oﬁ: +he
numbers (1+SP)C} , OSs<p ,W\'\'\'\ one

zxcod?hon , are Pr\m\-\-wc roots of ]oz ]
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1) every pramvhwz, root o{ P IS con%rum-r
modulo pto zxac*l\g p-1 primtwe roots ofjoz
and, conszquzn'\'M ,'rlwem are exac‘l'l\ﬁ ‘P('?(]ozj )

Pmmﬁ-w@ roots of 302 3

W) ery Prtmthve root of' Jo“, xX22,18
wnﬂruen’r modulo ]3"‘ to e,xacﬂ\j P ]ommmve

roots ef P“*‘ ;

W) there are exactly 9 (9 (p%y) primitive

«
roots of}o ;
Vi) 'f m has a }ortmrhvz root 1t has exac‘r\\j

P(Pimy) of them .

(In the above we have })roved :
the on\\3 inteqers |‘1avm% primitive roots
are 2,4, powers ofoad primes, and twice
such powers ; when m has a primihive
root it has , modulo m , exactly

€9 (m)) of them. )
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4. In this pr‘ob\em we discuss the zxpenem'
function ina hittle qreater detar! and the results
lead +o another Procf that wery prime has
O\'ac‘rl\j ¥ P-a) ?mmr\-wz roots The on\\jwr\tex
results we use are *1 (i ~ui), T\wrouci\‘\oui' wWQ
use P(a) for P (a) .

i) If P(a)=uv +hen P(a“)=v

i) 1f (Peay, P(6)) =1 then P(ab) = P(ayP(b);

Wy 1+ 15 fa\sc that P(ag) s the least common
muH'lP\e, ofP(a) and P(B) in all ins+ances ;

%) for qven a,b there1sa ¢ such that P)
s the \ar%cst common mu\h}:\z of P(a)and P(G);

v all ex ponents modulo A qwen m divide
the \qr-cjeﬁ R ponent ;

vi) very prime has a primitive root ;

Vi) wery prime P has '-?(P-l) Pr\mr\-\\m

roots .

215
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5. Some of the 1deas in 74 are useful n +he
sfucluj of Abelian qroups. We Hustrate this
here . Once more the results lead toa proof of
*1(vi) . We let G be an Abclian qroup and wrrte
Ag for the set of Posuhvz que\-s which are
orders of elements of G . Then:

i) nf u,v arein Ag then [u,v]eAq ;
iy f Ag has a \orosesf dement P then all
demaents of Ag dwide P ;
1) wery f\m*z su Bﬂrou}a of the mu\'h]:\tc.q'l'we
group of a fild 1s cxsc\\c :
#) the mu lfnphcath, group of a fmrm fte\d
Is cxjchc ;

\) Q»Q,r\«s Pmme, \wos ‘-f('j:-x) ?mm\-\'\ve, roots.

Deﬁmtwn: If p 15 a prime and
x"za (mod p)Is solvable we calla an
nth power reswdue modulo P
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6. Let a be an Inteqer not divisible \mg the
prime p and SUPPOse (n,p-1)=d . Then:

i) a 15 an ntb power residue modulo P
if and only if afé s 1 (mod p) ;

i) let & be a dwisor oﬁ:d sthen a s a
§% power residue modulo P \fomd on\\} i
a’v?'zi (mod P);

iy S| p-1 (> 1,then there 1san integer
which 15 not a § % power residue modulo P
W) |f p-1 Pf‘“n})&“ﬁ and A, 15isR, 15
hot a P}B power residue modulo P ond
B, =A1—]%437‘, 1sisk, then
a) the exponent of B modulo]o s P
E) BB 1sa Pmm\‘rwe root modulo P

T 1) Usmcs Yo 1t 1s AsY to f\nél a Pmmﬂ'we
root modulo 43 ;
#) using the Jommvhve root fouhcj n (1)
enables us o construct a table of exponents

U7
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modulo 43 and use i+ +o fmd all :pmmuhve
roots, the least positive Jommmve root, and
the jarnmmvc root with least absolute value.

8. In the fe\|owm3, in each instance, “all
m'recjars” refers 1o all integers not dwisible
\3\3 the primes in c‘ueshon .
i) All inteqers are cubic residues modulo
sand i ;
i) all mfujers are qumhc rest1dues modulo 75
) all m+e<3ers ore nfépower restdues, for
oll odd n, modulo 5 and 17 3
) a necessary and sufficient condition
that all integers are ntb power residues
modulo an odd prime p, for allodd n, 1s
that P be a F'ermcﬁymme ;
) lf nisa ftmc‘ odd mhﬂer there are

mﬁm‘l'el\,j many primes for which not all
m-mjcrs ore n@‘5 power residues .
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9, For :P a Pmmz

1"+7_“»,...+(?,1)n§ o(modp) lf})-l An;
-1 (mod:p) |f]3-1 In.

10. When a and n are positive inteqers

n divides Y(at-1).

i The })roducf ofo“ Pmmu-hve roots ofan
odd prime p 1s congrunt to 1 modu\o]o.

12. The fo\\owmcﬁ o)e,nq,m\aza‘hon of Wilson's
'I'\'\e.omm s +rug.,
T n =

nst

(n,m)=1

ur = 5"1 (mod m) \fm has a ?r\mthvz root ;
1 (modm) otherwise .

13, ( L. Marx)
The arithmetic progression (x >0)

Xy 3K41, 5X+42,TX 43, .-
q\wmﬁs contains a Powex ofz ora num\:er 1

smaner +han a Power ofz 3 he. ¥ q\wm«s

219
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contains a term of‘rhe form 2* or 2% -1
(Q20); further the smallest such a1s < x
and, 1f t 15 the exponent of = modulo 2x+1,

IS %\\?Qh l)bj

{%’m when t 15 evan and 2t 2 -1 (mod 2%41) ;

t-1 otharwise .

i, T"w. squmc& 5, ‘2,‘9,26,33,40,’47,

contains no term ofﬂ\z form 22 or 2% -1,

5. 1y For cach Posrhvz m'\'qu n
5”q=4ﬁﬂsﬂn %Eo(mﬁ?ﬂq
30 (mod2n*?)y ;
) \fooz thenthe Q(PONLM’ ofs module 2
g 272 ;
iy for o> 2 the set ofnumbus
x4

2 2
t1, 45 15° o 15

s a reduced system of residues modulo 2.
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(N.B. When xy2 we know 2% has no primtive
root 5 howewer, as this problem shows, 5 15 the

“next best ‘f\wmcs” toa jymmmve root for 2%.)

Remarks .
with respect to T2 (if) we note that there are
wses where q may be a primitive root of P but
not of p*. However up to 1,001,321 all primes,
with the 5'“%“‘ exception of 4o 487, have least
primitive roots which are also prirtive roots
of all hncjher powers . For 40487 one finds the
least primitie root 5 but also observes that
54098z | (mod uo 487" y.(See A“FQ"’P and
quHa [ 1971] and Riesel [19647.) It 1s intereshing
Yo note that 10 1s a primihive root of 487 butnot
of 487° 5 m fact, 10z 1 (mod 4872y, This does
not comtradict the above since 3 and hot 10 1s
the least primrhive root of u87.
Aqain, the exposition in this chapter owes much

o Sij wrad (19667 .
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X1X Spwa\ Primes and the

Lucas - Lehmer Theoram

.. As earlier, we let F, be the ntd Fermat
humber . (s m*9.)'r'\ws F. = 2t a1 ynzo.
Then, when nz1,

1y |f? 15 a prime then (£)=-1, where ()
15 the Lu:jcmc]re, sxjmbo‘
u)nf 3 2 =-1 (mod? )'r\nm NG R
and ,Tl'\q.rq,forq, Fo s prime (‘here B3 1S
the e ponent of 3 mo&ulo}' );

i) Ty 15 prime 1{011& on\\j Fs 2 -1 (mod ).

2. Let p be a Pmmec]wdmcs Foz2t 41,m51,
Then s
iy Pp(2)=2™"
i) 2™ p-1 and (2)=1;
iy 2™ 2L and ,Tker-q,forg) p=142"2-t 5
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i) every prime divisor of F, n>1, must be
of the form 142™* 2.t

v) for each fmed R ) Rz21 ,sz sequence
2E+1,2.zﬁ+1,3.zﬁ+1)q.zﬁ+1,.n

contains mfmﬁ'e\\j mam} ?""WLS.

3.4y Using #2 (v) one may faci'cr ¥ rather
qwc\z\v} (com]aam with I #9 (1) ) )
iy ( If-com?\ﬁor IS avm‘ab\a) use * (ily to
show F, 1s composite ; (‘rkouc}h Morchead
foun& +his result 1n 1905 11 was not until 1971
that +he fad’omza'\’lon of ¥, was dz“’ermmd;
see alsothe remarks at the end ofm ).

4. A numbar o{f\wz form V-1 1s co“zd a
Mersenne numger omd IS c]emﬂd E\j Mn. A
Mersenne prime 15 a prime Mersenne number.

1) If My 15 prime then nis prime ;
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) |f:p andclam ?rnmes omd 1-:2]9”,
]o=3(modq) fkm'

@) (g)=1 ; ‘1}(?-“ 9 q|Myp 3

W 23‘M11, 47\M23, 503\M25| )

) the converse of iy 1s {a\sg ,

5. ( The Lucas- Lehmer Theoram )
As in ¥4 we write M =2" 1, Further, for
n=i,2,-- o et
-17.{(“\/') -(1-v3) i V7 (34V3)+(1-v3)".

T\«m:

1) Un,Vyn 0re m*qexs y Vnisaen and

UnaaZ Un# 3V | Vi T0Un 4V, 3

) for all m21 ,nzi
&) 2Upnf UpVe# ViU 5 ) U= ULV,
BY (-2"Up = UV ViU @) Vo= Ve # (- 2Y
Q) 2Viman® ViV # 12U, 05 §) Vo2, = ()

iiy 1f P s a prime \amﬁer than 3 then
a) U= (]%) (mod_p); E) V,22 (moc] ?) ; €) }:alu},_1 U]m',
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#) 1 p 15 a prime larger than 3 and Sp 13
the sef ofm'\-ecjers n for which ]o\ Up, then
a) m,n in Sy ImP‘\j m4n 1S 1n SP ;
5) mmin S, and n<m\m]:\\3m-n 1S 1N SP ;
<) ‘f Wy IS the smallest dement of S}, then
1) Wy s Pr1
2) nasin Sy afan& O“\\S \{ w?\n ;
v) |f Mpz2P-11s prime +hen
a) 2V, = 2\/2,;,_1 +12 Uz_f’-ﬁ' 8 (moJ MT,) ;
E) \A sz?" - 4e2¥ )
¢) Vpp® 4 (2M51-1) (mod MY ;
) MP\ Vapet 3
Vi) |f g 1s an odd prime and ps a prime div-
Isor of. Mq ,w\mch /N +urn,clw|cks V,q-1 then :
Q) po3; d) w,f 2%
By pluie; @) wpe2d g
<) Wy 2% 3 f)P=M13
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vily there are infegers s, s, such that
74, Sg.,° sﬁ2 -2 for R21
and Vje= 2zﬁ'1~sﬁ for k21 f
il ( the Lucas -Le,\'ﬁmzr theoram )
lf pisan odd prime ]ar%u' than 3 +hen
My 15 prime lfo.r\d onlxj \f N\},\ Sp1) where
5,24, S¢,.° 5&2-2 forﬁzt ;
) (the theorem o{ Lucas )
lf]:) s an odd prime '\'hm M}, IS prime
sfqnc{ on\v} nf M?l tp1, where
b=, b, et ’(’Orﬁn.

Remarks
Much of the mformcﬂwon about |am3e prime
numbers Mp has been deduced from computations
made poss ble b\j the Lucas -Lehmer theorem.
See, for e;camyle, Slerymskl’s book E[ementmiv]
Tﬁeorf) ofNumGers. For a com}alefe st ofa”
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known Mersenne primes see the remarks in
vili. For an wrl\j history ofsuch primes see
uhler [1952] . For more recent nformation see
recent 1ssues of the Journal Mathematics of

Compu‘l‘ahon .
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xx Pell Equation

s. Let & be an irrational real number and D
be o Joosrhve non ~square m+u}o-."rl«e,n :
i-a) \f‘ Y 15 @ non~zers inteqer then there
s an inteqer sqhs{\jmcj oS X-ay<1 ;
by for cach positive nfeqer m there are
m+ujers X, Y, 0<ysm, such that
|x-ay| < ;
o) there exist mftm‘l'elbl many distinct
pairs %, Y such +hat | % - ay | <% ;
ii-a) if &=yD ond X, 4 15 Paarofmwjers
sahsf\jmﬂ the mquah'hj n (f-¢) then
|%x*-Dy*|< 142D ;
E) for' some m+ujef k there are mﬁmnltj
many inteqer pairs x,%,\yo,suck-rl-sa‘l- x’-D\32=E

oo

<) there are distinct m+¢qu~ Porrs %,
and X2,Y: sahsf\jtmj +|'1z condmons cf (6} suclw
ftl‘i*fi*i’i' 1Y1EY. (mod R) 3
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d f X11%¥2, Y1,z are as in () and
X3+\33\/’E = (%, +4,VD )(¥; - Y,VD) +hen
1) E\X,, E)"}’B
2) Y3#0
3) x;‘-D\%% ﬁz',
Q) +he, wluqfton XZ-D\{‘:l has a so\uhon
n m1'qu,r~s X ,\.,3 .

2. Consider the equation
(1) ®2- D\f= 1,Da positive non-square nteqer.
whan 'x’,v}' sqhsf\j (1) we call x’+x1'\/5 a
solution of (1. tf X', are positive we call
x’-w]’\/'ﬁ o) 'posﬁwe solution ofm when #is a
solution . Among all positive solutions x+ 1 vB
we call the onewhich i1s smallest the funcﬂmm’caf
solution ofm . ( Note +hat \:ecauseof-rke, I~
ro+uona|u+\3 of JB there can be onlaj ore smallest
positive solution . ) We dencte the fun&qmq,n-t-q\
solution E\j x,+»1,\/5 . Then:
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1) \f X, +Y,V/D and X+, VB are solutions
of (1) so also s x4y, VT where
x3+\ﬁ3f5 #(X+YVD)(X,+Y, VD) 3

W) all non-}aosr\'wz solutions o{m other
than 1+0-VB , -1+ 0-VB are obtanable from
the Posmvz sotuﬂcns 5\1 ma\tmq onR or bofh

o{x.\j nqa'hve ;
W) \1" x-rv}\/'ﬁ s a solution o{(t) and t(
1<x+yyB then x 30,450

w) avery positive solution of k)15 posrhve
ln-\-e,o}rqlw power of‘rhe fun&amm'\-al solution of (1;

Y) as k runs over all Inteqers ( positive,
nuﬂa'hvz,aeroj then 1 (%s+Y, VD )ﬁruns over

a” so]uhons of(i).

3. Consider the quqhon
(2) X~ Dy’s-1,Da positive non~so‘uar®m+eﬂm
T"ﬁu\ t
i)y (2)1s not qlwqxjs solvable 3



iy when (215 solvable there 1s o smallest
positive solurion all odd m'\'uﬁra\ powers of
which are solutions and |f+ake,n wwhtsxoins
exhaust all solutions ;
iiA 1f (2 1S solvable and x’+\3's/'5 s the
fuhdamm‘!’q\ solution then (x'+4VD Yis the
funclamm-l-a\ solution of (1) .

4. Consider the Q.quqhon
(3) x°- D»)z= ¢’ Da positive non- square inteqer.
Then :
1) for each m'l'e,cje,r o the w\uqhon (3) has
mfmﬁ'eM many solutions ]

) tfxiwﬂ/ﬁ and xzﬂjzx/'ﬁ are solutions
o((‘s) and }:3,\33 are cje,fmd b\«}

K3 4YsVD _ Xy+44V0 X,44,V/0
o - g o

+hen x,-\-v)’\/ﬁ IS & ratwna[soluﬁ-\on of(‘s)
(1e. X34, Gre rational numbers and
xzz'D"bz:Uz\ )

M
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iy the ;44 10 (i) are not necessarily
m‘\'w)ers ;
W) the LT P (%) are mnqers t{
D=o (mecl o?) ;
) sf 4D 50" (mod 4o?) +hen
&y O 1s wen, say o= ‘ng ;
by D= D’S’2’ whaere D'z 1 (mod 4y ;
C) 1f X +v VD is an qural solution of
(3) then P\x and %,\1 havu‘wesame parmj;
d) X4 and Ys In (ify are m-l-uju's )

) tf Dzo (mod 6%) or 4D=zc?(medHo?)
then x2- Ds/)"-- o*has m‘\-wsm\ solutions and
xf X1#+YoVB , X, 4,V are such solutions so
als0 15 %, +y,vB , where x, s are as defined
n (W) 3 fw-rhzr , 1f W,Hﬁo\/ﬁ 1s the smalles+
m'l'eqr'al solution with Xs%0,4o20 then all
solutions x + Y JD are obtained la\j a”owmcs

R +o run over all +he Infegers in the equation
—‘j—X+ \/634' (xO* SQE)H
(v - (va ¢
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5. (M\scdlanwus)
1) For wery rational number r,
g—_”:—:- 5oV D 15 @ rational solution of (1) ;
i) every rational solution of (1)1s of the
form indicated in 1)
W) +he formu\a n (1) ?rov\c!es an mﬂﬂm\
solution for xz-'nf-: when rz -1 :
W) a Paramdmc solution of (3) 1 ﬂwm \:\3

x=m2+Dn2, y=2mn, T=m:-Dn’.

6. (A small aPJg\scahoh)

iy Give comylu-e solutions +o

x2+1=uf'qnd x2-1=2\jz ;

i) let s, be the sum of the lngths of the
\eqs and A, be the |cnc3’rk of the ‘wn:o'\'e.nuse
of a P\gf\-\aqorwn 'l'r'\aan\q, (a r‘lc:}‘ﬁ +manq|t
with inteqer Izmjfk sides ) whose |ecjs are con~
secutive inteqers ; show that -H\z}omr' Sn, fin

IS SUC\‘\ a ]DQH" |fqné OhM \{
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ot F\n\fi =(1+Ji)(‘3+zﬁ)n
for some posifive inteqer n 3
e |f (X, X+1,%)1s q'P\j'r\'\qaormn'rmP\z
show f(X,X+1,2)= (3% 42241, 3X+2242 4% +32+42)
is also sucha +r1?\e. )
) all va\'\mqmmn h-\]:\c.s with consecutive
mﬂ%v‘ |q.%s appear in the sequence
(3,4,5), f(3,4,5), ff(s,u,s)}fff(z,q,s))...
where fns as n (i)
) com]:uﬁ'e, the 1% four terms of the

sequence In (w) .

Remarks
Equations of the form x* - Dy =a are called
Pell equations, ﬂ\ouglw some authors feel the
reference o be sufficiently unreliable as +o
refuse to call them b\3 +his name. An demenfartj
exposition of these equations will be found in
Gelfond [1961]. The result in #6(i) 1s proved n
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quite a duffermf mannes 1n Sler})mskﬂs c‘ehghfful
little book Pytﬁaﬂorean Trmngﬁs. The method
used here derives from Carmichael [19157. The
Pell equation arose earlier, n our c\-\ay‘l-c,r on
con'\'muu:l fracfuons , Se X411 # 47 (vif), If one
examines the diagram in x1#15 one finds all
the P\jfhagorwn frmngles with consecutive
mteger legs on the horizontal line fhrougln
(3,4,5). This may ea51|t5 be confirmed b\j

comparing the dlagram with #¢ (i) above.



XX4 Wz\.j\ 'S T\ﬂwrem on Umferm D\s‘\'mbuhcn

In fhz fonowmcs an fuhc\'tons l\avz Aomam
[0,1] and the 5equeNces isn'i are to saﬂsf\j
0ss 51 foralln.

Daﬁm’cm: EREE umformﬂj distributed”
lffor wery pan‘ofa,s, osa<bsithe
number, n(a,b) ,of S;,5+ ) Sn 1”3'“‘1 n
[4.b] sahsﬁzsnlimc i“i,—'s’= b-a.

1. De,ﬁne, the characteristic func:hon Xt of
a subinterval 1 o{ [o,1] Lvs
X;(Xh{ 1 for xmnl;
o otherwise.
Then
i-a) £ Xosf 5) =1 (a,6) 5
) [} Xeorm) dx 2 b-a
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iy 1{: foremr\s fwhxc\ﬂ Is o characteristic

func‘hon ofa subinterval of fo,1] 1t 15 ¥rue

that lim %ﬁﬁf(sm) s ff(x)c(x then {50} 15
umfermH distri bu'\'@&’,

#y the converse of(ﬁ) is alsotrue |

De,ﬁmtm : W\ﬁm 'r]we, Jivi cxymssmn "
¥ (i) holds we write f(sn)f\:\ (f

2. Let f be Rizmann mm:jr-able, and SUppose
that for wch €0 there are Riemann ln‘\‘qr’ablz
functions 9 and h such+hat q f h,

o5 ((huxy-qndr<e, q(sn)fqu,ﬂ(sn)%ﬁ
Then f(s,) ~(f.

3, If {sn} 15 umfermM distributed then
for every Riemann m+eqrab|q, func‘hon fn‘ s
rue that f(sn) ~(f.
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4, 1) By Trwfmq real and comyle,x Par'\'s scfarafd\j
we se¢ that the result of 73 remains vahd for fa
Riemann m‘\'ajm ble ccm]okx valued fu nehion of a

real variable ;
i) tf {sn} 5 umformlxj distributed and
f(x) : szﬁx’ Ra posrtive mwﬂv,ﬂnm f(sn)vo :

5. Let P bethe }oroPos\-hon w gimiksy ~30 for
oll R20” and letr T be an arbﬁ'mms +r|cjonome1'rlc
Polxjnomml with zero constant +erm ;b
T(x): éi (agcos 2mhx + Eﬁsm 2 Ex); then :

i) of P then T(s,)~0 5
W) |f for all such T as described T(s, )~ 0
then P ;
iy P 1fanc| on|uj 'F T(s,)~0¢ for all trigon~
ometric Polxjnomuals with zero constant +erm d
¥) the Pro]:osrhon in () 1s True even 1f on
the I’Iﬂl’\'f we diminate the condition “with zero

- gogstagt-l'e,rm”-,
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V) |f P then f(sn)m gf for- all continuous f-,
vi) |fp then {s5,} 15 umformM distributed ;
vii) (wc\j\’s theorem)

{sn] 15 umform\\j distributed if and on\\j \f

‘w_gj"}ilemiﬁsm=o for all k2o .

6. 1) If « 15 irrational and Sn 1S the f\:ac'honql
par+ of nx, 1.e. §,=ne-[no) = (n) ,-t-\—\m
{sn] 1 umf’ormlw distributed ;

W) \f 15 1rrational and @1s arbﬁ'r‘ar\j and

p) =(no(+53)1'he.n {sn’g 1S umformhj Ansi-mbu’recl.

7.1) The sequence {sni IS um]corm\»j distributed

if and onM 1f foralla,osas1, imneaizq
iy let { @] be umformlxj distributed and

Suppose |- Bn| <% fer all n; then {'cxng IS

um{ormM distr \>u+¢cj Y

239
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i) let S be o countable subset of (0,17 ;
then § 15 dense in [0,1 1f and or\‘\j f some
aumeration of S is umform\sj c||s+m‘:u+d .

8. Lot oy, .-, 0xq be com]o‘zx numbars and
et Xg =0 for gso och for 7>Q.
Tkm,for 1s HsQ |

‘b) Htﬁ%ﬁQo‘q = °<P§ﬂ¢q{°5§<go‘]°"'} ;
W) pRs gy Xpog =

o< P<H+Q
osrdH, 08s<H

H1 i%‘ qo‘qo“i +1§§<H( H- R)quq.ﬁ(o‘io“i"ﬁ.’. 0(‘1 Q“VR)'
9, Let o, o be com}alex aumbers and
de,flne. 4 fcr €0, j»Q asin¥®8 ., Further
SUppose 1 s HesQ . Then:
2 2
H l 45%50. 0(1] 5

(H+Q-1) { Ht’§5Q| u1|2+z°§<“( H-h)

u?sg-ﬁo‘cf o“Vﬁlz'

o, i) IF ‘szi(SmR-Sn\M o for ou POSl'h\’e. m‘l'qers

K 'f]ﬂm bzmsn ~ 0 )
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1) 1F {smﬁ- SH} IS umferm\\j distributed
for cach positive inteqer h then {s,} s
umform|\j distributed.

I (Wujl) If f(x): a,.X 4040, and for

some {, gy 1s |rra+|onq|, then +he frachonal

Parfs (f(n)) offam Uhlform|\1 distributed.

Re,margs

The work of+|'us c\-\a]om- fo“ows the e,x?osmons
qiven B\S Hard«@ (1949) and Cassels [1951]. \’mo%mcjoﬂ:
:Prcved ih 1937 that |fom re:p\aczs n E\j Pr ,The

ntb prime,in %6 (i) then the resulfing sequence

i (u?n)‘i IS umform\\j distributed . B‘j using
\)mooh\radoﬁ' 1s method Rhin has rwznfl\j P\‘owc]
71 with n m:phcd Btj ]nn .Tke, m‘l'emsfed reader
should consult the review of Rhin's paper :

MR 48 (1974 )7 2087.

24|
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For a :prcof of #6 (1) not de})wdm+ on Wele’s
theorem but mqk\n% use of continued fractions
one mth consult Niven's Trrational Numbers,
Wey| orwynqlM Provcd his theorem in 1916 and
i+ has \on% been considered an ou+s+andmcj con-
rribution to the Hnor\j . The result in % 7(14)
15 9 very stal case of a qeneral theorem
?roved b\j Tohn von Neumann (19257, The
reader rm%‘ﬂ' consult Koksma [1936] for +his
and many other aspects of the material of

This cl'\q}:‘hzr.



xxit Mabius Functions

1 Let f(x)z xexe x40 and dzfme Oy, Gy, Ay
to be that sequence of Inteqers for which
¥ = a,f(xyraf(x)+a,f(x®yee
when one carries out the operations on the
m%h-r N a purd\j for-mal manner . Then :
1-a) a,%1, c{Zlma‘,(:o for'm 51
E) lf (s,t)=1 then Ase=Gg Qg ;
1 fcr kR=o \
Q) 6%y -1 for R=1 |
o for k1 3 where P |sa}>r|me5
1 for' ns=1 ,
(-1)'i for n +he produd' of
d:) a,=
R distinct primes
o {or n c‘twsnb\@ \:\3 o) s<1uare 71;

#-a) L _F Gmx™
x-msl 1‘?‘"" )
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5)_1_=1_1_1_ 1
"9 T 99 T 999 T 99999

" 1 - 1 + 1 - aee s
999999 7 9999999 T 9999999999 )

1 = 1 1 1 -t
c) T MARTrRRAETRYY! TEEET

1 1 vee
IREB DY 1111111111+

( This fuhc'hon G, Was f\rsf introduced B\j
A.F. M&bius [1831] 1n just this way . Nowao\a\js
one writes N (n) rather than a,, and clefmes
the funcﬁon b»] (t-cf) above . Quite rmn-r\\j
Gian-Carlo Rota [1963-4] has shown howthe
M&bius func'hcn arises quite ncrfurall\ﬁ n a
consdem‘:lss wider setting and with many
aPPllca'hons ih combinatorial oqusns .Rota's
work has been extended and %wem\tzed ina

great ]orohfera‘mon of]oopers inthe las+ 12 \jears.)

Defimition. Define +he function by«
1for nzi,

N(n)s (-135 for nthe ]oro&ud' of R distinct Primes ;
) for n diisible Ev) a4 Square 1
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1.e dzfme, N bv) N(nY=a, for- n21, a,as1n",

2.1y Nisa mu\hP\ucq‘fwe funchon 3 he. \f
(s,t)=1then N(st)= NS N(LY 5
W) If fls mu\h}:\\ca-i'we +hen
I i =7 a-fip,
where }) inthe mdzx denotes a ]arame number |
) £ N(dyso for ny1;
by £ pihd = TP
O F S (o) P M
d) ) )J(O( =2t ,whem t |s+hznumbercT

Jls'i'mc'l' prime fodors oﬁ: n.

3.1) (M&bius inversion)

fmye £ qed) if andonlyf qm= £ pidif(@)

a) dzfmq, A(ny to be \n]o when nis O power
off\we prime Aumber p and+o be o otherwise 3
'f\'\m

1y lan -.-};n/\(c[) ]
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) Amyz-E o(dyind;
( A(my1s called the Mangoldt function . )
6y n=F €d);
¢) F(ny= R‘f(cf) tfcmcl on\\,x xf
foy= T ¥ (3
dy 7 (%)= T« x2- 1" where F,(x) 15
0s th XIV¥ 17 5
Q) d@fm@ ¥ (n) ‘0\3 :
=1, M(h)=d2mq7(cf) for n>1 5
Q \f nis AN\S‘E‘Q; EUB QC«UEQ« 1 ;
then P(ny= (-2)° 1{ n s Cubq,frm and the
squamfre@ Par'i' ofn 1S
divisible E\j wactly t
dnﬂ:u‘mf primes ;
i) (S\ﬂa?\ro)
\{ Yisa real funchon c{cfmacl on [0,1) +hen
f fm=Z, W(F), gin)e £ V) then
T fee g eg(E)s

2T

G) }J(‘T\J =(r§$=sz " ’

rsn
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By let S¢(my be the sum cf the Etjpowv-s
of the yosmvz mﬂo}v-s Pmmz +o n s +hen
1) S,(n)=4n hf(n) y UL
2) Sgny%nuﬁnw%n;\;(i-p) N1
) S (n):in’?(n)-t-‘n’;\' (1-p), n>13
4) 1R+ 2R e nf n ﬁ%— dZd'aﬁ(
¢) lar w(n) bethe ?roducf ofﬂwose

)

Inteqers prime to n and not z)m.q,dm% n; -r\w,n
winy = P (4L @
i) ( Prachar )

let Ry, Ry ba N Aumbers ofw\w\c\-\ X are
e.qua\ to 1 and SUPPOse fts dzfmec] for each
Eﬁ +hen
fs&. : f(k,) then zp(cf)sd of (1) ;

a) Iu ¢ (x, ) beﬂm Aumber ofm-l-users
not excudmcj x which are diwsible E»} ne prime

not exceedmo‘s\ﬁand Jet Py =fo(§ P then
P =L N E]

247
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D L N [E] =1
ORIl R

5 T-TWRye s = (6§ (5] ¢ 2L 3]
i
where Puy =y Pr are the primes not cxc.qj,zqu VX .

4.4y For R a func'hon of‘rwo vama‘a\zs

e N (M) h(x ,mn) = h(x,1) ;
#) (S ho\]mro) let P be com]a\e:l'c\»j mu\‘l'n]ohca'i'wz,‘
Q. P(ag)s P(a)P(B) forall a,B ; then
Cj(ﬂ =ﬂ$§:x?(n)f(%) |f‘anc]on|«j |f f(x):ngcp(n)]’(n)g(g%;
W) qwmmgnl f(mnx)] =§Jt(v)| f(vx)\ W
have (%) :gﬂf(mx) |f0nd onM \f
fxy= £ omginx);
here T(n) 1s the number of disors of n
#) ( Halberstam and Roth )

let & be dwisor c@seaf; e, & s a set suchthat
5 contains all mﬂqra] dwisors of.amj ofrl-s
elements ; +hen T(e{) =5 G(CS) lfanci onl»] tf

d18,6¢8

G(d)= £ pt)F(td).

tde



XXl Some Ana\\jhc Mu‘wods

Inthe fo“owm% we shall of+w write RKPpressions
ke O(f(x)), where {150 positive rw\funchon.
Whenewer we write this we infend 1+ +o stand for
an unsjawfnd com}:\zx valued funchon ofa real
variable | 5y g(x) ,with the fo“owmi Projmfj;

there exist constants x, A suchthat

9(x) and f(x) are c]efmed fora” X2X,

and | for such values ofx,
|quHsAﬂm.

1. ket f be o com]:]ex valued fund’non of a
real variable and suppose M, N are inteqers with
M< N, Further, put F(m) =ﬁ,g”f(ﬁ) ,F(M)=o.
Then for g any real func'hon,

1) (Abz‘ ?ar'hal summation f-or'mu\a)
£ fmyg(my = F(N) q(Nes)= 8, Fim(qmn- gom)
2 F(N)GINY = £, Fim)(q(men-gom)) 5
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( 1+ will be noted that this formulq Isa fm*\’@
ana|oo§uz of the m‘t'ethon b‘ﬁ ports formu la
g u'v =uv| S'uw
Tnaeed y lf wWe 'Pwl' A F\(n) ﬁ(n) Ft(ﬂ-l) , We may
write the formu\a *:' (A}'('m))cs(mj z
}-"(m)s(m)l - ;M Fomy( A%(‘mﬂ)) 2)

) \fol is monotonic and honmec}ahve,
q(M) max | F(m| f
s decreasing :
1 Mﬂf(m)%(m)] N y . 95
24N mag |7 f
q IS mc,re.asm%}
WY \fq fends mono‘\'omca“\j downward to o
as n =00, and th‘ s bounded ,flaen
oy T f(n)g(n) converges ;
6) 5, fmgmy = £ fimqmy+ o(q(Cx1)) ;
W) 1f NiyNg, 15 an unboundec”\j mcreasmﬂ
sequence of real numbers and 9 has a continuous
dervative for X2 N, +hen ,
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putting Fixys L §(my, we have

AgApex

E f(m)q(xm): F(x)cj(x')- g:i'(t)ﬂ’(t) dt ;

M sAmEX
v ifaisa positive integer and q has a
continuous derivative for x2a then

asmMmsx

) qbﬁ'\):
g:ﬂ(t)d“t + g:(t.[t]‘ﬂ/“)dt*. %(a)-(x-[x])q(x)i

Vi) \f alsa Posmvz \nﬁoyzr and g s amono ~
rong function ws‘\'l\ a continuous c‘qxwa'\'m Tor x24

then
< .
(L. 3m) = (g dt+0(1g(@l+1qm) ;
Vi) 1f atsa ]oosa-hw mfu)ar ancl ﬂ 1S A

com-muousl\j dtffuw+|able funchovw for X200

and lij des mono+on|ca||\j fooas x =200
+hen

asmsx

T cs(mj:g:ﬂ(t)c(‘t+c+0(\cj(x)|),
where ¢= Sm(’c-[’c])c;'(t)cft IS mJePuaclm‘rofx.
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2. APPhcaﬂons )

nsx

) T ohele x4 C+O(xY) 500, 5%,
whare € 15 a suitable constant ;
ﬁ)MZx -z lnx + ¥+ O(x-y, where ¥ 1s Euler’s

constant (a]:)Prox\ma'fdvj u]uali'o 0.57721)and

f2("eitidbs b (24 lnn]

n-—»00 \ ms1
( T+ 15 not known whether ornot ¥ 1s rahona\.)
1)) n‘;x Ihn = xlnx-x+ O(lnx) )
W) nz;.xln A= 0(%);
In -

V) pEK—}_Qﬂ*' QO (1) -;—?gx \n}o{[%]ﬁ%, +]
=%ﬂ§, [—1’1&] A (n) =%n§x|h nzlhx+0(1) )
whare Jo Isa }3f‘|mcz, ancJ A(nyis © unless nis a
power ofaJ:;rumq,]g when 1115 In P

(sea XX1 #3(1-a))
W E5 =hxro( s T NS o0

n

np . (M Int - 1
vu)N%mz—}a = W) tiidt r o1y,



3. (Clnebxjslwv’s +heorem ofnsqq )

Suppese Jlm X exists and e,qua|s ¢ Then:

1) |f'$5<1'14\m

, Inp (M Int-1
|hN+O(1)-~<p§~1 > gNmt) b dt + 0(1)

2
<2 (4=l dtrom <HEInN+ o),
which is false ;
i) lf B1 then a similar contradiction o

rhat 1n (1) arises

i) of Dim T oxists then that limit s 1
X=X

( This result was Provec] E\j C}\el:xjs"\w N 1849
but 1t was not unti] 1896 that 1t was proved the
limit ¢xists. In+hat Year rhe Be‘c}mn , de laValled
Poussin  and the Frenchman, Tacques Hadamard |
m&q.?mclem-l\j ?UH!S‘\QKJ Proofs that the limit

does exist. The result

|lm T(x)

x40 X/ inx = b

has come o be Rnown as +he Prime Number Theorem.

The first proofs made kwv\j use of the Theory of
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funchons ofq com]ole,x variable and i+ was
hot until 1948 that the 1% so called “demmhrﬂ"
proofs - that s ,'rl\ose, not using comyh;: variable
Tlnwmj - were given b\j the Swedish mathematician
Atle Selberg and the Hungarian mathematician
Paul Erdss . For furflwer mformahon with msPed'
1o this theorem and its ram:fncahons the reader
mujlﬂ' consult Harcltj v\\)malﬂ’ [1962], Trost [1968],
S)oaclﬂ' [1956] ,'Praclwar [1957], Landau [19537], or
Levinson (1969]. )

49 Eon =48 4o
) |f N¥ s the number of Posmvc proper
\r'mclucuble frachons wﬂ-h clmommq-i-or not

excaeding N then

x . ¢ ) .
N £1 d ﬂd"ZN LA
iy NX, as in (i), sa‘hsfws

N*: (w1 n‘z) +Nﬂ(N)’
fov some funchon ﬁ(N) which tends +0 0 as N»oo ;
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W) uf N'1s the total number c{ Posr\'we
]:r-o]oqx fmchons with deominator not e.xwzdmﬂ
N 1'|wn

N* o0 1 -1
] = — .
r!l-rpoo N’ (ngi “1) )

v) the Probabn\\hs of 2 random\\ﬁ chosen

m-\'ao}exs \wh% m\oﬂ'we\»} prime 1s = .

5. (Infam'\'z Proo\uc\'s)
Thc m{mﬁ'z Produd iﬁ als soucl +o converﬂe
to & sf x#0 and J_m ]];Tjafro(. when such a
noN~zero & eXIsts we say the Proclucf cmwv*ge,s
ahd in the con'i'r-ar\j case that 1+ c{;verjes.
4 I L- ? _‘53‘ 9 i-
iy xslnle= T Frsax for osxs;
#) lf 0s XS“ fora” 1’1’L¢n
1
zi I T onverqes it and on|\1 |f
?; % COPVErgRs |
iti) If 0s X (<1 for all 3 then

x
;'f 1_1,“ converges if and on‘\j tf 3,::1 X Converaes .
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e. SuPFosz f 1S a comp\z't'z\tj mu\h]o\thhw
(realor complex valued ) number theoretic funchon;
e f(aE) f(a)f( b) for all inteqers a and b.Then
f £ f({) s abso|u+¢,|t3 convergent we have :
iy f( y|s1 foro“
) |§J<s’> -,,Umu-fqor’i s,fi';ml £l 5
iy T (1-f<p)'*=§,fq) .

7. In (i-a) below we show ;}%wmw%es for
5515 we denote the sumof this series, nthis
case b\j ¥(s).TIn (5)~(f) s 1s+o be lar-%er

than 1 .
7- a) —g convq,m]es for Y1
b) sir< $is)< 14 iy ;
Q) (s-1) F(s)21as s>t .
d) $(s)= T (- ]o-’ y!
) I 55+ TS
f) o= ln’S(s) };—?<1 ;

)
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#i-a) one an use (i-¢) and (cf) To prove
the existence ofmfamml\g many primes ;
By ohe can use (i-f) to show }P: #

COh\)Qt‘CjQ,S fOl" $v1 Oh& d!VU‘%@S for s=1.

(T‘we }arcof~ N (1-a) off\ﬂz mf\m-!'ucle ofPr\me,s
qoes back +o Euler and this Proofo‘r'e.acrl\j
contains the qerm of the 1dea develoPuJ l"j
'Dlr'acHQ.‘\' to :Pr'ove the T‘-\mrq,m concerning
the mfim'l'uc!e of primes in an arithmetic
Proiresswn. Tn the next +wo ?ro\a\ms we
extend These notions a hittle fur'r\'\er and

obtain some sywa‘ cases of Tl-m’Dn-nch |¢+ ﬂaaomm.)

8- Dafine X : E > {0,1,-1] by
o fnzo(moeda);
X(h) = ¢ 1 \fn.=.1 (mod 4) ;
-1 tfnzs(meclq).
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'F'ur'!'her,]ou'f L(s)=§1ﬁn‘;ﬁ .
Thm:
1-a) L (s) exists for $70 ;
B) o< L(s)<1 fer $v0 and +<L(s) for s21
¢) L(s) 1s continuous at 1
d) F(s)L(s)>ooass=>1*
-25 \-1 .
Q') s‘-l-»n?’]"g(modJl-P 25) wxists )
fy $sy=1(1-p)i=
1 - 1.
1’z’pg(med-4)( P "y pzs(moclq) P 7Y

and L(sy= 7 (1-3¢)

-Sy-1,
p.l(moclﬁ&)(l P pn(meéu)( 1+? ) )

3) 'l'"m"e are |nf:|m+q,|\1 mamj Pprimes of

QOC‘\ Of. *I'\Q, forms ‘+£+1 qﬁ-‘—; ;

i) Ohe <an dexwe the result of (1 "j) a|oncj
+he To”owmc} lines

a) InL(sy= X l}f«?mm ;

By In €(s)= %’ %;*? (1) 5
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¢y Ingsy+ Xy lnL(s)=

1 - .
§ zflg(medq)?'* °<1’ for Q= q,h,., 1 ;

4 = .
Zp&'Emedﬂ) ?,4-0(1) for' a 4E+3 )

cf) +lw-e are mf\m-l'dvs many primes of
wch o{ Tkt forms L}QH , 4E+3.

9, Dafma. the {our num’ou '\'\wore;\"c func.‘hons
Xy, O 3’5 3, B\,) +he condition
XM= X (%) when nza (mo&s),os] £3,

ancl'l'l\e,‘l'ab‘c
A4 QO 1 2 3 4

1

o

1 1 1 1

1 14 -1 -1

0

0
2| 0 1 -1 -1 1
Mo 1 -4 1 -1
the i 1s fust \/'-T.‘rlws,for mxamPlc,

Ne(T) 2 Xy (2) =1 ) Xp(43)= Xo(3)= -1,

259
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i-a) Each X IS ccmplod'e,\\j mu‘+up|tw+|vz5
By for ago (mods),

4 |fa‘:'n(moc‘s)3
“Ha) (M={
§ h A 0 ofkerwse ;

&) of LNz A, L(n)= £ Ao

ns1l

‘rkm, or \F Xo, Hw, TWO series convv'cst Yo

NON~Z RO SUMS )

dy for X# %X, , LA®= [ (X)+ O(%)

nexX

and ﬂg‘i%l\ﬂ—”- L.(X)+O( ‘”x" ) 3
@) for X# X, L AMAM=0(1)

fy for X2 X,
T XA L »ccfca[xcd') {Li(X)"' 00“7&2%5 )g = 0(1)

nex
fi-a) for X# XNo
XPInp o ¢ XmAm) Xphlinp - .
?t.‘x p n;x n ]gz P X ,PS 0(1) )
By for azo (mods),
| ( )\r\ .
!f(mods—)nﬁ— 72& X‘”]’Z"‘ﬁ}—ﬁ ‘\'\X+0(1) )
P <) +here are mf\m‘t'e,hj many primes Of

cach of the forms

Sn+1l 5n+2,5N+3 5n+y




XXV Nummm‘ C\wracﬂrs and fthume T"\eorem

In Prabkms ¥8,9 ofxxnl we met Tunctions
X, Koyt Xy o These fum'l'tons are sywa cases
of a class of funchons called characters . The X
of s 15 a mod 4 character and the Xy of’q are
mod 5 characters . Tnthis cha}rl'er we infroduce
the notion of mod k characters Fov' arErl'mr\j
]90511':% m'hzﬂzrs k and will use them , much as
was dong 1 #8,9 ofxxm,-l-o }:rove‘rhe,'DlrncHa

Tl’\wt‘em on ]ar'umes n amfhmcﬂc Proc}msswns.

Defirution . A comylzfz\\j mu|1-|]a||ca+wq,
Comjplex valued number theoretic
function of ?mod k which s zero
Prunselt& on those m+zcjers noi'J:mme
to R 15 called a (numertca[) mod k

character .
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1. (Ele,mzn#-arv} properties)
i) The function X, defined E\j
'Xe(ah{i f (8 kyes s
o o+|'\e,rw15e,
IS @ mod k c\wamc'i'er ; this character Xo 'S
called the }ormct]oaf mod k character ;
i) X (1921 for all mod k characters ;
m)lf X 15 a mod k character and (a,E):i
then X(ay1s a *F(ff;)’!5 root ofumhj ;
W) the fuhc-hon X defmul NXxM*8 1s a
mod 4 character ;
v) the func-hons X{,05{%3, defined in
XX *9 are mod 5 characters ;
Vi) there are Ohl\s fmu+e|\j man\j mod k
characters ;0 fac*’, no more than T ﬁ)‘mﬁ)
(we shall see 10 #3 (i) that +his bound 1s much

oo larcje Y3
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vit) tf XIS o mod d character and ﬁ=cf'n

then X* &@fmw\ bv} X*(ny= i?\(m for' (n,ﬁ)=1',

o otherwise |
1s @ mod Rk character | X* 1s called the
mod k extension ofx ;

Vilt) n}ixm) =0 for X any hon~]:>r'mc1]3a|

mod k character ;

) |f X, and X, Ore mod R characters so
also are X,X, and X,, where X, (a)= X,(aY,
the bar onthe mj\ﬂ' dmohmﬂ the com}:vlcx

con3uc5a‘\'e funchon ;

X) X X, runs over all mod k characters

as X does .

2. ( Pro_pzrhe.s \wdmﬂ toa Ju]w' result )
i) Let P be an odd prime, @ be a ]aosa'l'we
inteqer,and g be a primitie, roof o{}:" ;Jcﬁne, X
by xm:{" for (npf)=1

2TNPPH for ns %’\(moé P‘s); 05 \< ‘P(Pp)i
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then a) X 15 a mod ]:9 character

by if (d',]af’): 3 and d'$1 (mod ]35’)

then X(dy#1 ;

<) |f (C[,E)=1 y J'ﬂ (moc’}ag’), and P(’

divides k& then there 15 a mod & character X*
such +hat x* (dy# 1 ;
i) ot 4 be +|nz htcjkcs* Powu‘ ofz wk\ck

dwides R and let % be the mod R extension of
the mod 4 character X dcfmed in xxm¥ 8 ;-r\-w.n

If'd.E-l (mod4) then x*(dy# 1 ;

i) lot z°‘, 23 bwhe thhq,s‘l' power of'z

which dwides & and Jefme X b\j
{c for n wen |

\n)= amit /2% 2 n-1 “ .

(& for nz (1) 7 +5%(mod 2 ), 05t<2?
then

a) X 1s a mod 2% character 3

by 1f(of,£)=1 and d# 11 (mod 2%) +hen
there 1s @ mod & character X* suchthot

X4 (d)#1 5
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W) 1{" (cf,ﬁ):& ond d31 (moc\ Q)'\'km'rhem
s a mod k character such that x(dy# 1 .

3. 4) ket ¢ be +he number of mod R cl'\arac'!'ers-,
< |fail (modﬁ);
o) lf a;l(moéﬁ);

iy there are zxacfluj Q(ﬁ) mod R ckar-ac'm-s;

+hen § X(a)= g

iy when (a,R)=1,
\?(Q) for azn(mo&‘;);

o o+kuwtsz .

-1 =
}: (@) "X(n) {
)

) of (a,R) =1 then
_ »P(ﬁ) For asn (mod@);
§ RBYX() -§ o o+|wu'mse, .
4, (Musceﬂanwus)
Let (a,ﬁ)u anJ |z1' m Ee,-l'lﬂe, cx]:onm-r of
a modulo k. Then for wclw mod kR character
X 1t is true that X(a)™ = X(a™) = X(1) = 1;
thus X(a) 1s an mP root of umhs.'fn +his

265
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?ro\:‘zm we see that as X runs over the mod R
characters none of the m mtf roots of unity
1S slnqkﬂd in 1ts number ofa]o]owmnus - Q.
1'|‘m3 each appear 3;‘1—5’ +imes . Let w be an
qr‘:u+rars3 mi root cfum+\3 and suppose 1t
O\P})wrs N Times . Then
hE (’ﬁﬁ“’)‘:{m f X@yee s

i=t o otherwise ;

iy Nm= g E, (23] = (kY .

Tn +he next six Pr'ouems +L¢, 'DmcHeA'

"'I"%f'm IS ?I"OVQA .

5. Each of‘rl\z +|wu saries

°t° X(h) ;-.9 xmylhn °:° X (n)
net M) n=1 n ) pz1 VRV

onverges when XIS o hon-}:rmct}oal mocl k
character ) dmo'\-mq +he sums B\j Lo(XY, Li(X),
L,(X) re,s?e.chve,M we have
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T A LX)+ O (%)

nsx
tﬁ(nﬂhn L (x)_'_o(\nx) ;

nex

i THCSERCIT DI

nsy¥

6. Sumvosz X 1s any real hon-?rmopal
mod R c‘—\aracﬂr.Defmz Fand G 5\3
Fimys £ x(d),  G(m= I-m i
Then
iYF is mu|+|}a\tca+|ve and
Fipeepy= By £ X(p) 5
i) for q”n, F(ny2o, F(n®)21 ;
i) G(x) 2> 00 as X - o0 ;

Wemy: F XD -

A@ RN 4 X,
+
dzﬁ sr" V8 5?& V3 ﬁ«chs% a

v) G(x)= 2VE Lo(X)+ O (1) ;
Vi) lf X Is any rwl non-})rmu]oal mod k

c}\arad-u- flwe.n

[

L(X)=3 XW20 .

nsi
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1) LX) L2 01 for X% X,
(the X here nead not be real § 5
i) SUpPoOse X Isa non-real character and

that L(X)= 0 +hen ]ou++mcj ‘]"‘”&,XW%I“%
we have

a) q(x‘): =% LX)+ O( |nx) ;

b) xlnx=-% Li(x)ngx—"wi- o(x) ;

i) for any X # X ,
- L =0

LX) I .»(127«»1)_, { Inx4+001) f"" o{X)=0 5

nix o(1) for L.(X)#o0.

8. For X#X,,

: X inp _ {- 'mu-om lf Lom:Q;
pex P o(1) f L(X)¥o.

9. Let N be the humber of ncn-}ar’mU}oa'
mod R ckorac‘l’o.rs {:cr which Lo(X)=0. Then :
iy f N#o then N22 ;
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‘—“P T‘we.n

hof am=q(Ry 5
p;;(moda)

0sQ)® § 1, %:(1-N)‘hx+0(1)5

Wi-a) 0sNs1 |
by if X# %o then L.(X)#0 ;
¢) ?gx i(%h‘?#= 0(1) when X # X
(note that (6y tells us +he supposition made 1n
Iy 1510 fac-i- not rwl‘zab\e ; LL.T"\O“’ +he
Aumber N of non~}>r‘mc1})a' characters for

which Ly(X)=0 15 \'l'szlfo ).

10. (Tke Dirichlet Theorem )

For (a,£)= 1,
Inp
¢ (k) R

pEa( )]
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_ e Aplnp _
-?£< X(a) ?2‘:’ b Inx+0(1)

and ,T’-\eref‘ore, there are mf'nm'fd\j many primes

" fl-\z ar'|+|-\me,+1<. J:mcjr'essmn
a, a.+£, a+z£) a+3£,~~ .
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Remarks.

. The theory of numerical characters 1s
but a small part of the 3mzm\ f\we,orj of
characters in the theory of Abelian qroups.
Its for this reason we have used the word

“aumerical .

2. The m'l'eresnd rwéu' rm%h'r wonder \f'

]

wch residue class modulo k qets its *fair share’
ofyrlmzs . Since there are P(R) jaossd:le

residue classes fcr +he primes +his would mean
1
‘l'ka't' wcl'\ class 301‘ q,(—ﬁ)*fg ofﬂw. j:mmzs . The

as\jmjﬂ-oﬂc Dwacl«lm Thwmm sa\ﬁs
~1 1
( .5 2 )N+%) = S 95 X9
pea (modR)

usm3 this one mav mmw]uq‘fehj Azc]uce, -1-|qe,

Prtme hum'aer ‘fl'\c,or'm Tr(xX'l:_x).i"l AsS X4 0
-1

and then conclude (? gfm ;, X (x)) aé-}ﬁ)as X200,

Thus each class does quql‘\s well .
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For an elementary, though quite mvolved ,
Prcof of the assjmj:‘t'ohc Dirichlet theorem
+he reader Mt%“ﬂ' consult Specht [1956].

3. Our PrcchfT‘% Dirichlet theorem
follows Skaywo [1950) and also makes use
of ideas of‘Rademacl«er [1964] ,Hasse [1950],

and Prachar 19577,
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SOLUTIONS






1 The Gome of Euchd ¢ +he Euchidean Algorithm

~ Solutions ~

1. 4,4)  The derved sets are
fm,n-m},{mmn-2m} ... {m n-tmi,

where tmen<(t+1)m ;

W) SINcR We are assuming ms=n we must
have {a,b } = {m ,n-sm} for some positive
nFeger s ; now any common dwisor of nandm
clearly dwides m and n - sm and conversely ;

thus (n,m)=(m,n-sm)=(a,b);

) since neqative integers are not parmitted
and each move reduces one of the two dements
 must hamoe,n ,offer a finrte number of
steps |, that one of the demaents 1s reduced
10 0 ; the ofher, by (i), must then be (m,n).
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2. 1) This s cdear s

i) 1f a player starting with {2 53 moves
to +he mimmal derved set {2,173 then the
other ]o\a\jer will \mmadna'l'd\j Win b\j moving

Yo {o0,13;

i) v +here 1s butone derved set the
proposthion is true ; otherwise,since we
are assuming There 1s a winning s+r~a+u}\3
for A and since one of A or B must ultim~
ately makethe move from the minimal
derived set, the advantage must hem uther
making or not mq\zmc} this move, and for
A to do amj‘r\nmcl other than asserted
enables B 1o deade who will move from
+he minimal derved set and thus +ransfers

to B the winning strateqy ;



W) siInkk m<ca<mT<c2m +he only
yosmb\z move from {a,m}isto {a-m,m3;

hence , r=a-m and

mo_._m____ 1 1.
r Ta-m T _a& _4 >"c-1 T.
m

3. 1) Since one 1snot ableto win in one
move from a position {m,n} y << T,
it 15 enough +o